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FOREWORD 


When I began in the summer of 1928 to study the theory 
of linear transformations in Hilbert space, it was my intention 
to present the results in some of the current journals. Various 
circumstances have led, however, to the preparation of this 
volume, in which I have attempted to include not only my 
own independent contributions but also a substantial portion 
of the existing material bearing on the subject. The lack of 
English-language works dealing with the theory of Hilbert 
space appeared to be an adequate reason for planning a 
detailed treatment which would start with the foundations and 
carry the development as far as possible in every direction. 
It has accordingly been my object to provide a treatise of 
this character, with serious claims to completeness—one which 
will be, if my hopes are realized, a useful handbook both for 
the student and for the investigator. In carrying out this 
plan, I have confined myself strictly to the theory of Hilbert 
space, arbitrarily excluding any reference to the various related 
and similar theories of other types of space. The adoption 
of this course was merely an unfortunate consequence of the 
necessity of keeping the length of this book within reasonable 
limits, and does not imply any personal view or judgment 
concerning the interest and importance of other theories. 
I should be the first to urge the reader to consult discussions 
of such cognate topics.* Considerations of space have also 

5)1 For mathematical and bibliographical information, see Volterra, The 
Theory of Functionals and Integro-Differential Equations, London, 1930; 
—Hildebrandt, Bulletin of the American Mathematical Society, 37 (1931), 
pp. 185-212. There are several books in preparation which will be of interest 
in this connection: Mrs. Pell-Wheeler will contribute a volume to this Oollo- 
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led to the omission of two chapters for which provision had 
originally been made. One of these, dealing* with groups of 
transformations in Hilbert space, was completed in May, 1930, 
and will appear separately in the course of time. The other, 
outlining the remarkable applications of the abstract theory 
developed in the present volume to modern atomic physics, 
was never written. Although this chapter would have been 
purely expository in nature, I regret that it could not be 
included, since the point of view which it would have set 
forth in some detail has already proved so fruitful in the 
study of the atom and promises still more profound results 
in the future.* 

The existence of the splendid article by Hellinger andToeplitz 
in the Encyklopadie der Mathematischen Wissenscliaften, 2 ;ia , 
has spared me the exacting labor of preparing a bibliography 
of the voluminous literature prior to 1924. I have taken some 
pains, however, to give references to the major contributions 
since that date.f While I have concerned myself very little 

qmum Series (compare the synopsis of lier Colloquium Lectures, Bulletin 
of the American Mathematical Society, 33 (1927), pp. 004-l>(>r>); in tin*. 
Introduction to his book, Lcs (‘spaces abstracts, Paris, 1928, Predict has 
promised a second volume dealing with functional analysis; and, 1 am 
informed, the researches of E. H. Moore and his school, which have long- 
been practically unavailable to the mathematical public, will soon be presented 
in book form. A French translation of Banach’s Tearja Operacyj, Tom. I: 
Operaeje linjowe, Warszawa, 1931, is about to appear. 

* See Dirac, The Principles of Quantum Mechanics, Oxford, 1930;- 
Weyl, Gruppentheoric und Quantenmechanik, Leipzig, 1928 (.first edition), 
and 1931 (second edition), translated into English by H. J\ Robertson 
under the title The Theory of Groups and Quantum Mechanics, New York, 
1932;—and two papers of J. v. Neumann in the Gbttiuger Nachricht.cn, 1927, 
together with his recent book, Mathematische Grtmdlaycn der Quanten¬ 
mechanik, Berlin, 1932. 

f The recent paper of J. v. Neumann, Annals of Mathematics, (2) 33 (1932), 
pp. 294-310, came to my attention too late to be cited. This paper throws 
a great deal of light on Theorems 2.9, 2.10, 2.2G, 8.18, 9.5, 10.10 and 
Definition 8.3. For instance, the hypothesis of Theorem 2.2G can be weakened 
to read a If T is a transformation ivhose domain is © and if its adjoint 
T* has domain everywhere dense in ©”; an independent proof of the 
modified theorem was communicated to me by Professor J. D. Tamarkin. 
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with questions of history or of priority, I wish to acknowledge 
in the most cordial spirit my scientific debt to J. v. Neumann. 
The initial impetus of my interest came from reading some 
of v. Neumann’s early and still incomplete work, which was 
described in the Gottinger Nachrichten, 1927, pp. 1-55, foot¬ 
notes 12 and 27, to which I had access, but which was never 
published. Thereafter, I worked independently, the results 
announced in the Proceedings of the National Academy of 
Sciences, 15 (1929), pp. 198-200, pp. 423-425, and 16 (1930), 
pp. 172-175, being obtained without further knowledge of 
his progress along the same or similar lines. I have been 
only too glad to improve the final presentation of my own 
investigations by the continual use of v. Neumann’s various 
memoirs on the theory of transformations in Hilbert space. 
While it is scarcely necessary to point out that this recent 
work is a natural continuation of that begun by Hilbert and 
his school, I wish to emphasize the important role played by 
the contributions of F. Eiesz in preparing the ground for a 
successful consideration of noil-bounded transformations. The 
concepts which Riesz developed in his book, Les systcmcs 
(Vequations lineaires a nne infinite d’mconmws, Paris, 1913, 
marked the introduction of a new point of view and of new 
methods, without which progress might well have been retarded; 
their influence can be traced throughout the development of 
the theory given in these pages. 

With a view to making the book useful as a work of 
reference, I have adopted the practice of stating all important 
definitions and theorems in italics and numbering them serially 
by chapters: thus Theorem 5.12 is the twelfth theorem in 
Chapter V, Definition 8.2 the second definition in Chapter VIII. 
At the same time, I have avoided, so far as possible, any 
elaborate system of cross-references in either the text or the 
foot-notes, so that the reader need not correlate a mass of 
widely scattered material when he is interested in a particular 
topic. The table of contents and the index are designed to 
serve as adequate guides to the various subjects treated. In 
order to compress the material into the compass of six hundred 
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odd pages, it has been necessary to employ as concise a style 
as is consistent with completeness and clarity of statement, 
and to omit numerous comments, however illuminating, which 
will doubtless suggest themselves to the reader as simple 
corollaries or special cases of the general theory. 

It is a great pleasure to express my gratitude to the many 
friends who have encouraged or aided me in the task of 
preparing this book. I wish, above all, to thank Professor 
J, D. Tamarldn of Brown University, whose interest fostered 
the project from its inception and whose patient criticism, 
freely and unselfishly given, has guided it to maturity. More 
formal thanks are owed to the administrators of the Milton 
Fund of Harvard University, who, during my connection with 
the University, granted moneys for the preparation of the 
manuscript; and to the Committee on Colloquium Publications 
of the American Mathematical Society, who have generously 
honored my work by applying to it the policy of publishing 
material which has not been presented in the form of Collo¬ 
quium Lectures before the Society. 

New Haven, Connecticut, ]\[. ]f. STONE. 

April, 1932. 



CHAPTER I 


ABSTRACT HILBERT SPACE AND ITS REALIZATIONS 
§ 1. The Concept of Space 

The word “space” has gradually acquired a mathematical 
significance so broad that it is virtually equivalent to the 
word “class”, as used in logic. Historically, the reason for 
this development is to be found in the recognition that many 
classes which are of special importance in mathematics enjoy 
internal properties analogous to the familiar ones of Euclidean 
space. For example, the class of all continuous real functions 
of a real variable defined on a given closed interval can be 
treated as a metric space, the distance between two functions 
of the class being the maximum numerical value of their 
difference. Another class or space of peculiar importance 
for analysis is the class of all real functions of a real variable 
on a given closed interval which are Lebesgue-measurable 
and have Lebesgue-integrable squares; in this space, the 
distance between two elements or points of the space may 
be defined as the square root of the integral of the square 
of their difference. In each of these two cases, the distance 
between two elements or points of the space has many of 
the properties of distance in Euclidean geometry. Spaces 
such as those just described are frequently referred to as 
“function-spaces” or “spaces of infinitely many dimensions”. 
The systematic study of the possible internal relationships 
with which a general class or space may be endowed and 
of the various types of space characterized by such internal 
properties was begun by Erechet and Hausdorff; to the efforts 
of these. mathematicians and their numerous followers we 
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now owe an independent and fertile mathematical discipline.* 
The geometrical point of view which pervades and illuminates 
these researches will he adopted in the treatment of topics- 
considered in the present work. 

Of the great variety of general spaces, we shall he con¬ 
cerned primarily with a single one, abstract Hilbert space. 
If we were to introduce Hilbert space by successive general¬ 
izations from real ^-dimensional Euclidean space, we should 
proceed as follows: we should first extend Euclidean space 
to the complex domain, obtaining a type of space known as 
72 -dimensional unitary space; and we should then generalize 
the unitary spaces so as to reach an analogous type of space 
with a denumerable infinity of dimensions. Since we are 
interested almost exclusively in Hilbert space in these pages, 
we shall adopt a quite different course. We shall proceed 
directly to the definition of Hilbert space, reserving such 
comments as we need to make concerning unitary spaces- 
until a little later. The abstract characterization of Hilbert 
space and the discussion of its realizations constitute the 
subject of this chapter. 

§2. Abstract Hilbert Space 

We shall define Hilbert space as a collection of elements- 
of entirely unspecified nature which satisfies the five postulates 
given below. Particular examples of spaces satisfying these- 
postulates were first introduced and systematically studied 
by Hilbert, whose name has since been attached quite ap¬ 
propriately to all such spaces. The postulational treatment, 
was carried through only recently by J. v. Neumann.t 

* Frechet, Rencliconti di Palermo, 22 (1906), pp. 1-74. — Hausdorff, 
Grundzuge der Mengenlehre , first edition, Leipzig, 1914. — Tychonoff 
and Yedenisoff, Bulletin des Sciences Mathematiques, (2) 50 (1926),. 
pp. 15-27. — Frechet, Les esjpaces abstraits, Paris, 1928. 

t Hilbert, Grundzuge einer allgemeinen Theorie der linearen Integral - 
gleichungen, Leipzig, 1912. This material appeared in six articles in the 
Gottingen Nachrichten, 1904-10. — J. v. Neumann, Gottinger Nachrichten, 
1927, pp. 14-18; Mathematische Annalen, 102 (1929), pp. 64-66. 
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Definition 1.1. A class § of elements f,g,‘‘- is called 
a Hilbert space if it satisfies the folloiving postulates: 
Postulate A. § is a linear space ; that is, 

(1) there exists a commutative and associative operation, 
denoted by +> applicable to every pair f, g of elements of , 
with the property that f-\-g is also an element of ; 

(2) there exists a distributive and associative operation, 
denoted by *, applicable to every pair ( a,f), ivliere a is 
a complex number and f is an element of $), ivith the 'properties 
that \-f = f and that a • f is an element of §; 

(3) in § there exists a null element, denoted by 0, with 
the properties 

f+0=f, a- 0 = 0, 0 •/=(>. 

Postulate B. There exists a iimnericaUy-valued function 
{f, g) defined for every pair f, g of elements of with the 
properties: 

(1) («/> a) = «(/, g), 

(2) (Ji +A, g) = PI, <j) + if 2 , g), 

(3) ig,f) = if, g), 

(4) (/,/) ^ 0, 

(5) (/, /) = 0 if f = 0. 

The not-negative real number (J\ /’) 1/2 fre denoted for 
convenience by |/|. 

Postulate C. .For w, n = 1, 2, 3, • • •, there exists 

a set of n linearly independent elements of §; that is, elements 
ft, • • •,/» swc7^ the equation aifi + • • * = 0 is 

tfrwe only when — • * • = = 0. 

Postulate D. § 7s separable ; that is, there exists a de- 
nnmerably infinite set of elements of Sq, fufzffs, • * •? swcft 
/or every g in § cmd positive s there exists an 

n = n (g, e) for which \f n — #|0. 

Postulate E. § is complete ; is, if a sequence {fn} of 

elements of § satisfies the condition 

m,n-> 00 , 
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then there exists an element f of «£> such that 
I/— /« I -*•<), H-*CO. 

In order that our statement of the five postulates might 
be as simple and direct as possible, we have left certain 
notations unexplained, with the intention of adding' the 
necessary comments here. On the basis of the operations 
4- and * described in Postulate A we can introduce a third 
operation—by means of the definitions—/ = (—1) •/, 
/—g = /~f (—/); it is easily verified that these operations 
have the formal properties of addition, scalar multiplication, 
and subtraction, respectively, in ordinary vector algebra. In 
the case of the operation • we find it convenient in most 
instances to write af in place of a • /. For the null element 
introduced in Postulate A we have employed the familiar 
symbol 0. The danger of confusing this meaning of the 
symbol with its ordinary meaning as the notation for the 
zero of the real or complex number system is slight if not 
wholly illusory: for in any formula or equation it is evident 
which symbols are to represent numbers and which symbols are 
to represent elements of Hilbert space. Accordingly, we have 
avoided the real disadvantages of employing a special symbol 
for the null element. In Postulate B (3) we have used a dash 
to indicate the conjugate of a complex number: a is the con¬ 
jugate of the complex number a. This practice will be con¬ 
tinued. In this connection, we point out that we shall 
consistently use the standard notations SI a and Sato indicate 
the real numbers ‘which are respectively the real and imagi¬ 
nary parts of the complex number a. In Postulates D and E 
the notation — has the significance explained above. 

We turn now to the derivation of certain elementary proper¬ 
ties of the functions (/, g) and |/| of Postulate B. 

Theorem 1.1. The function (/, g) has the properties: 

(1) if, a 9) = a (f. g); 

(2) if, 9i + 9t> — if, 9i) + if, !h)', 

(3) \af\ = \a\ |/|; 
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(4) \(f,g)\ < \f[ [gl the equality sign holding if and only 
if f and g are linearly dependent (, Schwarz’s inequality ); 

(5) l/i + • • • +//J ^ l/i|+ * * * J r\fn\, n = 2, 3, 4, ■ •. 

Thus if, a) may be described as a bilinear Hermitean sym¬ 
metric form. 

Properties (1) and (2) follow without difficulty from the 
first three postulated properties of (/, g)\ the third is easily 
established by means of the first property of Postulate B and 
the first of the present theorem. 

In order to discuss the inequality (4), we define a complex 
number 0 of unit modulus by means of the relations 

0 = if, flY\ if .01 when if, //) / 0; d = 1 when if, g) = 0. 

For an arbitrary pair of elements f, g and arbitrary real 
numbers a and b, we have 

0 < I aef+bgf = a*[fY+2ah\(f,y)\ + h*lf/V. 

Since the expression on the right is a not-negative definite 
quadratic form in a and b, its coefficients must satisfy the 
inequality 4|(/, g)\ 2 —4|/I%I 2 < 0, which is equivalent 
to (4). In this inequality the equality sign can hold if and 
only if there exist values a and b, not both zero, such that 
the corresponding value of the quadratic form is zero; by 
Postulate B (5), the form vanishes if and only if a 6f fbg 
= 0 . 

For the case of two elements / and g, (5) takes the form 
I f+ffl < 1/1+PI, an inequality which follows immediately 
from the relations 

i/+.# = vf+rif,fi)\+w + i/i 2 +2 i/i pi+ i.#. 

The general case of n elements is then treated by means of 
mathematical induction. 

Theorem 1.2. The function \f — g\ has the properties of 
a distance between the elements f and g: 

(1) if—g\ 0; 

(2) If— g\ = 0 if and only if f — g\ 
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(3) \f—g\ = I g—A\ 

(C> \f—h\ < \f—g\ + \g — h\ (i the triangle inequality). 

The space © can therefore he regarded as a metric space with 
the distance function \f — g\. This function has the further 
properties, characteristic of distance in a linear space: 

(5) |(/+7O-(0 + A)l = if- <71; 

(6) \af — ag\ = \a\\f—g\. 

The assertions of the theorem are immediate consequences 
of the previously established properties of the function ( f\g ). 

Theorem 1.3. The function (f, g) is a continuous function 
of its arguments in the sense that when f Q , g () , and a positive 
number e are given there exists a positive S = 6 (f 0 , g {) , e) 
such that | (f,g) — (f , go) \ <C £ for all f and g such that 

I/—/ol< (? I \g 5 f ol< $• 

From the relations 

if, <i) — if a, go) = if—fo ,g) + ifo,g — gO, 

\g\ £ l.{7ol+1<7 — go\ 

we see that 

\<f,g) — (fo,go)\ < \if—fo,g)\ + \ifo,g—go)\ 

£ \f—MigMg — go\\M 

< if-A llfl'ol + lfl'—^oll/oI + l/-/o iig-gol 

Thus any positive number S such that <5 (|/ 0 1 + l go I) + 2 < * 
has the requisite properties. 

Definition 1.2. A sequence of elements {f n } in © is said 
to converge if |/ m — f n I —> 0, when m,n->co; and is said 
to have a limit f in © if [f — f n \ 0 when n oo. 

Because of the fourth property ascribed to the distance 
function by Theorem 1.2, a sequence which has a limit is 
convergent. The function of Postulate E is to guarantee the 
converse of this statement: every convergent sequence has 
a limit in ©. We shall write f n f, n-> oo ? when we wish 
to express symbolically the convergence of the sequence {/,,} 
to the limit/. We note that when /«-* f and g n -> g, then 
fn + gn~*f+g, af n -*af, and (Jn, gn)~> (f, g)- With the 
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meaning given to the term “limit” by this definition, it is 
possible to apply to sets of elements in © the common lan¬ 
guage of point set theory, and refer to open sets, closed sets, 
derived sets, and so forth. For example, Postulate D asserts 
the existence of a denumerably infinite subset everywhere 
dense in .£>. 

Definition 1.3. A subset 2ft of £> is said to be a linear 

manifold if whenever f , •••,/« belong to 2ft, ct v f\ 4-b a„f l( 

also belongs to 2ft. 

Definition 1.4. The smallest linear manifold 2ft x and the 
smallest dosed linear manifold 2ft a which contain a given sub¬ 
set © of § are called mspcHirdg the linear manifold and the 
closed linear manifold determined bg 0. 

2fti is the class of all elements of $ which are expressible 
in the form a x f + • * ■ 4“ <hi fn where f , • • • ,f< are elements 
of ©; and 2fto is the derived set of 2ft i. It is apparent that 
2ft i is a subset of 2ft 2 . 

Definition 1.5. Two elements f, g of § are said to be 
orthogonal if (fi, g) vanishes ; two linear manifolds in <£) are 
said to be orthogonal if every element of one is orthogonal to 
every element of the other . 

From a geometrical point of view, the concept of ortho¬ 
gonality is the analogue of the familiar concept of perpen¬ 
dicularity in Euclidean geometry. 

Definition 1.6. A subset © of c*p is said to be an ortho¬ 
normal set if, when f and g are elements of ©, 


if, a) 



f = o 
f # o 


1 - 


An orthonormal set is said to be complete if there exists no 
orthonormal set of which it is a proper subset Two ortho- 
normal sets in § are said to be equivalent if they determine 
the same dosed linear manifold. 

Theorem 1.4. An orthonormal set © is either finite or 
denumercibly infinite. 

By Postulate D, there exists a denumerably infinite set of 
elements {/«} everywhere dense in §, Consequently it is 
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possible to determine for each / in 0 a number k = h (/) 
such that \f fn | ^ -1-L2; in other words, there is a corre¬ 
spondence between © and a subset of {f n } . This corre¬ 
spondence must be a one-to-one correspondence; for, if/and g 
are elements of @ and / and fn are their respective corre¬ 
spondents, we have, by Theorems 1.1 and 1.2, 

\f—g\ = ) m = V 2, 

lfi-M L iV2, 

so that ft and fn are distinct elements. Thus © is either 
finite or denumerably infinite, since it is in one-to-one corre¬ 
spondence with a subset of {// . 

As a result of this theorem we see that every orthonormal 
set is a finite or infinite sequence such that, when its elements 
are denoted by <Pi, sp a , ■ 

(fi ; flc) ==: $ik === 

In order to employ symbolism and language uniformly applicable 
to finite and to infinite orthonormal sets, we shall introduce 
the following convention: if we are dealing with an ortho- 

N 

normal set of n elements, sums such as eta fa and 

a— 1 

N ___ 

eta b a are to be interpreted as sums over the values 

a = 1 

a = T, • • •, n only, the terms for a>n being regarded as 

oo 

absent. It must be remembered that the sign 2, as used 

a — 1 

in connection with such sums, is an abbreviation for the 

N 

symbol lim ^ . 

oo a = i 

Theorem 1.5. If {f n } is etn orthonormal set, then the series 
00 _ 

■2 a <* wi which On — (/, cp n ) cmd b n = (g, f n ) converges 

a — l 

absolutely for every f and g in §. When f — g, we have 
00 

Bessel’s inequality, \ a (i | 2 < |/| s . 


10 , * 1 h\ 

11, i = lc\- 
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We have 


If-2 


a = l 


CL a 


( n n \ 

f— 2 «« 9a, f— 2 ap 9fi) 
«=1 0 = 1 ' 


a 9 «,/)+ 2 (««?>«, A/J W) 
/3 = 1 « = 1 «,/S-=l 

n 

= I/I 2 — «/j (/ ( //j) — X «« (y«» /) + -2 "« (sp«> </',/ 

0 = 1 «=1 «,0 = 1 


I/I 3 - 2 M 

« = 1 


0. 


Hence the series ko<| 2 converges and has a sum which 

a 1 

cannot exceed i/i 3 From the familiar inequality 

«/m ^4d«»i‘+i?*»r) 


we conclude that the series £ a a b n is absolutely convergent. 

a = 1 

Theorem 1.6. When {<jp, t } is an orthonormal set , the sequence 

{fn} = ] 2 a c< ( fJt converges if anci only if the series | a c < 
l« = l J a = 1 

converges. If f n ->/, a» = (/, </>«). 

For mi>n, we have 

I ?H 12 VI 

Z a a <fc\ = X 

Thus, in accordance with Definition 1.2, a necessary and 
sufficient condition for the convergence of the sequence {f n } 
is that the last expression have the limit zero when m and n 

become infinite; in other words, that the series I cta 

a — 1 

converge. If the sequence {f n } converges, it has the limit / 
in §; and by the continuity of (/, g) we have for n > Jc 

cik = (fn, n) if f n), n -> cc. 

Theorem 1.7, If {cp n } is an orthonormal set , then for 
every f in § the series 



10 


HILBERT SPACE 


2 act<p«, an = (/, gp w ), 

a = l 

converges to a limit /* and f —/* is orthogonal to every 
element of the set 

The existence of the limit /* follows at once from The¬ 
orems 1.5 and 1.6; furthermore 

(/ — /*, <f‘n ) = if, 9n) — (/*, 9>») = 0 
by Theorem 1.6. 

Theorem 1.8. A necessary and sufficient condition that 
an element f of § belong to the dosed linear manifold 2ft 
determined by an orthonormal set is that 

oo 

/ = a a <p a , a n — if, </'»)• 

a = l 

The condition is obviously sufficient. In order to prove that 

op 

it is also necessary we determine the element/* = ^ a a <p«, 

os = 1 

an = (f, <pn), in accordance with Theorem 1.7, / being* an 
element of 9ft. Evidently g = f —/* is an element of 2ft; 
it is orthogonal to every element of {</>»}. We can conclude, 
therefore, that g is orthogonal to every element of the linear 
manifold determined by {y,*} and to every element of the 
closed linear manifold 2ft determined by {y n }, since we know 
that the function (/, g) is linear and continuous. In particular, 
g is orthogonal to itself, [gf = 0, so that g — 0 and/ = /*, 
as we wished to show. 

Theorem 1.9. The five following assertions concerning the 
orthonormal set {cp n } are equivalent : 

( 1 ) {$Pw} is complete ; 

(2) (f f <Pn) = 0 for every n implies / = 0; 

(3) the closed linear manifold determined by {y n \ is 

oo 

(4) for every f in §, /= 2 a«.<Pcc, a n = if, y«); 

a — 1 

(5) /or pair f, g in §, the Parseval identity 

(ft 9) ~ OiCcba 1 a-n — (/, = (,<7, 


is 
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We shall show that the following inferences are possible: 
1 -*2-*3-*4-»5-+ 1, 

each arrow being directed from hypothesis to conclusion. 
The equivalence of the five assertions is then obvious. 

If is complete, then the only element which is ortho¬ 
gonal to every cp n is the null element; for otherwise there 
would exist an /4= 0 orthogonal to every y> n , and the element 
9o = fj\f[ would form with {y4 an orthonormal set in¬ 
cluding {<p n } as a proper subset. 

If (f, y n ) = 0 for every n implies /= 0, then the closed 
linear manifold determined by {<f n } is £>. Let there exist 
an / not in 2ft, the closed linear manifold in question. Then, 
by Theorems 1.7 and 1.8, the element /* = NJ a« , 

a ~ 1 

ct)i — if, cfn) exists and belongs to 2ft. Now (j =/—■/* is 
orthogonal to every and must therefore be the null element. 
Hence / coincides with /* and belongs to 2ft, contrary to 
hypothesis. To avoid this contradiction, we must have 
2ft = ©. 

If the closed linear manifold determined by {<?»} is §, 
then for every f in § 

,/ === Clcx, ( fai Ctji. == iff <pii) > 

« ~1 

by virtue of Theorem 1.8. 

If the relations of (4) are satisfied, then 

i) 

j da <Pa ==:: f)i ha tya = (Jn 

a = 1 a — 1 

and, in consequence, 

It _ 00 

(f,g) — lim (Jn, ff n ) = lim £ a«h a 

n->oo a —1 a = 1 

as we wished to show. 

If the relations of (5) are satisfied, then the set {cp n } must 
be complete. If {<?»} were not complete, there would exist 
an orthonormal set of which it is a proper subset; in parti¬ 
cular, there would exist an element <p 0 orthogonal to every (p n , 
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with I<p 0 | = 1. In the equations of (5) we put / = g = </> 0 
and immediately obtain the contradictory result |sp o | 3 = 0. 
Thus {y„} must be a complete ortlionormal set. 

As an immediate consequence of this theorem and Postu¬ 
late C, we have 

Theorem 1.10. A complete ortlionormal set is denumerably 
infinite . 

We know that the set is either finite or denumerably 
infinite. We can now exclude the possibility that it is finite. 
If it were finite, the various series encountered in the pre¬ 
ceding theorem would reduce to finite sums, the theorems 
themselves still being true; in particular, every element of ig 
would be expressible in the form 

f = Ct± cpi + • • • + &N <pn, 

by Theorem 1.9 (4); since N is fixed and independent of / 
this result is in contradiction with Postulate C. 

Theorem 1.11. In order that tivo ortlionormal sets 
and -fin) in § be equivalent, it is necessary and sufficient that 

OC GO 

ic tt] ca fi a 7 jc W « 

n—1 «=1 

•where au = (<fk, fii) . 

The conditions are easily seen to be necessary, in view of 
Theorem 1.8. If the conditions are satisfied, then is 

a subset of the closed linear manifold determined by {fin }, 
and vice versa , again by Theorem 1.8. By Definition 1.4, 
it is clear that {y ?l } and {fi n } determine the same closed 
linear manifold, and are therefore equivalent. 

Theorem 1.12. Two complete orthonormal sets in § are 
equivalent ; tivo equivalent ortlionormal sets in § are both 
complete or both incomplete . 

This theorem is an obvious consequence of Theorem 1.9 (3). 

Theorem 1.13. If {f n } is an arbitrary sequence of elements 
of §, then there exists an orthonormal set {(p n ] which deter¬ 
mines the same linear manifold and the same dosed linear 
manifold as the set {f n }, except in the case that fin = 0 for 
every n. 
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We first replace {f n } by a subsequence of linearly in¬ 
dependent elements, excluding the case in which every f n 
is the null element. AVe let fi be the first element of the 
sequence which differs from the null element; if we have 
already determined ft , •••, ft as elements of the sequence 
which are linearly independent, we select fit i as the first 
element f n . which is not a linear combination of ft , ■■■, ft • 
According to these rules we obtain a finite or denumerably 
infinite set {/*} which evidently determines the same linear 
manifold and, therefore, the same closed linear manifold 
as {fn} • 

It is now possible to apply to the set {ft } a process of 
orthogonalization: we define the sets {//„} and {ft step by 
step according to the equations 

ih = fit T i = ffi/lf/il, 

k 

(Jk \-1 = ft |-l — 2 (fkr 1? <J>«) Tec, ST'AM-1 = 111 

a -=1 

The process indicated comes to an end if and only if the 
set {/n } is finite. When fj l} • • • , gu, <pi, • • •, fk are defined, 
gic -i-i is defined unless the sequence {ft} breaks off with ft . 
When r/i, • • (fi, * (fk are defined, <fk-.\-i is defined 

unless ,^/h i — 0. The latter circumstance can arise if and 
only if ft 11 is linearly dependent upon cp ly • * -, (fj c and hence 
also upon ft, •••, ft ; but our choice of the sequence {,/)*} 
forbids the occurrence of this situation. It is easily seen 
that {<y 7l } is an orthonormal set which determines the same 
linear manifold and, therefore, the same closed linear manifold 
as the given sequence {/,J.t 

Theorem 1.14. There exists a complete orthonormal set in §, 

By Postulate D, there exists a sequence {f n } which is 
everywhere dense in § and which therefore determines the 
closed linear manifold §. We replace this sequence by an 
orthonormal set enjoying the second of these properties, by 

f The process of orthogonalization is due to J. P. Gram, Journal fur 
Mathematik, 94 (1883), pp. 41-73; and E. Schmidt, Mathematische Annalen, 
63 (1907), p. 442. 
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the process described in the preceding theorem. This ortho¬ 
normal set is complete by Theorem 1.9 (3). 

The series of theorems which culminates in the present 
existence theorem enables us to describe § as a space of 
infinitely many dimensions. Indeed, we can say with greater 
precision that § has the dimension number tf 0 : for there 
exists in § a denumerably infinite (orthonormal) set such 
that every element in § is uniquely expressible in the form 

03 

/= X (la fee, a H = (/,Cf n ). 
a — 1 

Theorem 1.15. Let § 0 denote the class of all sequences of 

*00 

complex numbers (x l9 x 2 , x 3 , • • •) such that 2 |^‘«| 2 converges, 

«== i 

with the operations + and —, the null element, and the 
function (/, g) defined as follows, for f = (x 1} x 2 , x$, * • •) 
and g = (y u y 2 , ys, • • •)• 

/+ 9 ~ + V\ j + y% f scs-\- px, ■ • •) , 

a-f = (axi, ax 2 , ax 3 , ••■)> 

0 = ( 0 , 0 , 0 , 

00 

(/, g) — 'Z, X tt y a . 

a — 1 

Then §o ft Hilbert space . 

Because of the inequalities 

|ff« + 3fo| a ^ I ft'M 1 2 Hh 2 | x n y n | | yn 1 2 , 

^ U\%n\*+\yn\*), 

we see that, when / and # are elements of § 0? /+y and 
a-/ are also elements of £> 0 and (f,g) is defined. The 
various properties attributed to the operations + and — 
and to the function (f g) by Postulates A and B are easily 
verified. 

The space § 0 satisfies Postulate C since it contains the linearly 
independent elements (S ln , 6 2n , • • •)? w = 1, 2, 3, • • • . 

It also satisfies Postulate D, for the class of all finite sequences 
of complex numbers with rational real and imaginary parts 
is denumerably infinite and determines a set everywhere dense 
in § 0 : if f = fo., , •«•) and a positive * are given, 

we can determine a positive integer N and complex numbers 
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r l9 • - - , rjsr with rational real and imaginary parts such that 
if g = (r 1 , r N , 0, 0, 0, • • •) 


I/— g\* = 2\x a — r a \*+ ^ l*«! 2 <« 2 - 

cc = l a = AT+1 


Finally, Postulate E is true for § 0 • If f tl = (xf ocf\ • • •) 
is a sequence such that | f m —/,J-> 0 when m, n->cc, then 
there exists for every positive e an N = 2^(V) such that 




I 






for every k. Consequently, x^ l) -> x x when n becomes infinite, 
for every l. In the inequality above we now allow m to 
become infinite obtaining 

ft — 1 

Thus the element g n — (oc 1 — f( l \ x 2 — x!f\ ,r ;i — ■ • •) is 

found to be an element of £> 0 , since in the inequality just 
obtained we can allow k to become infinite, with the result 
that _ x a —a^l 2 is convergent and does not exceed * 2 

ce — l 

when n>iV r (V). Since f n and g n both belong to § 0 their 
sum f — (x i9 % 2 , x s , •••) also belongs to £> 0 - Lastly we see 

oo 

that when n becomes infinite |/— f n l 2 = 21 \x« —a?«°| s -*0. 

a 1 

Theorem 1.16. If § is a Hilbert space, it can be put into 
one-to-one correspondence with § 0 in such a manner that if 
the correspondence be indicated by 

/~ 0 »i, *2, « 8 , • • ■), fj ~ (2/1 , 2/2, y», ■ ■ •)> 

tf/ze relations 

f+g~ O1+2/1, ^2+2/2, «s+ 2 /«> •••), 

a -/~ (atci, aic s , a£c s , • - •), 

0 ~ (0, 0, 0, • • •), 

00 

if, 9) = Hx a y a , 

a —1 


are true. 27«s correspondence determines a system of coordinates 
in 
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We first determine a complete orthonormal set {<^,} in§>; 
tlie correspondence between © and § 0 is then defined to be 

/ ~ ip^U ^ 2 ? # 8 , ’)? = (/, 9 3 //)- 

Theorem 1.5 shows that to every/in § corresponds a unique 
element (a* J? rn>, a* 8 , •■•) in § 0 , Theorem 1.6 that every element 
(x u x 2 , .r 3 , * • •) is the correspondent of at least one element 
in £>. The correspondence is a one-to-one correspondence 
since from (/, = (g, y n ) for every n we can conclude that 

if—Or 9>) = 0 , /— = 0 , / = //, 

by the completeness of the set {<p„}. Of the four properties 
of this correspondence between § and $ 0 enumerated in the 
theorem, the first three are evident and the fourth results 
from Theorem 1.9 (5). 

We find in Theorem 1.15 a proof of the consistency of the 
system of postulates used to define abstract Hilbert space. 
Theorem 1.16 shows that all Hilbert spaces are formally 
identical, differing only in the significance which may be 
attributed to their elements. 

§ 3. Abstract Unitary Spaces 

In order to display more clearly the analogy between 

Hilbert space and ordinary Euclidean space, we describe 

briefly an intermediate type of space—the ^-dimensional 
unitary space already mentioned at the end of § 1. Sub¬ 
sequently, we shall find it convenient to refer to the con¬ 
cepts and terminology which we introduce here. 

Definition 1.7. A class U n of elements f g, • • * is called an 
n-dimensional unitary space, n = 0, 1, 2, *•■ if it satisfies the 
following postulates: 

Postulate A of Definition 1.1; 

Postulate B of Definition 1.1; 

Postulate E. The maximum number of linearly independent 
elements in U w is n; that is, there exist n elements /, * * •, f n 
in U n such that the equation a x /.+ *•• + a n fn = 0 implies 
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a x = ... = cin= 0, while if g l9 • * g n +1 are arbitrary elements 
of U n there exist complex numbers ci u • • a n +1 not all zero 
such that U\ g x -)-*••+ <7n+i = 0 . 

The Postulates A, B, E are essentially those which have 
been given by Weyl.* Some unessential modifications have been 
made. The replacement of the three Postulates C. D, E of 
Definition 1.1 by the single Postulate F effects a considerable 
simplification which becomes apparent in proving the ana¬ 
logues of Theorems 1.15 and 1.16 of the preceding section. 
We give without proof the following theorem. 

Theorem 1.17. Let denote the class of all ordered sets 
of n complex numbers f = x n ), n = 1, 2, 3, • * , 

with the operations + and • and the function (/’ //) defined 
as follows , for f= (a t , • • ■, x n ) and g = (v/ t , ■ ■ •, y n ): 

f+g = {xi + yi , • ■ •, Xu -\-yu)j 
a •/ = (ax u ■ • aav,), 

0 = (0,-..,0), 
n 

(/> .0 = .2 
« = 1 

Then $$ n is an n-dimensional unitary space . Z/ 1 U H & cm 

n-dimensioned unitary space, n = 1, 2, 3, • • it can be put 
in one-to-one correspondence ivith 3$,* m such a manner that , 
(/’ the correspondence be indicated by 

/~0'i, • • •>•»»), g~(yi, ■ ■ 2/«), 

the relations 

/+5'~(*i + 2/i ) • ■ «» + */«), 

a -/~ (aa*, • ■ ««»)> 

0~(0, 0), 

2 Xct ya 

a = l 

are satisfied. By means of this correspondence there is 
determined a coordinate system in U n . 

*Weyl, Baum , Materie , fifth edition, Berlin, 1923, pp. 10-30; 

O-ruppentheorie und Quantenmechanik, first edition, Leipzig, 1928, pp. 4-5, 
15-19. 
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The reader will have no difficulty in supplying a proof 
of this theorem along the lines followed in establishing 
Theorems 1.15 and 1.16. It will be observed that Theorem 1.17 
does not cover the case n = 0; but this case is trivial, in 
that the space Xt 0 contains a single element, the null element. 
For n= 1, 2, 3, * • *, we see that there exists at least one 
^-dimensional unitary space and that all w-dimcnsional unitary 
spaces are essentially equivalent, differing only in the signi¬ 
ficance attributed to their elements. More precisely, we can 
say that the properties of an n-dimensional unitary space lb, 
constitute a geometry formally identical with the familiar 
coordinate geometry in §B W .* It is evident that Hilbert space 
is the natural generalization of the spaces treated here to 
a denumerable infinity of dimensions. 

§ 4. Linear Manifolds in Hilbert Space 

Before examining various realizations of the abstract 
Hilbert space we shall devote a few paragraphs to the 
study of linear manifolds in §. Such manifolds play 
a fundamental role in the developments of later chapters. 

We first demonstrate a theorem dealing with an arbitrary 
set of elements in §. 

Theorem 1.18. An arbitrary -not-empty subset © of £> is 
separable in the sense that it contains a finite or a denumerahly 
infinite subset everywhere dense in ©. 

We know that § itself is separable, so that there exists 
a sequence {/„} everywhere dense in §. We consider the 
class of all pairs (m , n) of integers such that the in¬ 
equality | g — f m l<l/n is true for at least one element y 
in ©. Obviously, 3i is not empty and is at most denumerahly 
infinite. To each pair (m, n) of this class we order an 
element g mn of © within distance Ifn of f m . Now if g is an 
arbitrary element of © and s is an arbitrary positive number, 
there exists an element g mn within distance e of g: for we 

* Weyl, Baum, Zeit, Mciterie, fifth edition, Berlin, 1923, pp. 10-30; 
Gruppentheorie unci Quantmmechanih, first edition, Leipzig, 1928 r , 
Chapter I. 
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can select integers m and n such that n>2/e, |g 1 !n\ 

we then see {m,n) belongs to and that the corresponding 
element g m n satisfies the relations 

\g Chmi\ ^ 1^ fm K f | fm (Jmn |< 2/«<*. 

Thus the set { g mn } is a finite or a denumerably infinite set 
everywhere dense in as we wished to show.* 

Theorem 1.19. A dosed linear manifold 9ft in § is either 
an n-dimensional unitary space, for some n = 0, 1, 2, ■* •. 
or a Hilbert space, with the dimension number . 

Because 9ft is a linear manifold it automatically satisfies 
Postulate A of Definitions 1.1 and 1.7; it also satisfies Postu¬ 
late B of these definitions, because the function (f, rj) is 
defined throughout $ and serves a fortiori in 9ft. 

If there is an u = 0, 1, 2, • • such that Postulate F of 
Definition 1.7 is true in 9ft, then 9ft is an ^-dimensional 
unitary space; if no such n exists, then Postulate C of 
Definition 1 * 1 holds. 

In the latter case, we verify at once that the remaining 
Postulates D and E are true: 9ft is separable, by the preceding 
theorem, and 9ft is closed by hypothesis. Thus 9ft is seen 
to be a Hilbert space. 

For future reference, we may comment on a few points 
related to this result. The only closed linear manifold in 
which has the dimension number 0 is the set £) which con¬ 
tains the null element 0 as its sole member. A linear manifold 
which contains only a finite number of linearly independent 
elements is at the same time a closed linear manifold with 
a finite dimension number. The detailed discussion of these 
cases may be left to the reader. 

Theorem 1.20. The intersection of any collection of linear 
manifolds {closed linear manifolds)—that is, the set of elements 
common to all manifolds of the collection—is a linear manifold 
{closed linear manifold), 


* Compare Hausdorff, Grundzuge der Mengenlehre , first edition, Leipzig, 
' 1914, Chapter VIII, § 3, Theorem VIII, p. 273, where the analogous theorem 
is stated and proved for an arbitrary separable space. 
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The proof of this theorem is immediate. 

Theorem 1.21. If 2ft* and 2ft 3 are dosed linear manifolds 
such that 2ftig3ft 2? then the set 2ft 3 of all elements of \®{ 2 
which are orthogonal to 2ft t is a dosed linear manifold . 1 \ r e 
shall denote the relation between the three manifolds hg the 
equation 

2ft, = 2ft 2 © 9Ki. 

The formal proof is simple and may be omitted. 

Definition 1.8. If 2ft is a closed linear manifold , the dosed 
linear manifold § © 2ft is called the orthogonal complement 
of 2ft. 

Theorem 1.22. If 2fti, 2ftz are mutually orthogonal 
closed linear manifolds, then the linear manifold determined 
by their sum 2ft i + • • • + 2ft i is dosed . 

A necessary and sufficient condition that / belong to 2ft, 
the linear manifold determined by 2ftj. -f- • • • + 2ftft, is that 
it be expressible in the form 

/!+•** +fh fk in 901/c. 

Hence, if {/ (u) } is a convergent sequence of elements of 2ft, 
we can write 

f* =/r+ +jr\ pr in a»*. 

Since 2fti, • • •, 2ft; are mutually orthogonal sets we have 

i/r -A n) i 2 + —i- ur -p h) i 2 = i/ (m) -p* i 2 - o 

when m and n become infinite. Thus each sequence {fT ] \ 
is a convergent sequence; its limit element f t belongs to 2ft/c, 
which is closed. Consequently the limit of the sequence 
{f(n)} i s f + -■•+/*, which is an element of 2ft, as we 
wished to show. 

In many later discussions, special notations for sets of 
elements constructed from a finite or denumerably infinite 
collection {2ft n } of closed linear manifolds will be found very 
helpful. To indicate the logical sum of the sets 2W M , we use 
one of the familiar notations 
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00 

9ft« = 9ft* + 1 i~\~ 2Rs 4~ • • • 

a = 1 

for this purpose, as we have already done above. We denote 
the linear manifold and the closed linear manifold determined 
by this sum by means of the new symbols 

2».; +) = aKi + 2Wi + 9B,+ • • •, 

V = 1 

oo 

y (2ft«; ©) : = 9ft i © 9ft 2 © 9ft 3 © • • *, 

respectively. The three operations +, +, © evidently obey 
the commutative and associative laws. In certain instances 
the operations © and © are inverse to one another as we 
see in the following important special relations: 

§ = 2 ft © [$ © 2ft], $ © [§ © 9ft] = 2 ft. 

The relations between the operations + and © are by no 
means simple. The theorem above shows that if 2fti, • • •, 9ft z 
are mutually orthogonal closed linear manifolds, the two 
operations are equivalent, according to the equation 

SUM-+ 9ftz = 2ft x © •••©2Wi; 

but, in general, no such equivalence holds for infinite sums 
or for finite sums of manifolds not mutually orthogonal. 

The following simple example illustrates the last remarks. 
Let {<p w } be a complete orthonormal set in {<?.„,} a sequence 

such that ^ a «\ = 1? (hi 4 1 0. We then determine a se- 

CC—l 

quence {O n } 7 O< 0 „< with the property that the series 

OO 

2 sec 2 6 a « 2 «-i diverges. If we put 

« = i 

tyn 92n, In = COS <9^ • <jp2?*-l + sin 0» • <p 2 n, 

the sets {ip n } and {%»} are orthonormal sets determining closed 
linear manifolds 2ft and 9 1 respectively. We shall show that 

oo 

the element / defined by the relation / = 2J «<* 9 a is in 
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9ft ® 91 but not in 9ft + 91. Since 9ft + 91 contains the com¬ 
plete orthonormal set it is evident that 9ft ® 9c coincides 
with § and therefore contains /. If there exist elements g 
and h in 9ft and 92 respectively such that / = g -f- h , we 
must have 

«a»-i = (/, 92>i-i) = iff, 92H-i) + (h, 9P2h-i) 

OQ 00 

= jLl (fly <jP2»-l) H“ ^ (^7 X«)(X«7 —l) 

« -= 1 « ™ 1 

= COS On * (h, Xn)- 

We obtain a contradiction at once from the relations 
I^l 3 = 2 Wh Xcc) | a = 2 sec 8 • |« 2«-1 j a * 

a = l a = l 

Thus / does not belong to 9ft + 91. 

Theorem 1.23. If 9ft is a dosed linear manifold and f 
an arbitrary element of then there exists a unique pair 
of elements g, h, such that f=g-\-h , g belongs to 9ft, and 
h belongs to § © 9ft. 

By Theorem 1.19, 9ft is either an n-dimensional unitary 
space or a Hilbert space. In either case, we conclude from 
Theorems 1.13 and 1.14 that there exists an orthonormal 
set {cpn} which determines the closed linear manifold 9ft. 
We set 

00 

ff = ]£ a a (pa, a H = {f, fn) ■ 

« — 1 

in accordance with Theorem 1.7. Now g is an element of 9ft; 
and h —f — g is orthogonal to every y n , is therefore ortho¬ 
gonal to 9ft, and consequently belongs to § © 9ft. That the 
pair so constructed is uniquely determined by its properties 
may be seen as follows: if there are two such pairs g i9 
and y 2 , lu we have 

fh + h = g 2 + h 2 , gi—gs = fa — hu 

hence, g t — g ± belongs to 9ft and to § © 9)2 at the same time; 
it is therefore orthogonal to itself, so that 


g i g 2 = 0, 


g i = g*i 


h = //,. 
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Definition 1.9. The element g of Theorem 1.23 is called 
the projection off on 

In Chapter II we shall investigate projections in an ex¬ 
haustive manner, contenting ourselves for the present with 
their definition. 

§ 5. Realizations of Abstract Hilbert Space 

We have already exhibited the space .£> 0 as a concrete 
example of the abstract space §. This space £> 0 was the 
first such example to be set up and studied; its importance 
was recognized by Hilbert, who employed it in formulating 
his general theory of integral equations.* For this reason, 
we shall refer to tS^ 0 as ordinary Hilbert space. 

Another realization of which has special interest for 
analysis, is the class of all complex-valued Lebesgue- 
measurable functions f for which the Lebesgue integral of 
|/| 2 exists. The real importance of the space $ 0 is due to 
the fact that can be put into one-to-one correspondence 
with it, by Theorem 1.16, in such a manner that problems 
of analysis can be treated as quasi-algebraic problems in § 0 * 
With due regard for generality, we may formulate the follow¬ 
ing theorem: 

Theorem 1.24. Let E he a Lebesgue-measurable set of in¬ 
finite or positive finite measure in Euclidean space of l 
dimensions, P a variable point in E. Let be the class 
of all complex-valued Lebesgue-measurable functions , f(P ), 
defined almost everywhere in E for which the Lebesgue integral 

| f (P)! 2 d P exists , two functions f and g of this class 
being considered as identical if and only if f(P)=g(P) 
almost everywhere in E. If the operations + and • are 
defined as ordinary addition and multiplication , the null 
element is defined as the function lohich vanishes almost every - 
where in E, and the function (/, g) is defined by the equation 
(fid) = J /(P) * g(P) dP, then 2$ is a Hilbert space. , 

* Hilbert, G-rimdziige einer allgemeimn Theorie der linearen Integral- 
gleichungen, Leipzig, 1912. 
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We shall establish this result first in the particular case 
where E is the entire space, and then obtain the general 
case as a simple corollary. 

We see at once from the familiar properties of the Lebesgne- 
measurable functions and of the Lebesguc integral that Pos¬ 
tulates A and B of Definition 1.1 are satisfied. 

Since for given n we can find n mutually exclusive sets 
Ei , • * •, E n in E, each of positive finite measure, we are 
able to determine n linearly independent elements in S a , 
namely, the characteristic functions of the sets E\ , • * •, E n ; 
the characteristic function /(P; P 0 ) of an arbitrary point- 
set E 0 is defined by the relations 

/(P; E 0 ) = 1 when P is in E {) , 

/(P; E 0 ) = 0 when P is in E — E {) . 

Hence Postulate C is true for S 2 . 

We shall not discuss in full detail the demonstration of 
the fact that & 2 is separable with respect to the distance 

function |/ — g\ = (J^|/— g\~ cl , The process of con¬ 
structing the entire class of Lebesgue-measurable functions 
from step-functions alone is sufficiently familiar that a repetition 
of the particulars is unnecessary. We first introduce a Car¬ 
tesian coordinate system so that the point P is specified by 
the coordinates fc, •••, xj) and construct all the rational 
cells, defined by the inequalities r 2 k, where r 3 / c 

and r 2 k are rational numbers and k = 1, • • *, l. We define 
a rational step-function as a function which assumes only 
a finite number of complex values (including zero), each with 
rational real and imaginary parts, the sets of points upon 
which it assumes any of its values except zero being composed 
of a finite number of non-overlapping rational cells. The class 
of all rational step-functions is a denumberably infinite sub¬ 
class of S 2 ; we shall show that it is everywhere dense in S 3 . 
Let an arbitrary function/(P) in S 2 and an arbitrary positive 
number e be given. By the definition of the Lebesgue integral, 
there exists a function f x (P) which satisfies the inequality 
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If —/i|0/4 and which assumes _ZV r + 1 complex values 
(including zero), each with rational real and imaginary parts, 
the sets of points P x , • • En upon which it assumes values 
other than zero being bounded Lebesgue - measurable sets. 
We next select closed sets F k , F k £ E k , k = 1, - • •, N, and 
define the function f 2 (P) by requiring that ft (P) take on in 
F k the value assumed by f (P) in E k and that f> (P) vanish 
elsewhere; by the theory of Lebesgue measure we can select 
the sets Pi, • • *, Fn in such a manner that the set of points 
(P 1 -P 1 )+ • • • -HPv-Pv), where f (P) and /* (P) differ, 
has measure so small that the inequality \f x — f> |0/4 is 
valid. By a similar step we replace the function f 2 (P) and 
the sets F lf • • Fn by a function / 3 (P) and open sets 
O x , • • •, (9v where 0 /,. 2 P/<- Since the closed sets F x , • • •, Fn 
are bounded and disjoint—that is, no two of them have 
a point in common —the open sets 0 L , •••, On can be con¬ 
structed as bounded and disjoint. We can select these open 

sets in such a manner that the set (0 L — P/) H - b ( On — P iV ), 

where / 2 (P) and / 8 (P) differ, has measure so small that the 
inequality Vi —/sl<f/4 is valid. Finally, we can replace 
the function / 3 (P) and the open sets O x , • • •, On by a func¬ 
tion / 3 (P) and sets C u • • •, Cn, where C k is a subset of O k 
composed of a finite number of non-overlapping rational cells; 
and, as in the preceding cases, we can arrange that the in¬ 
equality |/a—/ 4 |0/4 be satisfied. It is evident that the 
function f (P) is a rational step-function satisfying the relation. 


With this conclusion, the separability of is established. 

We have still to show that S 2 is complete in the sense of 
Postulate E. The proof of this property is found in the 
celebrated Riesz-Fischer theorem* which asserts that if a 

* F. Riesz, Gottinger Naclirichten (1907), pp. 116-122.—Fischer, Comptes 
Rendus de TAcademie des Sciences, Paris, 144- (1907), pp. 1022-1024.— 
W. H. and G. C. Young, Quarterly Journal of Mathematics, 44 (1912-13), 
pp. 49-88, give an excellent historical account and a great variety of 
proofs. 
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sequence of functions in the class 8 2 “converges in the mean”, 
that is, if 

J F | f m —f,t.\ 3 dP-*0, m, n -> co. 

then there exists a function /, likewise in 2 2 , to which the 
sequence “converges in the mean”, that is, such that 

J E \f-fn\ 3 dP^0, O0. 

The term “convergence in the mean” was introduced to dis¬ 
tinguish convergence in the space 8 2 , as defined in Defini¬ 
tion 1.2, from ordinary point-wise convergence. The simplest 
and, at the same time, most penetrating proofs are those 
modelled on one given by Weyl.* We shall follow closely 
the demonstration of this type due to v. Neumann.*!* The 
fundamental motive of our reasoning is the expectation of 
replacing “convergence in the mean” by point-wise con¬ 
vergence. Let {f n CP)} be a sequence in which “con¬ 
verges in the mean” and let N — N(e) be a number such 
that for a given positive e 

J E \fni — f n \*clP<e, m , n >N. 

We then choose a sequence of positive integers N v > N( 1/8*0 
such that N P+ i>N p . Since we havejj/i^ +l — fw p [ 2 dP<Cl/8 p , 
we see that the set of points on which \/n p+1 — fi vj L: 1/2^ 
cannot have measure greater than 1/2*. Consequently, the 
inequalities 

\fN p+ 1 ~~fN p \< l/2 p , \/N 1 )+ —fN p+x | < l/2* ,+1 , * * ■ 

hold simultaneously on a set of points E p such that m (E 
00 

< 1 /2 a = 1/2P~\ Evidently, E p is a subset of E p \.i for 

a—p 

every p. From the inequalities which define E p , we con¬ 
clude that the sequence {/jyJ converges uniformly on E v , 
for every p; for we have on E p 

* Weyl, Mathematisclie Annalen, 67 (1909), pp. 225-245. 

fj. v. Neumann, Matheinatisclie Annalen, 102 (1929), pp. 109-111. 
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7 ) 1—1 7 ) 1—1 

IA.—AJ £2 lA*.,—A„l ^2 i/2 a < i/2' s_i 

« = « « = w 

when m and n are not less than p, m > n . Thus the sequence 
{/atJ converges at every point of the set P 0 = lim E v , which 

p—>oc 

has the property that P—P 0 is of measure zero. We now 
define /(P) by the relations 

/(P) = lim /n u (P) when P is in P () , 

n—> oo 7>t 

/(P) = 0 when P is in E~ E 0 . 

In order to show that /(P) belongs to we employ the 
inequality 

J^lA-A/rfP >'X; A-Ar 2 ' //J<f - 

Since the convergence of the sequence { t /^J is uniform on 
the set Ek 9 we can allow p to become infinite in the first 
integral, with the result that 

f E J/vi-f\*dP < e, m N(s), 

for every k. Then, because Ej c Cj P/ c +i and the integrand is 
positive in the last integral, it is permissible to pass to the 
limit, k-*co, with the result that 

Jjftn.-jTdP S s, m. A T (s), 

the existence of the integral being established by the process. 
We now see that/(P), as the sum of two functions in£ 2 , 
namely f m and f — f m , is itself in£ 2 ; and we see also, from 
the last inequality, that the sequence {f n } “ converges in the 
mean” to /. We have thus completed our proof of the 
Riesz-Fischer Theorem and have shown that £ 2 satisfies 
Postulate E. 

We shall now apply the facts so far established to the 
general case in which the functions in S 2 are defined over 
an arbitrary Lebesgue-measurable point-set E of infinite or 
positive finite measure in /-dimensional Euclidean space, which 
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we denote by 8. We denote by 8 * the particular class ob¬ 
tained by taking' the domain of definition as 8 itself. The 
subset of 82 comprising all those functions for which 


X ^l/l 2 d-P vanishes is easily seen to be a closed linear 

manifold 3K* in 8 ?. Between 82 and 2R* we determine 
a one-to-one correspondence by the relations 


/*(P) = f(P) when P is in E, 

/* (P) = 0 when P is in 8 — E. 

Evidently this correspondence has the property that 


/* + <?* 

a • /* ~ a 
0 ~ 0 
= c f,9 )• 


We know that S D1* is either an w-dimensional unitary space 
or a Hilbert space; the first possibility is very easily excluded, 
since, given an n — 1,2, 3, we can find n mutually 
exclusive subsets Ei, • ••, E n of E , each of finite positive 
measure, and can then verify that the characteristic functions 
of these sets are linearly independent elements of 9l)i*. Thus 
iD}* is a Hilbert space; and S 2 , being abstractly identical 
with it, is also a Hilbert space. We could easily introduce 
slight modifications of the discussion relative to 82 so as to 
make it cover the more general case; a certain interest 
attaches, however, to the proof we have just given, because 
it takes advantage of the known properties of .£> instead of 
going back to the fundamental postulates. 

Certain extensions of the preceding theorem promptly 
suggest themselves. We may substitute for Euclidean space 
any separable metric space in which the measure of properly 
restricted subsets can be suitably defined, thus replacing the 
Lebesgue integral by one of its generalizations. Since these 
generalizations consist essentially in abandoning the special 
properties of Euclidean space and of Lebesgue measure which 
have no influence on the fundamental structure of the theory 
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of integration, it is evident that the demonstration given for 
Theorem 1.24 will apply to cases in which the generalized 
integral is involved. There is one significant exception to 
the statement made: the property by means of which the 
truth of Postulate C was established is not true for every 
generalization of Lebesgue measure and must be postulated 
of the particular type of measure considered, unless the 
space is to reduce to a unitary space. As an example, 
consider the following definition of the measure of a linear 
set of points: a set of points on a straight line (Euclidean 
space of one dimension) shall have the measure 1 or the 
measure 0 according as it does or does not include a fixed 
preassigned point on the line. In Chapter VI we shall find 
the extension of this theorem to the Lebesgue-Stieltjes or 
Radon-Sticltjes integral indispensable.* Many other types 
of integral of common application, such as integrals over 
curved surfaces and manifolds, are covered by the suggested 
extension. 

An extension of the preceding theorem in a somewhat less 
obvious direction is of considerable utility in analysis; we 
phrase it in terms of ordinary Lebesgue integration, noting 
merely that a different concept of integration may be sub¬ 
stituted by way of generalization. 

Theorem 1.25. Let E be a Lebesgue-mectsiirable set of 
■infinite or finite 'positive measure in Euclidean space of 
l dimensions , and let 2 a, m be the class of all vector point- 
functions f, ivitli m components (/, ■ * •, f m ) defined over E 
and belonging to 2 2 . If the operations + and • are defined 
as vector addition and scalar multiplication, 

ffi-g = (fifgi, • ‘-jfm-figm): 
a-f = (af l9 • • •; a/m); 


* For the Lebesgue-Stieltjes or Ttadon-Stieltjes integral, see Radon, Sitzungs- 
berichte, Akademie der Wissensckaften, Wien, Matliematische-Naturwissen- 
schaftliche Klasse, 122 2a3 (1913), pp. 1295-1438, especially §§ I—XV; de la 
Yallee Poussin, Integrates de Lebesgue, Paris, 1916, pp. 100-102; and 
Lebesgue, Legons sur Vintegration, Paris, 1928, pp. 252-313. 
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the null element is defined tobe( 0, 0); cmd the function (f, g) 

is determined by the equation (f, g) = \Sfi gi 4- fi fm J/m) dP , 

then & 2 ,m is a Hilbert space. 

This theorem depends chiefly upon the properties of fi 2 . 
Postulates A and B are easily seen to be satisfied. Postulate C 
is true since it is true for the subclass of 2 o jW , comprising 
those vectors all of whose components save the first are 
zero—that is, essentially for S 2 . In view of the equation 

\f-g\ = (X’dA —■ + 

we see that Postulate D is satisfied; for if {/ (M) } is a sequence 
everywhere dense in the denumerably infinite set of vectors 

fn l ,...,n m = (/"A 

is readily shown to be everywhere dense in Similarly, 

if the vector sequence {f n } converges in S 2 ,m each of the 
component sequences converges in 2 * and therefore converges 
to a limiting element in hence f n converges to a limiting 
vector f in So ,«*. Postulate E is thus seen to be true for So 

It is evident that this theorem is a particular case of the 
following theorem by which a new Hilbert space can be 
constructed from a finite set of known realizations. The 
proof may be left to the reader. 

Theorem 1.26. If £>i, * • - , are Hilbert spaces, then the 
class § of all vectors 1 with components (fi , • • •, f m ), where 
fie is an element of §/ £ , is itself a Hilbert space if the oper¬ 
ations ■+• and •, the null-element, and the function (f, g) are 
defined thus: 

f-fig = (/l + , * * * f fm + ffm)} 

a*f = (a/i, • * af m ) : 

0 = (0, 

(fi ff) = (fi ? fji) + • * * + (fm, Pm)* 

The relation between © and SQ if • • •, may be indicated by 
the equation 

: § = §1 4” * * * + = §1 © * * * 0 ©wi* 
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This theorem may he extended as follows: 

Theorem 1.27. If {@ m } is a denumerably infinite set of 
n-dimensional unitary spaces , and Hilbert spaces, then 

the class § of all ordered sets f = (/i , fit, fs, * • •), where fi c 

00 

is an element of @/c ? such that l/«P converges, is a Hilbert 

a = l 

space, when 

f + 9 = ifl+ffu fz+fc, fs + fo, ■ • •), 
a * 1 = O/i, tf/s, a/a, • • •), 

0 = ( 0 , 0 , 0 ,.-.), 

00 

(Cs) = 

« = i 

We may indicate the relation between § and the set by 

the equation 

§ = ©! © ©a © @« ® • • •. 

There is little difficulty in extending the proof of Theorem 1.15 
to the more general theorem considered here. The relation 
between the two theorems becomes evident when we note 
that by taking each of the spaces @ m as a one-dimensional 
unitary space we have the situation treated in Theorem 1.15. 
To generalize the proof of Theorem 1.15 we have to examine 
sequences of elements in the various spaces where previously 
we encountered sequences of complex numbers. It will be 
sufficient to illustrate these remarks by giving the proof that 
the space § under consideration is complete in the sense of 
Postulate E. If f n = //’\ * • *) is a sequence such 

that 1 f m — 1 n | -> 0 when m, n-> 00 , then there exists for 
every positive e an N = N(s) such that 

z i/r ) -/« i T < i vF-jPf 

«=1 «=i 

= | fm — rn, n > N(e) 

for every h. Consequently \f[ m) — fl n) \ -» 0 when m, n->cc f 
for l = 1, • * k, k = 1, 2, 3, • • *; in other words, the se¬ 
quence {fi n) } converges in ©z and has a limiting element ft 
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in ©z. Hence, on allowing m to become infinite in the in¬ 
equality above, we obtain 

Z S * 2 > n>N(e). 

If we now let k become infinite, we find 
00 

n>N(e), 

« = 1 

an inequality which shows that the element g„ — (f \— 
f 2 —A a \fs—A ll \ • • •) belongs to Consequently 4 + jf,,. 
— f == (/i,/ 2 ,/s, •••) is an element of § such that |f— |0 

when «-*■ co. 

The realizations of Hilbert space which we have described 
are those which occur most frequently in analysis, and are 
sufficiently numerous to give an indication of the variety of 
possible concrete interpretations. We have not attempted to 
make an exhaustive catalogue of such realizations. We shall 
leave to the reader the interpretation in these concrete spaces 
of the various entities defined in the preceding sections— 
linear manifolds, orthonormal sets, and so forth. It has al¬ 
ready been shown that for formal purposes all Hilbert spaces 
are alike, so that the study of concrete examples, while 
instructive, is not indispensable. 



CHAPTER II 


TRANSFORMATIONS IN HILBERT SPACE 

§ 1. Linear Transformations 

A study of the geometry of Hilbert space involves the 
investigation of transformations in that space. From the 
geometrical point of view it would be sufficient to consider 
those transformations which are defined throughout Jp. The 
requirements of analysis, however, compel us to treat trans¬ 
formations which are not and cannot be defined over the 
entire space: in many analytical problems, some of the most 
important included, we have to study operations which take 
a variable element of a specified proper subset of the Hilbert 
space 8 S into a second element of that space. In this chapter 
we shall lay the foundations of a general theory of trans¬ 
formations, broad enough to include a variety of such ana¬ 
lytical applications. The development will be effected in 
abstract terms, and the consideration of explicit examples, 
•chosen largely from the field of analysis, will be postponed 
to the following chapter. 

In this first section we shall discuss general concepts with 
particular emphasis upon the properties of linear transfor¬ 
mations. The study of more special types of transformation 
will follow in the later sections. 

We commence with the definition of a transformation in 

Definition 2.1. If % and 31 are two subsets of S~i, each 
■of which contains at least one element, a relation between 
them whereby to each element of 2) is ordered one element 
of 31 and each element of 3t is ordered to at least one element 
■of 5) is called a transformation T. The sets 2) and 31 are 
tailed the domain and the range of T respectively, T is said 

33 „ 
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to take into 5R. If f is an element of SD and cj its corre¬ 
spondent in 91, then the relation between them is written as 
an equation 

Tf = 9 - 

We may think of the relation thus defined and symbolized 
by the letter T in three distinct ways: the form and nomen¬ 
clature of the definition suggest the geometrical interpreta¬ 
tion summed up in the word “transformation”; T may be 
treated as an operational symbol representing an operator 
which, when applied to an element of £), yields the corre¬ 
sponding element in SR; and, finally, T may be treated as 
a functional symbol, the element g being expressed as a func¬ 
tion of the variable element f according to the equation 
g — Tf . It will be convenient for us to employ the terms 
“transformation” and “operator” interchangeably in later 
developments. We must call attention to the fact that the 
definition just given does not require the domain of a trans¬ 
formation to contain more than a single element, though, of 
course, we shall usually ask more in practice. It is even 
more important to notice that a transformation is not deter¬ 
mined unless its domain is known; this remark is particularly 
significant in connection with certain analytical problems, 
discussed in the following chapter. We must therefore 
distinguish carefully between the identity of two trans¬ 
formations and their equality in a given set if T t and 7\ 
are transformations with domains Sh and © 3 respectively, 
then they are identical if and only if ® x = S 3 and 2\f = !.*f 
for every element of their common domain; and r I x and I\ 
are said to be equal in the set 0 if and only if © is a sub¬ 
set of SflSs and T x f — T$f for every element in 0, We 
shall employ the usual symbols = and = to denote identity 
and equality between transformations. It will be convenient, 
to agree upon the notation for a transformation and the two 
related sets of elements once for all: we shall always denote 
a transformation by an ordinary capital, usually T, and its, 
domain and range by the German capitals © and SR respec- 
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tively, except in cases where confusion would result; if several 
transformations denoted by the same letter and distinguished 
by subscripts or other suitable marks are to be considered 
simultaneously, the letters denoting the domains and the 
ranges of the various transformations will be distinguished 
by affixing corresponding subscripts or marks. By preserving 
these conventions, it will be possible to write a collection 
of symbols such as 

T, ©, 91; T*, 2)*, 91*; T lf 91 t 

without being under an obligation to explain their significance 
each time they occur. 

We can now define in the customary manner the sum and 
the product of two transformations and the scalar product 
of a transformation by a complex number, according to the 
following rules: 

(1) if T, and T 2 are transformations such that the set 
S)i -®2 is not empty, then their sum is defined as the trans¬ 
formation T with domain ®=$ 1 -S 2 such that Tf= T t f+ l\f 
throughout 3), and is denoted by T x +T 2 \ 

(2) if Ti and T 2 are transformations such that the set 

■ SJFla is not empty, then their product, denoted by Ti T 2 , 

is defined as the transformation T whose domain is the set 
of all elements of transformed by into elements of 
and which transforms every element of its domain according 
to the equation Tf = T x (T % f)\ 

(3) if a is a complex number and T 0 is a given trans¬ 
formation, then their product, denoted by a-To, is defined 
as the transformation T such that Tf= a-(T 0 f) for every 
element in 3D = ® 0 • 

In the class of all transformations with domains identical 
to these rules generate an algebra formally identical, so 
far as the operations of addition and scalar multiplication 
are concerned, with ordinary vector algebra. This algebra 
of transformations is complicated by the fact that the product 
of two transformations is in general non-commutative; that 
is, T x T 2 and T 2 are identical only in special circum- 
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stances. For transformations whose domains are proper 
subsets of it may happen that the sum or the product 
does not exist; but whenever the definitions just given are 
effective, it is clear that the operation + is commutative 
and associative, the operation • associative and distributive 
in the sense indicated by the following* equations: 

7\ + 7h = T 2 +7\, 

Ty + (T a + T.) = (Tt + T») + T-j = (7 T i + T , B ) + 1 \, 
ri(ZiT B ) = (TyTJTz, (Ty+TJT* = 7\7i 5 +7h7t. 

When 77 is a linear transformation as defined below, we 
have also 

T 7 i(7 7 2 + T 3 ) s T 7 ! 7 7 2 + 7\ 7 7 { . 

Scalar multiplication is always defined and is seen to have 
the properties: 

a *(77+77) ss a-Tx+a-Ta, a • (6 • T 0 ) = (al>)<r 0 . 
For linear transformations, as defined below, we have also: 


(a* 7\) • (& • 7 7 2 ) = (ab) • 77 77. 


This algebra of transformations will be very useful in the 
following pages. We find it convenient to denote by 0 the 
transformation which takes every element of § into the null 
element, and by I the transformation which takes every 
element of § into itself; I is called the identity. Evidently, 
in the algebra of transformations, 0 plays the role of a null 
element, I that of an idempotent element or unity, as we 
see from the relations 

T+0=T, 0-T=0, I-T = T-I = 7 7 , 

which hold in the domain of an arbitrary transformation T. 

Two other types of relation involving transformations are 
introduced in the following definitions. 

Definition 2.2. A transformation 77 is said to bo an ex¬ 
tension of the transformation 77 —in symbols, 77 3 1\ — when 
S >2 contains Sh and 77 and 77 are equal in Sx. If 77 is 
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an extension of T± and © 8 contains at least one element not 
in £>i, then T 2 is said to be a proper extension of T ± —in 
symbols, T 2 Z) Ti. 

The use of the symbols ^ to denote the relations involved 
here is easily justified by restating the definition in terms of 
the logic of classes: T 2 is an extension or a proper extension 
of T x according as the class of all significant pairs (/, T x f) 
is a subclass or a proper subclass of the class of all signi¬ 
ficant pairs (f T 2 f). Consequently, these symbols obey the 
usual formal rules. In any general theory of transformations 
whose domains may be proper subsets of £>, the concept of 
extension has an obvious and important part to play: when¬ 
ever a given transformation T appears to be too narrowly 
defined, it is natural to seek to extend the definition of T 
by considering all possible extensions of T in an appropri¬ 
ately prescribed category. 

Definition 2.3. A sequence of transformations { T n ) with 
domains {$)«} is said to converge in the set © if to each 
element f in © there corresponds an N = N(f) such that 

( 1 ) f is an element of n > N, 

(2) the sequence { T n f) , n > N } converges. 

A sequence of transformations {T n } is said to have the limit T 
in the set © if to each element f in © there corresponds an 
jS j = N(f) such that 

(1) f is an element of 3) n for n > N and of S), 

(2) T n fTf\ 

we shall •write T n ~* T, n-> co, in ©. 

By reference to the comments on Definition 1.2, we see 
immediately that the following theorem may be proved: 

Theorem 2 . 1 . If the sequence {T n } converges in ©, then 
there exists a transformation T such that T n —> T in ©; if 
T n ~* T in ©, then the sequence {T n } is convergent in 0. 

We turn next to the introduction of the inverse of a given 
transformation or operator. 

Theorem 2.2. If a transformation T takes its domain 2) 
into its range SR in such a manner that to distinct elements of 2) 
correspond distinct elements of SR, then the correspondence 
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between ® and 91 is ct one-to-one correspondence; there exists 
a transformation, denoted by T~~\ whose domain is 31 and 
whose range is 2 ) and which has the ‘properties 

T~ l - T = I in ®, T- T~~ l = I in 31. 

The transformation T~~~ x is called the inverse of T . The in¬ 
verse of T~~ l is T, 

In the preceding definitions and theorems, we have been 
concerned with relations between transformations with little 
or no reference to the internal properties of the transformations 
themselves. We shall now define and discuss a few internal 
characteristics of major importance. 

Definition 2.4. A transformation T is said to be continuous 
at an element f in its domain if to each positive number s 
there corresponds a positive number d = d (v 7 f) such that, 
whenever g is an element of 2) satisfying the inequality 
\f — 9 1 ifk tl ie element Tg satisfies the inequality [Tf — Tg\ e. 
A transformation T is said to be continuous if it is continuous 
at every element of its domain. 

Definition 2.5. A transformation T is said to be dosed if 
whenever the sequences {f n } and {Tf,} exist and converge to 
the limits f and g respectively, then f is in the domain of 
T and Tf= g. 

The definition may he phrased somewhat differently and 
more briefly as follows: a transformation T is said to be 
closed if the class of all significant pairs (/, Tf) is closed. 

It is to be noted that a closed transformation need not 
possess a closed domain, need not he continuous: for example, 
the non-bounded self-adjoint transformations which we discuss 
below in § 2 and § 3 are closed, everywhere discontinuous 
transformations with domains which are not closed sets. The 
existence of transformations with such properties is possible 
because Hilbert space is neither compact nor locally compact:* 
in the neighborhood of an arbitrary element of ig there exists 

* For definitions of the terms compact and locally compact, see, for 
instance, Frechet, Les espaces ab sir aits, Paris, 1928, p. 69, p. 223. 
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a sequence which contains no convergent subsequence what¬ 
soever. We can give an illustration of this property by means 
of the sequence {/+ f 9 %} ? where / is an arbitrary element. 
£ an arbitrary positive number, and {y> n } an arbitrary infinite 
orthonormal set; it is easily seen that every element of the 
sequence lies within distance £ of f and that the sequence 
has no convergent subsequence. It is instructive to compare 
the situation in Hilbert space with that which obtains in 
more familiar cases. For instance, let y — fix) define a trans¬ 
formation of a set S) on the interval 0 < x < 1 into a set 91 
on the interval 0 < y < 1, and let this transformation be 
closed in the sense that the relations x n £, y n r\ 

imply that /(£) exists and is equal to y. The properties 
postulated of the function fix) enable us to show that 2 ) is 
a closed set, and that f(x) is continuous in ©: for, if £ is 
a limit point of and {x n } is any sequence in 3) converging 
to £, the sequence {/(V„)} has at least one limit point //; 
and the closure property requires that /(£) exist and have 
the value ij. On the other hand, a continuous transformation 
in Hilbert space is not necessarily closed. In the case which 
is of most interest here, however, we can show that con¬ 
tinuity does, in essence, imply closure: in Theorem 2.23 we 
prove that every continuous linear transformation has a certain 
uniquely determined closed continuous linear extension. 

Definition 2.6. A transformation T is said to be linear if 
its domain is a linear manifold and T(a x f \ + ... -f a n fi) 
— a i Tf + • - ■ + a n Tf n whenever f\ 1 • * •, f n are elements 
of $. 

We must point out that the term “linear transformation” 
is here used in a narrower sense than usual, since it is applied 
to what is ordinarily described as a homogeneous linear 
transformation. 

Theorem 2.3. The domain and range of a linear trans¬ 
formation T are both linear manifolds . 

The domain is a linear manifold, by definition. We see 
at once that 91, the range of T, is also a linear manifold: 
for, if gi, • • g n are elements of 91, then there exist elements 
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fit * • •,/« of 2 ) such that T/i = r/i, - * •, Tf n — g n \ since T 
is a linear transformation we have 

g = ai <yi 2Vi H~ • * • ~l~ (hi Tj n 

— . h (in jn)\ 

thus the element g belongs to SR. 

Theorem 2.4. If T 0 , T x , 1\ are linear tranformations, 
then a T {) , I\ + T 2 , T x l\ are linear transformations. 

This theorem is ail almost immediate consequence of the 
definitions of the transformations a - T 0 , r J\ + T 2 , r J\-T*. 
We shall give the proof only in the case of the third trans¬ 
formation, the other two being established in an even simpler 
fashion. Since 2), the domain of T x TV, consists of all those 
elements of S 2 which are transformed by T 2 into elements 
of 2 ) 1? it is easily seen that 2 ) is a linear manifold, containing 
the null element at least. Thus T x T 2 exists and, whenever 
,/i,***,/ n are elements of its domain, satisfies the relations 


T x T 2 f = T x T,(a t/; + -•• +Onfn) 

= T x {a x T, /; + ■••+ an T>f„) 

= (hit Tift + - --+anTiTifnt 
as we wished to show. 

Theorem 2.5. If the linear transformation T possesses an 
inverse , then T~~ l is linear ; if the closed transformation T 
possesses an inverse then 1 is dosed. 

If T if a linear transformation such that T 7 " 3 exists, then 
T~ l has as its domain the linear manifold $R in accordance 
with Theorems 2.2 and 2.3. If g x = Tf , •••, g R — Tf n , 

are elements of 5R, then a x g x H- Ya n gn=T{a v f --f -a»f n ) 

is in the domain of T~ x and T ~ 1 (a x g x + * • • + a n g n ) ~ 

a\fi +-h a n fi = ai T~ l g x -\ -+- a u Tf 1 g n , so that 

T " 1 is a linear transformation. 

If T is a closed transformation such that T~ x exists, then 
the fact that the pair of limiting equations f n ~* /, Tfn ->/* 
is equivalent to the pair g n /*, I 7 ” 1 g n ->/, where g n = Tf n , 
shows that the closure of T implies that of T~~\ 
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The remainder of the present section will be devoted to 
the study of a fundamental relation between transformations 
which we will term the relation of adjointness. 

Definition 2.7. Two transformations T x and T> are said 
to be adjoint to each other, in symbols T x T>, if they satisfy 
the relation (T x f, g) = (/, T 2 g ) for every f in ®i, and 
every g in 3) a . 

The relation ✓x is symmetrical, but neither reflexive nor 
transitive: T x T 2 implies T% a T t ; the relation T is 
not true in general; and the relations T x ^l\ and T* T n 
do not imply the relation T x T n . 

This concept of adjointness receives its name from its 
analogy with certain concepts of algebra and analysis. As 
we shall see in the next chapter, the adjoint operators of 
analysis satisfy the condition imposed by the definition, in 
a sense which will be made more precise at the appropriate 
moment. On the other hand, we could quite as well intro¬ 
duce a different terminology based upon a geometrical analogy, 
for the relation with which we are dealing is satisfactorily 
described as one of duality. We prefer the term with an 
analytical background because it will be more suggestive of 
the uses we shall find for it. The relation of adjointness 
has a very intimate connection with the property of line¬ 
arity, as we shall show in detail below. It is for this reason 
that the relation is one of primary importance. 

Definition 2.7 always has content: if 2\ and 2\ arc given 
they are not necessarily adjoint to each other; but, if r J\ is 
given, T 2 can always be determined so that it is adjoint 
to Ti, since we may choose T 2 as the trivial transformation 
which takes the null element into itself. Under certain 
restrictions we are able to characterize the class of all trans¬ 
formations adjoint to a given transformation. 

Theorem 2.6. A necessary and sufficient condition that 
every pair of transformations adjoint to a transformation T 
coincide in the set of elements common to their domains is 
that the domain of T determine the dosed linear manifold •£>. 
If T is a transformation whose domain determines the dosed 
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linear manifold then there exists a uniquely determined 
transformation T* adjoint to T, with the property that 1\ T 
implies T x C \T*: its domain ®* consists of those and only 
those elements g such that the relation (Tf //) = (/, //*) holds 
for all elements f in 2) cm 7 some dement <7* cm 7, /w 

szic/* cm element, T* g = <r/*. 

In order that the relations Ti T and 71. /\ T ini})ly 
T\ = To in ®i® 3 , no matter how T\ and Th may be chosen, 
it is necessary that 2) determine the closed linear manifold 
For, when T and T x are given and this condition is not 
fulfilled, we can construct a transformation which is ad¬ 
joint to T, has the same domain as I \, and is nowhere 
equal to 7\, We select an element y 4- 0 which is ortho¬ 
gonal to every element in 2) and then define T* throughout 
the domain of T t by the relation T t f — 2\f+ <p . The 
asserted properties of the transformation are easily veri¬ 
fied. On the other hand, if T x and T 2 are adjoint to T 
and 2) determines the closed linear manifold §, then 1\ = 1\ 
in ®i 2) s * for if g is an element of the latter set we have 
(/, Tg- T,g) = </ fg) - if T,g) = (Tf, g) - (Tf g) = 0 
for every/in 3) and can therefore conclude that 7\g—T,g = 0, 
T x g = T~,g, as we wished to show. 

If T is a transformation whose domain determines the 
closed linear manifold §, it is clear that to a given element g 
there can correspond at most one element g* such (Tf, g) 
= (/, g*) for every / in 3). Thus the transformation T* 
described in the theorem exists and is unique, provided 
merely that S* is not empty; but g = 0 is evidently an 
element of 3)’" with the correspondent g* = 0. The relation 
T follows at once from the definition of the trans¬ 
formation T* ; and the fact that every transformation 7\ 
adjoint to T satisfies the relation T, c T* is obvious. 

Definition 2.8. The transformation T* of Theorem 2.6 is 
called the adjoint of the transformation T. 

We shall find this concept of the adjoint of a given trans¬ 
formation of the greatest importance. For this reason, we 
shall note a few elementary properties of the operation of 
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forming the adjoint. The following relations are true when¬ 
ever they are significant: 

3\ £ T» implies T*gT 2 *, T* + T* £ (2\ -j- T s )*, 

T* Ti £ (I 7 ! T^*, (a ■ T)* £ a ■ T*. 

Formal proof is unnecessary. A somewhat deeper relation 
analogous to these concerns the connection between inverses 
and ad joints. 

Theorem 2.7. If T is a transformation whose domain and 
range each determine the dosed linear manifold .£> and if T 
jiossesses an inverse T _1 , then T* and, (T _1 ) :|: both exist- and 
are inverses of one another. 

The existence of the adjoints of T and 7 T_1 follows at 
once from Theorem 2.C>. From the defining properties of 
these adjoints, we see that the equations 

(Tf, (T~T<J) - (T~' Tf, //) </, g) 

hold for every f in the domain of T and every g in the 
domain of (T" 1 )*; consequently, (T~ l )*y is in the domain 
of T* and the relation T*(T -1 )* g = g is true for every g 
in the domain of (T -1 )*. In a similar manner, we conclude 
from the equations 

(r-y, T* ; j) = (TT-v,!/) = (./;.</) 

that the relation (T -1 )* T* g — g is significant and true for 
every g in the domain of T 1]t . From the two relations con¬ 
necting T* and (T 7-1 )* it is evident upon examination that 
these transformations are inverses of one another, 

Theorem 2.8. When T*, the adjoint of a transformation T, 
exists , it is a closed linear transformation. 

We prove that T* is a linear transformation, as follows: 
if g u , g n are elements of and if g and g* are the 
elements a x g x + • * * + a n g n and a x T * g v -f • * • + a n 7 7;i: g n , 
respectively, w r e verify the relations. 

(Tf, g) = £ a«(Tf, (/a) = £ a K (f, T* cj«) = </, ,f) 
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for every / in 5); by definition, therefore, g is an element 
of S* and satisfies the relation T*g = g* m , consequently, 
T* is a linear transformation. 

In order to show that T* is a closed transformation, we 
must consider the properties of those sequences {g t ,} in 2)* 
such that 

T*g n ->g*' 

For such a sequence we have (Tf g. n ) = (/, T* g„) for 
every / in the domain of T and for n — 1, 2, 3, ■ • •. When 
n becomes infinite we obtain the equation 

cry, //) - (/; 17*) 

and conclude that g is in 3)* and that T*</ = </*, as we 
wished to show. 

Theorem 2.9. J/ 1 T is a transformation such that T* 

and T** = (37*)* exist, then T** is a closed linear 
extension of T with the adjoint (T**)* = T*. If in addition 
T~ x exists and the ranges of T and T* loth determine the 
closed linear manifold §, then (T 1-1 )** csdsfs is the 
inverse of T**. 

T* exists if and only if 3) determines the closed linear 
manifold §, T** if and only if 3)* has the same property. 
When T** exists we have T 7 ** 2 T by virtue of the fact 
that T*. By Theorem 2.8, T** is a closed linear trans¬ 
formation. Since T** is an extension of T its domain S** 
determines the closed linear manifold § and (T**)* exists. 
Because of the relations T** 2 T ancl T* ^ T**, this 
transformation must have the properties (T 7 **)* 2 T* and 
(T**)* 2 respectively. Hence it coincides with 7 T *. 
The last assertion of the theorem is an obvious corollary 
of Theorem 2.7: the theorem can be used first to establish 
the existence of (T*)~ 1 and can then be applied to T* and 
its adjoint T** to obtain the result described. 

As a result of Theorems 2.6-2.9 we see that the concept 
of adjointness is trivial unless we deal with transformations 
which enjoy linear properties. The relation between adjoint¬ 
ness and linearity is made precise in the following theorem. 
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Theorem 2.10. If the transformation T 1ms a linear 
extension , then there exists a unique linear transformation I 
with the properties. 

(1) T is an extension of T: 

(2) every linear extension of T is also an extension of T. 
If the transformation T has a dosed linear extension, then 
there exists a unique dosed linear transformation T with the 
properties: 

(1) T is an extension of T and of T; 

(2) every dosed linear extension of T is also an extension of T . 
In particular , if T is linear, then 2 7 = T\ if T is dosed and 
linear , then T = T = 7 T ; and, if the ad joints T* and T m 
exist , then T and T exist and satisfy the editions T Cl 7 r 
g fa r**. 

When T lias a linear extension T {) , we can define T by 
setting T = T 0 in the linear manifold 2) determined by the 
domain 2) of T. Since T 0 is a linear transformation with 
a linear manifold 2) 0 as its domain, we have 2) g 2) g 2) ( , 
and infer that the definition of T is effective. The properties 
ascribed to T are evident. 

When T has a closed linear extension T 0 , the trans¬ 
formation T exists; and we define T directly in terms of T 
as follows: the elements / and f are assigned to the domain 
and to the range of T respectively and are connected by the 
relation Tf = f if and only if to an arbitrary positive e 
there corresponds an element g in 25 satisfying the inequalities. 

\f—n\< e > \f—T<j\<e. 

Special pairs of elements satisfying these requirements can 
evidently be obtained by selecting / arbitrarily in 2) and 
setting f = Tf ; for the inequalities above are satisfied when 
/ is used as the element//. On the other hand, an arbitrary 
pair of elements satisfying the indicated conditions has the 
property that /is in 2) 0 and that T 0 f = f. To show this, 
we use the conditions laid on / and f to select a sequence 
{g n } in 2) such that 

I f—9n\< 1/w, I/— Tq n 1< 1 In. 
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We can write these relations in the form g u ->•/, T () g n = T(/„,->/) 
and can then conclude by virtue of the closure of T {) that 
the equation T 0 f = f is significant and true. Thus we see 
that Tis properly defined and that the relations TC TC Tcz T<>, 
cz ® £ 2) C ©o are valid. We prove next that f is 
a linear transformation: if/;, ■ - - ,f n are arbitrary elements 
of 2), if a i9 a n are arbitrary complex constants, and if 
e is a given positive number, we select a positive d and 
elements g l7 • • g )L in 2) such that 

*(kH- \ff k —Tffk\<& 

for h == 1, ■ ■ •, n; the elements / = «,/, -f • • • + «„/,., 
J — (h Tfi ■+•■•+ (in Tf n , and g = a i <7i + • ■ ■ + ««//« then 
satisfy the relations 

^ — 01 H- \fn — g,\<s. 

If- Tg\ <, k I T/i— T , '7 i| + • • • + \a n \\Tf n - Tg n \<s 

and we conclude that/is in 3), ff= f(a, /, + • • • + o„/ t ) 
= (ii Tfx +•••+«» T/.. The closure of T is demonstrated 
in a similar manner. Let {/„} be a sequence in 25 such that 
fn -+f and Tfn -*■/. When a positive s is assigned, we first 
choose m so large that 

l/-/m|0/2, \f—ff m \< e/2; 

we can then select an element g in 35 such that 

l/m-tf|<*/2, \Tfm —TgY < f/2; 

and we see finally that 

I/ — tflO, I/— 2V|< «. 

Hence Tf exists and is equal to /; in other words, T is 
a closed ^transformation.^ By virtue of the fact that we have 
defined T in terms of t and have used the existence of T 0 
only to show that the definition is effective, we can vary 
the left-hand term in the relation T 0 3 f without changing 
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that on the right. Thus every closed linear extension of T 
is also an extension of T . 

The closing remarks of the theorem require no particular 
comment, when it is recalled in connection with the last 
assertion that T** is a closed linear extension of T by 
Theorem 2.9. 

There exist transformations which have no linear extensions: 
the transformation with a closed linear manifold 2)7 as its 
domain and the set comprising a single element // 0 as 
its range is an obvious example. There exist linear trans¬ 
formations which have no closed linear extensions. As an 
instance we cite the transformation T defined as follows: 
the domain of T is the linear manifold determined by 
a complete orthonormal set {</■*/; when /is an element of 
this manifold we have 

I n 

«/ = a c( 9«, T'f = I Ctu) (p 1, 

a — l \a — i 

It is evident that T is a linear transformation. Let us 
suppose that T 0 is a closed linear extension of T. The 

2 n 

element f n = — 2 a( Pa is in the domain of T and has 
the properties 

n 

lfil 2 = ^ a 2 /n 4 = (tt + l) (2w + l)/6?i 8 ->0, n-»cc, 

a 1 

T.fn ~ ^ S' tt/w 2 j (px — (n + l)/2n ■ <P\ -> 4</a , n -> go. 

Thus f n 0, T () f n = Tf n ->\ gpi. Since T 0 is closed by 
hypothesis, we must have T 0 0 == \ ; on the other hand, 

since T 0 is linear by hypothesis, we must also have T 0 0 = 0. 
These two results are plainly incompatible, so that T can 
have no closed linear extension. From these examples we 
conclude that the assertions of Theorem 2.10 cannot be 
strengthened. 

In the theorem just proved, we have not distinguished 
between proper and improper extensions. It is consequently 
of some interest to add a few remarks on this point. We 
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can prove the assertion: a necessary and sufficient condition 
that a linear (closed linear) transformation T have a proper 
linear (proper closed linear) extension 7 T 0 is that the domain 
of T be a proper subset of £>. The necessity of the condition 
is trivial; and the sufficiency can be demonstrated in a few 
lines. Let 2) c: .§ be the linear manifold which is the domain 
of T, h ail arbitrary element of the set AV—2), and h 0 an 
arbitrary element in The domain of T () is to ho the 
linear manifold comprising all the elements expressible in 
the form /+ cih where f is in 2) and a is an arbitrary 
complex number; for such an element we set T„(/+ ah) 
= Tf~\~ aha. It is clear that T 0 is a proper linear extension 
of T. Furthermore, when T is closed, T 0 has the same 
property, as we shall now show. Let {$r w } be a sequence 
in 2) 0 such that g n -*g , T Q g n ->go. We have g,i—fn + a n h 
where f n is in 2). By retaining only an appropriately chosen 
subsequence of {g n } and renumbering the elements retained, 
we may suppose that we have 

gn = fn. 4~ tin h -> g, To g n = Tfn + (hi ho //o« 

where the sequence j a„) has one of the two properties 
|a„|->cc, a n -+<i. The first property, however, cannot be 
realized under our hypotheses concerning the transformation T. 
If | a n | -» oo we have 

(r-l/a n )fn = (—1 /a n )<jn + h-+h f 
T{ — 1/ chi) f n . = (— 1 / a n ) To g n + ho ho , 


and can conclude by virtue of the closure of T that h is 
in 2), contrary to fact. Hence the sequence {ro,j must enjoy 
the second property. Here we can conclude from the relations 

fil — gn — (hi h-> g — a h, Tf L — To g n — (hi h -> go — a ho 

that g — ah is in 2) and that T(g — a h) = // () — a h 0 • It 
then follows that g = (g — ah) + ah is in 2) (> and that 
To g — (g 0 — a ho) + ah 0 — go- This result implies that T ( > 
is a closed transformation. It is instructive to compare the 
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content of this paragraph with Theorems 2.13-2.16 of the 
following section. 

§ 2. Symmetric Transformations 

Those transformations II which satisfy the relation H^H 
are of particular interest because of their frequent occurrence 
among the operators of analysis. The complete development 
of their properties is one of the chief aims of the following 
chapters. Here we investigate a few of their simpler and 
more elementary characteristics. In order to exclude trivial 
and relatively unimportant transformations H from our con¬ 
siderations, we shall confine our attention to transformations 
of the indicated type which have domains determining the 
closed linear manifold $. It has been customary to refer 
to such transformations as “Hermitian symmetric” but in 
the interests of brevity we call them merely “ symmetric”. 
Thus our definition reads: 

Definition 2.9. A transformation H is said to be a sym¬ 
metric transformation if 

(1) its domain determines the closed linear manifold 

(2) it is adjoint to itself H H, 

Theorem 2.11. If H is a symmetric transformation , then H* 
and H ** exist. H** is a dosed linear symmetric transformation. 

Since the domain of H determines the closed linear mani¬ 
fold § we know that H* exists. Now H^H implies IIQ If*, 
so that the condition for the existence of If ** is fulfilled. 
From the relations H** If* and If* II, we conclude 
that If** If; hence If** £ If* and H** H**, as we 

wished to show. 

Theorem 2.12. If H is a symmetric transformation, then 
the linear transformation H and the closed linear trans¬ 
formation II exist and are symmetric . 

The conditions for the existence of H and II, as set forth 
in Theorem 2.10, are satisfied; and since If CffCHC If** 
we see that both If and H are symmetric. In Theorem 9.5 
we shall prove the more precise and more difficult result 
H = If**. 
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Among the symmetric transformations, two types are. of 
particular interest—the maximal symmetric transformations 
and the self-adjoint transformations.*! In a sense which 
we shall explain in the next chapter, the self-adjoint trans¬ 
formations comprise the self-adjoint operators of analysis. 

Definition 2.10. A symmetric transformation is said to be 
maximal if it has no proper symmetric extension. 

In symbols, H is maximal if the relations H () p H and 
H 0 H 0 together imply H () = H. 

Definition 2.11. A symmetric transformation II is said 
to be self-adjoint if H = H*. 

Theorem 2.13. A self-adjoint transformation is a maximal 
symmetric trcmsformation . 

Let H 0 he a symmetric extension of the self-adjoint trans¬ 
formation H. Then H 0 ^H implies that H 0 QH* = H so 
that Ho and H must he identical. In other words, H has. 
no proper symmetric extension, and is therefore maximal. 

It thus appears that the self-adjoint transformations form 
a subclass of the class of all maximal symmetric trans¬ 
formations. We shall see later that this subclass is a proper 
subclass; that is, that there exist maximal symmetric trans¬ 
formations which are not self-adjoint. 

We are now in a position to formulate a series of funda¬ 
mental problems concerning symmetric transformations: 

(1) the determination of all the maximal symmetric extensions 
of a given symmetric transformation H; 

(2) the determination of all maximal symmetric trans¬ 
formations ; 

(3) the determination of all self-adjoint transformations. 
We shall obtain a solution of each of these problems in the 
course of this book. In Chapter IX we shall give an account 
of the beautiful methods by which J. v. Neumann has solved 
the first two problems. Since our subject matter is more 
intimately related to developments clustering around the third 

f J. y. Neumann employs the term “hypermaximal” to denote the self- 
adjoint transformations, Mathematische Annalen, 102 (1020), pp. 40-131,. 
Definition 9, p. 72. 
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problem, we shall investigate its solution and ramifications 
first. 

A few elementary details relating’ to these problems will 
be given here. 

Theorem 2.14. If H is a maximal symmetric transformation , 
then II and AP* are identical ; H is therefore a dosed linear 
transformation. 

Since Af** is a symmetric extension of H, we must have 
II = AP*. 

Theorem 2.15. Every maximal symmetric extension of a 
given symmetric transformation H is also an extension of H**. 

If Ho is a maximal symmetric extension of H, the relation 
Ho^H implies the relations Ho Cl H * and AT** 2 H ** • 
Since AT 0 and H** are identical, our theorem is true. 

As a consequence of this theorem we see that, in dis¬ 
cussing our first problem above, we may limit our attention 
to closed linear symmetric transformations. 

Theorem 2.16. If H is a symmetric transformation such 
that H* and AT 1 '* arc identical , then the self-adjoint trans¬ 
formation AT* is the only maximal symmetric extension of H. 

The symmetric transformation AT** is self-adjoint under 
our hypothesis, and is therefore maximal. If AT 0 is a maximal 
symmetric extension of H, it is also an extension of AT**, 
by the preceding theorem. Hence A/ 0 , AT**, and AT* must 
coincide. 

As a consequence of this theorem we introduce 

Definition 2.12. A symmetric transformation H such that 
AT* and AT** are identical is said to be essentially self-adjoint. 

Theorem 2.17. If H is a symmetric transformation whose 
domain is ig, then H is self-adjoint. 

Since AT* and AT** are extensions of II, all three trans¬ 
formations must coincide. 

Theorem 2.18. If H is a symmdrin transformation whose 
range determines the dosed linear manifold tg, then II pos¬ 
sesses a symmetric inverse AT -1 . In order that H be maximal, 
self-adjoint , or essentially self-adjoint, it is necessary and 
sufficient that AT -1 enjoy the same property. 
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We denote by 2), 2)*, 2)** and 91, $R*, 91** the domains 
and the ranges of the respective transformations II\ II* 
and H**, remarking the obvious relations 

H£ H**g.H*, 2) £ 2)**£ 2)*, 91 £ 91** £ 31 *. 

If an element is orthogonal to any one of the sets SR, 91**, 91*, 
then it must be the null element; for each of these sets deter¬ 
mines the closed linear manifold §• 

Evidently, H will possess an inverse with domain 91 if 
and only if the relation IIf\ = Hf> implies = f*, when¬ 
ever it is significant. If f x and f t are elements of 2) satisfying 
this relation, we have 

(fi-A, Sg) = (H/ x , cj) — (H /2 , g) = 0 

for every g in 2); hence /i—/ 3 must be the null element, 
and /i and / a are coincident. The condition that H have 
an inverse IT" 1 is therefore satisfied. From Theorems 2.7 
and 2.9, we see that FT* and H** also have inverses, iden¬ 
tical with (IT" 1 )* and (IT -1 )** respectively. 

The assertions of the present theorem are obvious con¬ 
sequences of the relations IT" 1 £ (IT" 1 )** £: (H~ *)*, which 
are implied by the corresponding relations II £ H** £ II*. 
We see for instance that (IT -1 )** (IT -1 )** follows from 

the fact that (IT -1 )* is an extension of (IT -1 )**, and that 
H -1 H" 1 is then a consequence of the fact that (IT" 1 )** 
is an extension of H" 1 . Since 91 and SR** determine the 
closed linear manifold §, IT" 1 and (IT -1 )** are symmetric 
transformations in accord with Definition 2.8. From the evident 
equivalence of the two identities H = IT*, IT" 1 = (IT" 1 )* 
and of the further identities IT* = H**, (IT 1 )* = (IT 1 )**, 
we perceive that for H to be self-adjoint or essentially self- 
adjoint it is necessary and sufficient that H" 1 enjoy the same 
property. If II is maximal, IT -1 must be maximal, and con¬ 
versely; for if H 0 is a proper symmetric extension of IT, 
then Ho" 1 exists and is a proper symmetric extension of II” 1 , 
by the facts already established. 
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As an immediate result of the two preceding theorems, 
we have 

Theorem 2.19. If H is a symmetric transformation ivhose 
range is §, then H is self-adjoint. 

§ 3. Bounded Linear Transformations 

From the geometrical point of view, those transformations 
which are continuous as well as linear are to be counted 
among the most interesting. As we shall see, the class of all 
continuous linear transformations is characterized by a certain 
property which we shall call boundedness and which serves 
as a very useful tool in many subsequent proofs: this property 
may be described by the assertion that no element within 
unit distance of the null element is taken by a continuous 
linear transformation into an element whose distance from 
the null element exceeds a certain positive constant deter¬ 
mined by the transformation. The properties of continuous 
linear transformations are easily investigated by virtue of 
this circumstance. 

We shall first prove the result: 

Theorem 2.20. If a linear transformation T is continuous 
at one element of its domain, then it is uniformly continuous 
throughout its domain . A linear transformation is therefore 
either uniformly continuous or totally discontinuous in its 
domain. 

We denote by /, that element of 2) at which T is known 
to be continuous, and by/an arbitrary element of 2). When 
a positive £ is given, we must be able to determine a ^ = (5(f) 
independent of /, so that, whenever g is an element of the 
domain of T for which \f—g\ <| d, the truth of the in¬ 
equality | Tf — Tg \ < £ can be asserted. In order to deter¬ 
mine d we transfer our attention from / to f Q by the intro¬ 
duction of the element g 0 = g —/+/ 0 , evidently in the 
linear manifold 2), remarking that Tg Q — Tg — Tfof-Tf. 
We have 

\fi-ffol = \f—g\, \Tfo-Tg,\ = \Tf—Tg\. 
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Since T is continuous at, f () , there exists a d = d (V), inde¬ 
pendent of //o sueli that \f 0 —r/ 0 1 ^ ^ implies 177o—7 T // {) | 
<! f. The equations just written down show that, for the same 
s and d, we have | Tf —- T//| < f whenever [f — y\ < d, 
as we wished to prove. 

Theorem 2.21. When T is a linear transformation and ( r 
is an appropriate constant, depending only on T, then the 
following assertions are equivalent: 

(1) T is continuous ; 

(2) | Tf\ ^ O'l/I ,/or ewry / /h ©; 

(3) KT/J ,r/)| 6 |/| M ,/br every f in S) and m-ry <j in 

When T is also symmetric, the assertion 

(4) | (Tf, f) I ^ C’|/P ,/or every f in 3) 

equivalent to the preceding three. 

Since T is linear its domain contains the null element 
and TO = 0. The assertion that Tis continuous is equivalent 
to the assertion that T is continuous at 0, as we showed 
in the previous theorem. 

The equivalence of assertions (1) and (2) of the present 
theorem is established by showing directly that (2) is 
a necessary and sufficient condition for the continuity of T 
at 0. If the transformation T is continuous, then there 
exists a positive number d — d (#) such that | Ty | < s when¬ 
ever g is an element of 2) for which |#|^d. Consequently 
there must exist a positive constant C, not greater than 
l/d(l), such that \ Tg\< C whenever g is an element of £ 
for which | ^ | < 1: for if there were an element / in 
such that |T/|>l/d(l), |/|<1, we should find for 
g = <5(1) • / the inequalities |T//|>1, \g \ d(l). The 

existence of such a constant V implies the truth of the 
inequality (2). For if f is the null element, the inequality 
of (2) is trivial; and if f is not the null element, wo can 
set g~fl |/|, Tg = T//|/| in the relations above, and 
thus obtain \g\= l’ \ Tg\^\Tf\/\f\<C, and|7/|< C\f\. 
On the other hand, if (2) is satisfied, T is continuous at 0: 
for upon setting e = Cd we see that the inequality | Tf\ < 0\f\ 
yields | Tf \ < e whenever |/| < d. 
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We now perceive that (3) follows directly from (2), according 
to the inequalities \(Tf,g)\< [Tf[ [ff[<C lf\ \g\. On 
the other hand, (2) is trivial when Tf is the null element, 
and can be derived from (3) when Tf =(= 0, as we find by the 
inequalities | TJf = (Tf Tf) < C\f\\Tf\, \ Tf\ f C\f\, 
obtained by putting g = Tf in (3). 

When it is assumed that T is symmetric as well as linear, 
we can sharpen the condition (3), which obviously implies (4), 
by showing that (3) is in turn a consequence of (4). Before 
proceeding to a proof of this assertion, we note that if (3) 
holds for every f and g in the domain of the symmetric 
transformation T, it holds also for every / in the domain 
of T and every g in §, on account of the continuity of the 
function (/ //). We may restrict our attention, therefore, 
to the case in which both /and g are elements of 2). Since 
the inequality (3) is trivial when (Tf g) vanishes, we may 
suppose that this circumstance does not arise; in particular, 
neither /nor g is the null element. We now set a = \g\l\fh 
and determine 6 so that \0 \ = 1 and 0(Tf g) is real and 

positive. We see that | (Tf g)\ = 6(Tf g) = ^Ta Of • 

It is possible to obtain an appraisal of the magnitude of the 
real part of (Tf, r/ x ), where f and g L are arbitrary elements 
of 3) by applying (4) to the identity 


SKTftfh) = HTf'f/d + Offi, Tf) 

= HTf,ffd + i(T<M,f) 

_ _^y./i "/A 


We have, therefore, 

\MTf„uM S I^)|+|(r^=2t 



,f\ —fh 

. ~ ' 

’ 2 


) 

) 


and can so simplify the last expression as to obtain the 
desired inequality 
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In this equality we replace f L by a Of and //, by y/a. 
Upon taking account of the definitions of or- and 0, we are 
able to reduce the resulting inequality to (3): 

i(7Y.//)l :S C|/H ;| 

Thus (3) follows from (4) under the conditions assumed. 

In view of the theorem which has just been proved, it 
is desirable to introduce the following definitions. 

Definition 2.13. A linear transformation T is said to be 
bounded if the equivalent inequalities | Tf \ ft C \f\ and 
| (Tf, g) | C |/| |y[ hold for every f in 2), every // in ft, 
and some constant C 0. The least admissible value of (J is 
called the bound of T. 

Definition 2.14. A linear symmetric transformation H is 
said to be bounded above if the inequality {Hf, f) ft : C\ |/‘| 
holds for every f in its domain and some constant C x ; and 
is said to be bounded below if the inequality {Hf, f) 'ft (ft J/| 
holds for every f in its domain and some constant (ft . The 
least admissible value of G\ is called the iqrper bound, of II, 
the greatest admissible value of Ch the lower bound of II. 
The transformation H is said to be positive definite or not - 
negative definite, according as its hirer bound is positive or 
zero; and is said to be negative definite or not-posificc definite 
according as its upper bound is negative or zero. 

We can sum up the content of Theorem 2.21 and add 
a few obvious remarks concerning the bound of a. linear 
transformation in the following statement. 

Theorem 2.22. A linear transformation is bounded if and 
only if it is continuous ; a linear symmetric transformation 
is bounded if and only if it is bounded above and below. 
If T, I\, T 2 are bounded linear transforniations with domain ft 
and the respective bounds C, Gi, Gb, then the transformations 
aT, T x + Ty, and T x T% are bounded linear transformations^ 
and the bound of a T is \a\C, the bound of r J\ + r I\ does 
not exceed C\ + C\, and the bound of T x r l\ does not exceed 
Gi G 2 . The only linear transformation T with domain ft and 
bound 0 is the transformation 0. If a linear symmetric 
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transformation H has C, C l7 and C\ as its bound , its upper 
bound , and its lower bound respectively , then C is the maximum 
of |Ci | and \G\\. 

The relation between continuity and boundedness which 
has just been discussed enables us to show that a continuous 
transformation fails to be closed only if its domain is too 
narrowly restricted. 

Theorem 2.23. If T is a continuous linear transformation , 
then the transformation T exists and is a closed continuous 
linear transformation whose domain is the closed, linear manifold 
determined by the domain of T\ the transformations T 
and T have a common bound . If in particular the domain 
of T is everywhere dense in then T is defined throughout £> 
and is the only closed linear extension of T. 

We first construct a closed linear extension T 0 of the 
transformation T, directly in terms of T = T: the elements f 
and f) are assigned to the domain and to the range of T 0 
respectively and are connected by the relation T 0 f = fo if 
and only if to an arbitrary positive e there corresponds an 
element g in 3) satisfying the inequalities 

\f-9\<', \f»—Tg\<s. 

By hypothesis, T is continuous and therefore bounded; we 
denote its bound by C. Consequently, if f is an arbitrary 
element of the closed linear manifold determined by 5) and 
if {g n } is an arbitrary sequence in 3) which converges to f 
the sequence {Tg n } converges and has an element f 0 as its 
limit: the relation | Tg m — Tg n \ < C\g m —g n | -> 0 leads imme¬ 
diately to this result. Furthermore, it is clear that the limit f Q 
is independent of the particular sequence {g n ) converging to /. 
For if {yW} and {g®>} are two sequences in 3) such that 
\f, ($-*■/, Tffi?-*■/!?, we have 

,/o 2) | = lim \ Tg l n — Tgf?\ ^ tflim — = 0 

n —> oo n—> oo 

and thus conclude that /o 13 = / 0 (2) . Finall} r , we note that the 
elements / and f 0 satisfy the conditions stated in the definition 
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of T 0 . Hence T is defined throughout the closed linear 
manifold determined by 3). To show that the transformation 7,, 
is closed and linear, we can repeat the reasoning applied in 
the proof of Theorem 2.10 to the transformation T. 

Since we now know that T has T () as a closed linear 
extension, we can infer the existence of the transformation T 
described in Theorem 2.10. Evidently T {) coincides with 7\ 
both transformations being constructed by the same process 
from the transformation T = T. We next show that 7 T U s== f 
lias the same bound as T and is therefore continuous. If / 
is an arbitrary element in 3) and e is an arbitrary positive 
number, we can choose g in 3) so that \f — g\- e and 
| Tf — Tg\<£ and thus obtain 

\Tf[ = \Tg+T{f-g\ < [Tg[ + \ff-Tg\ < C\g\ +« 
< C\f\+C\f-g[+e < C\f\ + (C+1)*. 

Since * is arbitrary this inequality implies \Tf\ < C\f[. 
Clearly the bound of T cannot be less than that of 7 7 C 7 T ; 
hence T and T have the same bound C. The particular case 
in which 3) is everywhere dense in § so that 3) must coincide 
with § requires no detailed comment. 

An interesting and useful application of these results can 
be made to the theory of continuous or bounded linear sym¬ 
metric transformations. 

Theorem 2.24. Every bounded linear symmetric trans¬ 
formation is essentially self-adjoint. A bounded linear sym¬ 
metric transformation : 'is self-adjoint if and only if its domain 
is §. 

Let, H be a bounded linear symmetric transformation. 
Then H can be constructed by the use of Theorem 2.10 or 
by the use of Theorem 2.23. According to the first theorem, 
as particularized in Theorem 2.12, Hi is symmetric; and ac¬ 
cording to the second theorem H has § as its domain. By 
Theorem 2.17 H is self-adjoint; and II must be essentially 
self-adjoint. II is itself a self-adjoint transformation if and 
only if it coincides with H\ that is, if and only if its domain 
is ©. 



II. TRANSFORMATIONS IN HILBERT SPACE 


59 


We shall next investigate the connection between the 
existence of the adjoint transformation T* and boundedness, 
arriving at the important result that when T and T :i: have 
§ as their common domain T is necessarily bounded and 
thus continuous. We encounter all the essential difficulties 
of the demonstration if we limit our attention to the special 
case of a symmetric transformation with § as its domain. 
The general case is easily reduced to this apparently special 
one by a simple device, indicated in Theorem 2.26. 

Theorem 2.25. If H is a symmetric transformation whose 
domain is §, then H is hounded and therefore continuous. 

We shall prove the theorem by a redact to ad ahsurdum 
based upon the following assertion: if is a closed linear 
manifold with dimension number n, n 1, 2, 3, • • and 
Th is the closed linear manifold $ © s Dt\, then a necessary 
and sufficient condition that H be bounded is that, for every f 
in I Hf\ < a |. /|, where C 3 is a positive constant in¬ 
dependent of /. The condition is obviously necessary. We 
show that it is also sufficient by proving that, whenever it 
is satisfied, there exists a positive constant C such that 
| (Hf. f) | < C\f\ for every /in §. Since is a closed 
linear manifold of n dimensions, it is determined by a finite 
orthonormal set y u • • •, (f u . If / is in SD£i, we have 

/= a !</!-+- \-rtnVn, J/| s = («i| 2 H- 

where a i, • • •, a n are constants. Hence, we see that 

\H,ff = Z a a a fl Hy?) < M Z \"«\WA 

a,/* = l «,/# = l 

< Z L|««| 2 H- |«vi| 2 ] = = CilfY, 

1 

where C\ — [TM n and M is the greatest of the n 2 quan¬ 
tities | (H c fi , 11 (/,,) |. Thus j Hf\ does not exceed C\ m 
when f is in s Jft L . When f is an arbitrary element of §, 
we express it as the sum of its projections on 2fti and 3Jl a 
respectively, by means of Theorem 1.23. In view of the fact 
that these projections f x and /> are orthogonal, we have 
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|,/i | 2 + l./i| 8 = 1/1% [f\\S I/l alul Wo have 

no difficulty, therefore, in deriving the inequalities 

<///•/) - 2 <#/*,/# 

«,fi - 1 

< i mu,m r : ; 2 vf/«\\/fi\ 

«,{} 1 «,{i l 

r- 2 c«\M\M < 2(g-K0I/L 

«, fj ■■= 1 

By setting- C = 2 (Cl + Cl), we line! that |(If/, /)| does not 
exceed f'|/| 2 . Thus H is bounded, in accordance with 
Theorem 2.21. 

We next show that, when /,•••, fm are m arbitrary 
elements of there exists an element y such that y and Hep 
are orthogonal to each of the elements/, * • * ,/ m , if/, • ■ *, Hf m ; 
and such that, when if is assumed to be unbounded, y has 
the properties |<jp|=l and |ffsp|j>Cw, where is an 

arbitrarily chosen positive constant. The proof depends upon 
the facts derived in the preceding paragraph. By hypothesis, 
if is defined throughout £>, so that the transformation 
if 2 === if • if is defined and has £> for its domain. We choose s Tc\ 
as the ^-dimensional linear manifold determined by/,, • • ■, f m , 
if/1, • • if/,,, if 2 /, * • •; if a /m; clearly, w does not exceed 

3 m. We then set 2Jt 3 = $©3fti ? as before. If y is an 
arbitrary element of we have 

<y, /) - 0, (cp, if/1) - o, (cp, if 3 /) - 0, 

for i = 1,.. -, m; since if is symmetric, the last two equations 
become 

(ifep,/) = 0, (By, if/) == 0, i = 1, • * •, m. 

Thus every element of satisfies the first requirements 
laid on cp. If it is assumed that II is not bounded, then y 
can be selected in % so that |cp| = 1 and \IIy\ > O m ., where 
Cm is an arbitrary positive constant; for, if \Hy\ <1 C m |</>| 
for every element in 2K S , if is bounded, contrary to our 
assumption. 
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The final step in the proof consists in assuming that 
H is not bounded ? and in constructing, as a result of this 
hypothesis, an orthonormal set {<?„} such that 

(B><, Hn) = 0, if k, \H 9k \ ^ 

The set {cp n } is easily determined by the method of the 
preceding paragraph: is chosen arbitrarily save for the 

restrictions implied by the relations |$Pi| = 1 and \Hyi | A: 1; 
when <jpi, • • •, gpm have been chosen, we identify /i = $Pi, 
fm — 9m , Cm — m + 1, in the preceding discussion, and thus 
select 9m+i with the desired properties; this process is never 
halted, and thus determines an infinite orthonormal set with 

n 

the required characteristics. If we set g n — then 

CC — l 

the sequence {g„} converges to an element g in and we 
have 

I HgY = (g.H'ff) = lim fa, H*g), 

n—>x 

'll CO 

<9n,S*g) = = 2 2 ??)/«,3 

« = 1 /i = l 

= Z Z (Hjp«, Erfr/a/t = Z |-ffy «| 2 /« 2 > «. 

cc = l /J = l « = 1 

Thus the monotonely increasing sequence (g u , H 2 g) must 
satisfy the impossible inequalities n<(f/n,H 2 g) i^i 2 - 

This contradiction forces us to discard the hypothesis that 
H is not bounded. The theorem stands established.!- 

An immediate extension of this theorem to a broader class 
of transformations can be made. 

Theorem 2.26. If T is a transformation ivhose domain 
is ip and if its adjoint T* likewise has § as its domain , 
then T and T* are bounded linear transformations. 

Since T is defined throughout $, its adjoint T* exists 
according to Theorem 2.6. The fact that T has § as its 

f This theorem is very closely related to the fundamental theorem 
concerning bilinear forms in infinitely many variables given by Hellinger 
and Toeplitz, Mathematische Annalen, 69 (1910), pp. 289-330, especially 
pp. 321-327. 
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domain means that T and T ** are identical, so that the 
relation between T and T* is symmetrical. It is sufficient, 
therefore, to prove that T, known to be linear by Theo¬ 
rems 2.8-2.10, is bounded and therefore continuous. The 
proof depends upon the fact that H = T* T is a symmetric, 
transformation with £> as its domain. By the preceding- 
theorem, II is bounded; and we have | Tf\~ — (TJ\ Tf) 
= (Hf /) < (fi I/I 2 , for a suitably chosen positive constant C\ 
independent of f. Consequently, T is bounded, as we wished 
to show. 

It is now especially interesting to find that Theorem 2.26 
has a valid converse, upon the proof of which we shall enter 
only after we have established a few preliminary results. 

Theorem 2.27. If L{f) is a numerically-valued function 
defined throughout a linear manifold Hi everywhere dense in §; 
and if L is hounded and linear: 

I L{f) I < C[fl L («] fi + «,/;) = ffl £(/,) + « 3 J,(/ s ); 
then there exists a unique element y in § such that 
£(/) ^ O', !J)< 1.71 r - 

for every f in He. Thus I van bv defined in a uniquely 

determined way so as to be hounded, and linear throuyhout <£>. 

Since it is evident that two elements // L and // a satisfying 
the requirements of the theorem must be equal, because their 
difference is orthogonal to every element of Hi and therefore 
of §, we have only to demonstrate the existence of one. such 
element y. In order to do this, we determine a complete 

ortliononnal set {^4, each element of which belongs to Hi; 

we see by Theorems 1.9, 1.13 and 1.18 that such a set. exists. 

CO 

We then put L(y n ) = a n and show that the series | a< { \~ 

a 1 

is convergent, by the inequalities 
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Thus the element g = ct a </vc exists and is such that 

«=i 

(cp n , g) = L(cp n ) and | g | 2 — A ««| 2 C' 2 . If /is an arbitrary 

« = 1 

element of 9ft, we have f - b a <jp« where b u — (/, cp n ) 

" «=i 

and hence 

\Uf) — L(f u )\ = |L(/-/«)| ^ C|/— fnl^O, 
Ufn) - £(/), £(/; = lim </„, <?) = (/, .?), 

> GO 
9 ?. 

where f n = 2 &«<?«. This result shows that the element g 

a = l 

has the properties asserted in the theorem. It is evident 
from the relation L(f) = (/, g) that the function L is con¬ 
tinuous in 9ft and can be extended by this equation so as 

to be defined throughout No other manner of defining L 

outside 9ft would lead to a continuous function.* 

Thkohkm 2.28. Let 1> g) be a numerically-valued, function 
for f in 9ft and g in ))l, where 9ft and 9 c are linear mani¬ 
folds everywhere dense in and let B{f,g) be bilinear in 
the sense that 

B(ch fi + «i fi, g) = «i B{f 1} g) + chB(f s , g ), 

B {f, (h ffi + (h !h) = aiB (/, gi) + (is B (/, g 3 ). 

If B(f, g) is bounded with reaped to g for each f in ac¬ 

cordance with the inequality j 13 (f, g) \ < C{f) \g\ where 
C(f) 0 is independent of g, then there wrists a uniquely 
determined linear transformation T with domain 9ft such that 
B{f, g) — (Tf, g) for every f in 9ft and every g in 9i; the 
function 13 (f g) can be extended in just one wag so as to be 
bilinear and bounded with respect to g for every f in 9ft and 
every y in 3 q, and the extended function coincides with (Tf g). 
If 13 {f g) has the symmetry properties 9ft = 5ft and B{g,f) 
= B{f\g)j then T is a linear symmetric transformation . 
If B (f, g) is bounded with respect to both f and g in the 
sense that \B(f,g)\<zC\f\\g\ for every f in 9ft ; every g 

* This theorem is due essentially to Fr^chet, Transactions of the 
American Mathematical Society, 8 (1907), pp. 439-441. 
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in 5ft, and some constant C independent of f and g, then 
the linear transformation T is bounded ; the function B {fg) 
can be extended in just one ivay so as to be bilinear and 
bounded for every f and every g in §, an( l Aw extended 
function coincides with (Tf, g ). 

We write L(g) = B(f g) for fixed f in SIR and apply 
Theorem 2.27 to the bounded linear function L. Since we 
have \L(g)\<:C(f)\g\, we see that th ere exists a unique 
element /* such that (#,/*) “ B(f 9) an( ^ I/* I <?(/)> 
for every g in 5ft; we see furthermore that for fixed / the 
function L(g) = B(f g) can be extended in just one way 
so as to be linear and bounded for all g in £>, the extension 
of B(fg) coinciding with (/*, g). We define the trans¬ 
formation T with domain 3ft by setting Tf = f* } so that 
we have B(f, g) = (Tf, g), \Tf\ < C(f). By virtue of 
the linear properties of B(f g) we obtain the equation 

(T(a l /, + • * • + a n f n ) — (h Tf —- a n Tf n , g) 

= B{a { fi J \ - \-cinfn,g)—a i B(f 1 ,g) - a n B{f n ,g) = 0 

for every g in 5ft. Since 5ft is everywhere dense in this 

equation implies that T(a u f[~{ - \-a n fn) = a-i Tf - \-a»Tf n 

and that T is linear. When B(f, g) has the symmetry 
properties indicated above, we can write 

{Tf g) = B(f, g) = BjgTf) - (TgVf) = (f Tg) 

for every / and every g in 3ft == 5ft, and can thus conclude 
that T is a symmetric transformation. Finally, if B (f g) is 
bounded with respect to / and g we can write C{f) = 6 r |,/j, 
\Tf\<zC\f\, so that the linear transformation T is bounded. 
It is evident that B(f g) can be extended in just one way 
so as to be bilinear and bounded for all f and g in <£> and 
that the extended function must coincide with (Tf g) in 
view of Theorem 2.23. 

Theorem 2.29. If T is a bounded linear transformation 
whose domain determines the closed linear manifold £>, then 
T* exists and is a closed bounded linear transformation with 
bound equal to that of T and with domain 
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Setting’ B(f g) = (/, fg) and denoting by C the common 
bound of T and T, we see that B(f] g) is a bilinear function 
defined throughout § and bounded in accordance with the 
inequality | B (/' g) | C\f\\g\- By the preceding theorem 

there exists a bounded linear transformation T ( > with domain § 
such that (To/, g) = (/, T^and |T 0 /| < C|/|. Thus T 0 
is adjoint to T and to T C T. Since T* exists, and since 
To is defined throughout §, these two transformations must 
coincide by virtue of the relation T 0 g T*. We have shown 
thereby that the hound of T* is not greater than C. Now 
it is evident that T** exists and is a bounded linear trans¬ 
formation with domain § and bound not greater than that 
of T*, since the preceding results can be applied to T* as 
well as to T. T**, however, must coincide with T by 
virtue of the fact that both transformations are closed linear 
extensions of T with domain £>. Hence we see that T, T, T*, 
and T** have C as their common bound. 

The theorems which we have previously established lead 
to the following theorem concerning the class of all bounded 
continuous transformations. 

Theorem 2.30. The class of all bounded linear trans¬ 
formations with domain © is closed under the operations of 
addition , subtraction, multiplication, scalar multiplication, and 
formation of the adjoint ; it contains the transformations O 
and I. In this class, the distance between two trans¬ 
formations T i, T> mn defined as the bound of' their 

difference 1\ — T>; /w quantity is symmetric, is positive 

except when T x = T 2 , and obeys the triangle inequality. The class 
■of all bounded linear transformations with domain £g which possess 
hounded inverses with domain § is a transformation group. 

The proof will be left to the reader. 

To bring the present section to a close, we shall consider 
briefly the definition of the norm of a bounded linear trans¬ 
formation and the properties of transformations of finite norm. 
With a bounded linear transformation T whose domain is § 
and two complete orthonormal sets {y> n } and {fin}, we can 
-associate a number N(T; <p,fi), defined by the expression 
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r o° “| 1/2 T “] 1 l'l 

2 (Tyu, 2>«)| = I 2 |(Ty«, «/v)n ; 

if this series converges, its sum is not negative, and if it 
diverges, it can be assigned the “sum” + co. We show 
readily that N(T\ <p, y) is independent of the two ortho¬ 
normal sets used to define it; for the obvious equations 

N(T\ sp, xp) = N(T *; xp, cjp), 

f 11/2 

N(T-,<f,ip) = [2\T<p a \*\ , 

N(T*-, y t9 ) = [t \T* xp a \*J'\ 

L a = l -I 

enable us to write 

N(T\ 9 (l \ ^ (1) ) = N(T\ cpV, ip®) = W(T*; V' (2) , <P (1) ) 

= W(T*; i/A 2 \ y (2) ) = A T (T; y (2) , V (2) ). 

It is therefore permissible to employ the number N, which 
depends only on the transformation T, as a characteristic 
of the transformation. 

Definition 2.15. A bounded linear transformation T irhose 
domain is © is said to have the norm N(T) = JS ] (T; <j >, </'), 
0^A r ^ + 00 ; T is said to be of finite norm if 0 ^ A r < -f- oo.t 
Theorem 2.31. The class of all transformations of finite norm 
is closed under the operations of addition , scalar multiplication , 
and formation of the adjoint, in view of the relations 

N(T X -f Tj) ^ + ^(aT) = \a\N(T), 

N(T*) = W(T). 

Since 2 1 ! and 21 are assumed to be of finite norm, their 
sum I 7 ! + 2s must be, like each of them, a bounded linear 
transformation with domain §. The norm of this sum can 
he computed, and, because of the familiar inequality 
JS- -]l/2 

2 |((yi+2a)?« J V'/j) I 2 

r ^ "I 1,2 r » -, 1/2 

= [ a 2 x I (r ?a, v?) l 2 J + [ a 2 i | <?3 , •/'/») I s j 

t The form of this definition is due to J. v. Neumann, Gotting-er Nacli- 
richten (1927), pp. 1-54, especially pp. 37-41. 
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for n = 1, 2, 3, • • •, must be finite and satisfy the inequality 
stated in the theorem. The equations N(aT) = |a|iV(T), 
N(T*) — N(T) follow immediately from the definition of 
the norm. 

Theorem 2.32. A transformation T of finite norm satisfies 
the relation N(T) = 0 if and only if T= 0. 

The proof will he left to the reader. 

Theorem 2.33. If T x and T% are transformations of finite 
norm, then the function Q{T X T 2 ; y, iff) defined by the equation. 

oo 

Q(Ti, T 2 ; <p , ip) = Zt <Tx<r«, 2*S>«) 

ccp = l 

exists and is independent of the orthonormal sets in terms of 
'which it is defined . 

We know that the series defining Q is absolutely con¬ 
vergent, since the series defining N( r h) and N (To) are ab¬ 
solutely convergent. We see from the equations 

Q(T ± , T,-cp,ip) = Q(T*, T x *; 

Q (Ti, T 2 ; <c, ip) = ( Ti<p a , T 2 q>a), 

«=i 

Q{TZ, T *; i p,cp) = £ (T 3 * </<«, T? ip a ), 

« = 1 

that q) is independent of the particular sets employed to 
compute it. Evidently, N(T) can be expressed in terms of 
Q as Vq(T;'T). 

Theorem 2.34. Let S' be the class of all bounded linear 
transformations of finite norm\ let the operations of addition 
and scalar multiplication have their usual significance in S'; 
and let the function (2\, T 2 ) be defined in S’ by the equation 
(Ti, T 2 ) = Q(T X , T 2 ). Then S is a Hilbert space. 

Of the characteristic properties A—E of a Hilbert space, 
the first two, A and B, evidently belong to S', as may be 
seen by elementary reckonings on the basis of Theorems 
2.31-2.33. 

We shall discuss first the properties C and D, starting with 
the construction of a doubly infinite sequence {Tin}, i, h = 1, 
2, 3, ■ • in S'. We select a complete orthonormal set {<p n } 
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in §, to be held fast during the entire discussion. We define 
Tik by the relations Tu £ f~ (/, <pi) <pk, and can verify easily 
that Tik is a bounded linear transformation defined over £> 
with the norm 1. Since the transformations Tn- are linearly 

independent in the sense that the relation <w Tap = O 

a = l p — 1 

is true if and only if the constant coefficients a-iu vanish, the 
property C must hold for S'. In order to demonstrate the 
truth of D, we shall show that the denumerably infinite class 
of all transformations expressible in the form 

7)1 71 

2 Tap, m, n = 1,2, 3, • • 

a—ip~i 

where am is a complex number with rational real and 
imaginary parts, is everywhere dense in S'. When T is a given 
transformation in S', its norm is given by 
00 

iV 2 = £ IM 2 , avc = (Tcp-i, fjP/c). 

«,/* = 1 

Hence we can choose m and n so large that R mu — 
00 00 

E E I| 2 does not exceed * 2 /2, f being a given 

a = m+lp=n~t~l 

positive number. Then we can choose m n complex numbers cun, 
with rational real and imaginary parts so that S mn —- 

7in n 

E E I a «p — clap] 2 does not exceed e 2 /2. It is now apparent 

that N 2 IT — E a 'ccp Tap) = #««*+ m does not exceed e\ 

as we wished to show. 

The preceding proof depends in essence upon the fact that 
to an arbitrary transformation in S' there can be ordered 

a doubly infinite sequence or matrix {«&} such that | [ 2 

is convergent. In order to show that S' is closed in the 
sense of the metric defined by Q{T X , T 2 ), we must prove 
that with each such sequence or matrix we can associate 
a transformation in S'. When {«$;} is given, we employ the 
complete orthonormal set {g> n } to define a transformation T 
by means of the relation 
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P 

observing’ the inequalities 


00 / \ 

Tf = 2 ( Oat $ if, 9a) j 9i3; 


2- dak if, 9a) ^ | Ctak\ 2 \f}fi 


stj 2 ttapij, 9a) ^ la^hl/f, 
^ = 1 « = 1 = 1 


we conclude that T is a bounded linear transformation defined 
throughout .§ which satisfies the relation | Tf\ 2 <, \ a a s | 2 1/| 2 . 

«, pf — i 

00 r 

Evidently the transformation T has |a G /*| 2 as its norm. 

a,ji — 1 

The properties of orthonormal sets developed in the preceding 
chapter have been applied without special comment at each 
step in these considerations. Now let us suppose that in S' 
there is given a sequence {T n } such that Q(T m — T n ) — 
N 2 (T m — T n ) -+ 0. We wish to prove the existence of a trans¬ 
formation T in S' such that Q(T — T n ) — N~ (T — T n )~* 0. 
We shall apply the connection between matrices and trans¬ 
formations to this end. If we set equal to ( T n 9i, 9k), 
we obtain 

when m and n become infinite. By the reasoning of the last 
paragraph in the proof of Theorem 1.15, it can be shown 
that there exists a doubly infinite sequence or matrix {aye} 
such that 

OO 00 

2 |a«/Sr<+«>, 2 I a ct8 Cl afi | 2 

With {ant) we associate a transformation T of finite norm 
by the process outlined above. The last property of {aye} 
now becomes 

Q{T—T n ) = N 2 (T-T n )~» 0, 
as we wished to show. 

The theorem which we have just proved enables us to 
apply to the class §f all the results of Chapter I concerning 
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abstract Hilbert space and the bilinear function ( T x , r l\) 
= Q(T U T a ). On this account we do not need to analyze 
further the properties of the class §f. Before leaving the 
subject, however, it is well to remark that there are bounded 
linear transformations with domain § which do not belong 
to S': the transformation I, for example, does not have 
finite norm. 

§ 4. Projections 

In the fourth section of Chapter I we defined the projection 
of an arbitrary element of § on an arbitrary closed linear 
manifold 501. We are thus led to introduce the folio wing- 
definition. 

Definition 2.16. The transformation E 'which takes each 
element of § into its projection on the closed linear manifold 3ft 
is called the projection of$Q on 3ft. 

The projections are of such importance in later develop¬ 
ments that we shall devote this section to an elaboration of 
their various properties. We first show how the projections 
are related to the types of transformation already discussed. 

Theorem 2.35. Let E be the projection of § on the closed 
linear manifold 501. Then E is a not-negatire definite self- 
adjoint transformation with domain § and range 3ft, which 
has the properties 

0 ^ {Ef,f) = IE ft 2 < |/| 2 , E 2 eeee E-E = E. 

If / and g are arbitrary elements in §, each of them can 
be written in just one way as a sum, f= f +/>, g = g x -| ~g 2 , 
where / and g t belong to 3ft, f 2 and g 2 belong to § © 3ft. 
By definition, Ef = f and Eg = g lt so that 

( E f, ff) = if. : ffi + 9a) = ifl, gi) = (ft +/s, fji) = if, Efj) ■ 

Thus E is a symmetric transformation defined throughout .£>; 
by Theorem 2.17 it must be self-adjoint. Since the projection 
of § on 2)7 takes every element of 2)1 into itself we see that 

E*f=E ( Ef ) = Ef = f = Ef, E 2 = E. 
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Consequently, 

i m = \m< [i/ii 2 +i/ 2 p] i/2 - i/i, 

(Ef,f) = (E'f,f) = (Ef Ef) Z 0. 

These inequalities imply that E is bounded and not-negative 
definite. 

Theorem 2.36. IfE is a maximal symmetric transformation 
such that E 2 = E then E is the projection of § on some closed 
linear manifold 917.* 

Let 9)7 be the set of all elements in § for which the 
equation Ef = / is significant and true. Since E is a maximal 
symmetric transformation, it is closed and linear, in accordance 
with Theorem 2.14. We see at once that 997 is a linear 
manifold; and, since fi->f implies Ef n = f n , /and Ef = f 
whenever {/*} is a convergent sequence in 9)7, we see also 
that 907 is a closed linear manifold. If / is an arbitrary 
element in the domain of E , we can write 

/ = f+f , JS7/ = f , f—Ef = f . 

Evidently, f belongs to the closed linear manifold 99}, because 
Ef= E 2 f = Ef = /; and f 2 belongs to §©997, since 
for an arbitrary element g in 917 we have the equations 

C/i, //) = (f , %> = </— ^/ = O'/” 0> = 0. 

Consequently, the projection of § on 997 is an extension of E\ 
both E and the projection are maximal symmetric trans¬ 
formations, so that they must be identical. 

Theorem 2.37. If E t and E 2 are projections of § on the 
closed linear manifolds 9J7i and 997 2 respectively , then: 

(1) Ei E 2 is a projection if and only if E 2 E t = E x E 2 \ its 
range is then 9)7i 997 2 ; 

* In the terminology of Hilbert and his followers such a transformation 
or operator and its associated matrix (see Chapter III, § 1) are called 
“Einzeltransformation” or “Einzeloperator” and “Einzelmatrix”; this 
terminology does not seem to admit a graceful or apt translation into 
English so that we shall use the term “projection ”, being justified by the 
present theorem. 
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(2) E x f E 2 is a projection if ctnd only if E { Jf * <) or 
E 2 Ei = 0; then 937 L 937 2 are orthogonal . rmrf .A t i + A 2 
937i 0 937 2 as range. 

(3) Ei — E* is a projection if and only if E v E-> = K\ or 
E 2 Ei = j? 2 ; % A? then a subset of 93i l aw? Ai —A 2 has 
937i©937 2 as its range. 

In order that E x E 2 be a projection it is necessary that it 
be symmetric. A necessary and sufficient condition for this 
is that the transformation (E t E$)* = E*t Ei = A\> E { be 
identical with Ei E 2 . If E X E 2 is a projection, therefore, 
E 2 E x = Ei E 2 . Conversely, if the latter condition is satis¬ 
fied, Ei E 2 is symmetric and has the property that (A, Ej)* 
= Ei E 2 Ei E 2 = Ei Ei Eo E 2 = Ei E 2 . Since E\ E 2 has ft as 
its domain, Theorem 2.36 may be applied to show that E { E s 
is a projection. When E 2 Ei = E L E 2 , the projection h\ h\ 
takes every element of ft into an element common to 93 1 \ 
and 937 2 ; and every element of 93^ 937 2 into itself. Thus the 
range of E x E 2 is 931i 937 2 . 

In order that E x +E 2 be a projection, it is necessary and 
sufficient that the transformation Ei J rE 2 , which is evidently 
a maximal symmetric transformation, should satisfy the con¬ 
dition (j E x + E 2 ) 2 = E x -\-E 2 . For this it is necessary and 
sufficient that E 1 E i +E 2 E 1 = O, in view of the equation 

(E t + E 2 y = El + El E a + E a E, + El 
= E 1 +E s +E 1 E i + E s E l . 

If E 1 E s -\-E s E 1 = 0, then both E l E« and E- 2 Ex coincide 
with 0, because of the relations 

0 = Ex(ExE 2 +E 2 Ex) = ExEs+ExEzEx, 

0 = (Ex E, +E 1 E 2 E 1 )E L = 2 Ex E» Ex. 

Conversely, if ExE» = 0, we can show that E,E k = 0 and 
ExE s +E,Ex = 0, thus proving that Ex-\-E s is a projection: 
for the relation Ex E 2 = 0 requires that the manifolds 3)t t 
and ail 2 be orthogonal by virtue of the equations 

</. 9) = (r.f, E 2 cj) = (f Ex E„ g) = 0 
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which hold for every /in and every g in $t 2 . Thus, 
if E x + E 2 is a projection it takes every element of © into 
one in © s JJl 2 and every element of 9D7 i® 937 2 into itself; 
for Tfti and iD7 2 are orthogonal and every element / in § 
can he written in a single way as a sum /== /+/>+/{, 
where f\ , f 2 , / 3 , are in $D7i, > §©[2Ri © SDy, respectively, 

with the result that E 1 f = f 1 , E 2 f — f 2 , and (E x ~{-E 2 )f 
= J[ + f 2 . Thus the range of (E L + E 2 ) is 50^ © 3ft 2 . 

If E is a symmetric transformation with § as its domain, 
a necessary and sufficient condition that it be a projection 
is that I—E be a projection, since the equations (J —E ) 2 
= (I — E) and E 2 = E are equivalent; the range of E is 
the closed linear manifold orthogonal to the range of J— E. 
Thus E x — E 2 , as a s}^mmet.ric transformation defined through¬ 
out <©, is a projection if and only if the transformation 
I—(Ex — E 2 ) = (I — E\) J r E 2 is a projection. By (2), this 
transformation is a projection if and only if (I — E x ) - E 2 
= 0 or E 2 (I — Ei) = 0; that is, if and only if E X E 2 = E.> 
or E 2 E X ^E 2 . If Ei — E 2 is a projection, its range is 
therefore § 0 [(§ © 2K0 © = % © 2K a . 

Definition 2.17. If the projections E x and E 2 are permutaUe , 
Ei E 2 = E 2 Ei , then their ranges are said to be permutaUe, 
The projections E ± and E 2 are said to be orthogonal if their 
ranges are orthogonal. The projection E 2 is said to be part 
of Ei if the range of E 2 is a subset of the range of E x : in 
symbols , this relation ■will be denoted by E 2 < E x . 

Theorem 2.38. The projection E 2 is part of the projection E x 
if and only if, for every f in Sq, \ E.,f\ f \E.f\. 

The condition is necessary, because E 2 fg E x implies 
E 2 Ei = E 2 and hence 

\E t f\ = \EfE,f\ < \E.f\. 

This condition is sufficient, since f— E-> f implies 

I/I = \E*f \^ \*kf\, {E.f f) = \E.fY > I/I 2 , 
\(I-Ei)JY = ( {I-Ei)ff ) < 0, {I — -E.)f = 0; 

in other words, 35f 2 is a subset of 30ii and E-, < E.. 
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Theorem 2.39. The sum of the projections E u * • •, E nh is 
a projection if and only if Et Ek = 0 whenever i and k are 
differen t, i, k = 1, • • •, m . 

The condition is sufficient, since E t + * • * + E m is a 
symmetric transformation with domain § which satisfies 
the relation 

m ni 

(Ei + • • • -fE m ) 2 = 2 E a Ep = ^ Ea = E x -\- • • * ~\-E m . 

a, [3 = 1 <x = 1 

The condition is necessary since the inequalities 

m m 

\Zif\*+\E k f\* <, 2\E a /v = 2 (Ea/,.n 

- (LI/-M * ii- 

valid when i and A* are different, yield by the replacement 
of / by Ej c g the result 

\EiE k g\ < 0, EiE k fj = 0, E>. E k = (), 

as we wished to prove. 

Theorem 2.40. If \E n } is a sequence of projections such 
that E m E n (E m E n ) tvhenever m < n, then there exists 
a projection E such that E n -» E when n —> c© a?u? 2^ < E 
(E n ^E), n = 1, 2, 3, .... 

The case in which E }1 whenever m < n can be reduced 
to the first case by the study of the sequence {I — E n ) . We 
shall on that account confine our attention to the case in 
which E m ^ E n whenever 

In view of the fact that \E m f\ \E n f \ whenever m < n, 
the sequence {|22n/|} is monotone increasing; and since |i? n /I 
never exceeds i/i, the sequence is bounded. Consequently, 
this sequence converges; and, when a positive e is assigned, 
an IV can be found such that | \E m f[ 2 — \E n f[ 2 \<€ 2 for all 
m and n greater than IV. If in particular we take m greater 
than n , E m —E n is a projection by Theorem 2.37 (3), so that 
the inequality above can be transformed into 

\{E m ~E n )fY = ((. E m -E„)f,f ) = (E m f, /) — f, /) 

= |# B1 /P— l-E«/| s < * 2 , m, n> 2V. 
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Thus, for every f in §, the sequence {E n f} converges to 
a limit Ef. We must show that the transformation E so 
defined is a projection. It is defined throughout .£>, and is 
symmetric by virtue of the equations. 


(Ef, g) = lim (E n f, g) = lim (f, E n g) = (f, Eg). 

n—>oo 7i —>oo 

Furthermore, it satisfies the identity E 2 = FJ, since 


(£ 2 /,. 5 ) = <#/, Eg) = 1mJEnf, E n g) 
= lim (E n f, g) ==~(Ef, g). 

71 —>00 


The conditions of Theorem 2.36 are satisfied, so that E is 
a projection. Because of the inequality \E n f\ \ Ef\, which 
holds for every /in we see by Theorem 2.38 that E n ^ E. 

Theorem 2.41. A projection has finite norm if and only if 
■its range has the dimension number n, n = 0, 1, 2, • • •; its 
norm is then equal to V'n. 

We form an orthonormal set {y^} which determines the 
range 937 of the given projection E, and an orthonormal set 
which determines the closed linear manifold $©D7; 
the orthonormal set obtained by combining these is complete, 
since it determines the closed linear manifold §. The details 
of the construction and properties of these sets are to be 
found in Chapter I. Using the equations E and 
Ecfif = 0 , we find 


2 2 

u,ft = 1 y, & 


= 1 r it = 1 


The sum in the last term is to be extended over the ortho - 
normal set { 9 W}, which may be finite or infinite. If this 
set is infinite, the sum is a divergent infinite series . and 
N(E) = +°°« The sum is an ordinary sum with n terms, 
each equal to one, if and only if the orthonormal set {y ™} 
is finite and contains n elements; and this occurs if and only 
if 937 has the dimension number n. When this is the case N(E) 
evidently has the value 1 / n. 
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§ 5. Isometric and Unitary Transformations 

Klein’s famous characterization of geometry in terms of 
the theory of groups finds application in the geometry of 
Hilbert space, in the following way: the geometrical properties 
of Hilbert space may be regarded as invariants of the trans¬ 
formations which take § into itself without changing the 
fundamental bilinear form (f\ g). While it is unnecessary 
to study this relation between geometry and group-theory 
ah initio , it is desirable to investigate the group of trans¬ 
formations involved and to show the invariance of the more 
important concepts previously introduced. As a natural 
generalization of these transformations, we shall consider 
transformations which leave invariant the function (/] g) but 
which no longer take into itself. 

Definition 2.18. A transformation TJ such that its domain 
and range coincide ivith § and such that (Uf Ug ) = (f g) for 
every j)ctir of elements in § is called a unitary transformation. 

Definition 2.19. A linear transformation U such that 
(Uf Ug ) = (/, g) for every pair of elements in its domain 
is called an isometric transformation. 

Theorem 2.42. A unitary transformation is continuous and 
isometric\ its adjoint exists and is a unitary transformation ; 
it has an inverse ivhicli coincides with its adjoint. The class 
of all unitary transformations constitutes a group. 

We shall first show that the unitary transformation U 
possesses an inverse whose domain is $. By the fundamental 
properties of U, we find that the equation | Uf— Ug | = \f — g\ 
holds for every pair of elements in Thus Uf — Ug 
implies f=g, so that we can infer the existence of the 
inverse U~ x with domain £. In the fundamental equation 
(Uf Ug) — (f \ g) we replace g by U^h, where h is an 
arbitrary element, obtaining the equation ( Uf h) = (/, U^h) 
for every pair of elements in §• As a consequence U* 
exists and coincides with U* 1 . We may therefore apply 
Theorem 2.26 to the transformation U , with the result that 
it is seen to be a bounded continuous linear transformation. 
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In particular, U must satisfy the conditions of Definition 2.19 
and is an isometric transformation. We already know that 
U~ l j as the inverse of U, has § as its domain and range; 
in order to show that it is unitary, we have only to verify 
the equation ( U -1 /, U~ l g) — (/, cj), which can he obtained 
by replacing / and cj in the similar equation for U by 27" 1 / 
and U~~ x g respectively. 

The class of all unitary transformations is a group: it 
contains the identity 7; it contains with U its inverse 27 _1 ; it 
contains with U x and U 2 their product, by virtue of the fact 
that U 2 Ui, is a transformation which takes § into itself and 
satisfies the relation ( U 2 Uf U Ui g) = (U L f, U g) = (/, g ); 
and multiplication of transformations is associative. 

Theorem 2.43, An isometric trim* format ion U is hounded 
and ■possesses an isometric inverse. The transformation IJ 
exists and is isometric ; the domain and the range of U are 
closed linear manifolds with the same dimension number 
n, n = 0 , 1 , 2 ,-- •, » 0 - 

That U is bounded, and therefore continuous, appears 
immediately from the equation | Uf \ = |/|, which holds for 
every element in ®. The reasoning used in the preceding 
theorem can be applied without change to show that U has 
an inverse Z7 —1 . By Theorem 2.5, U~ l is linear; and, by 
replacing / and g in the equation (Uf Ug) = (f g) by U~ l f 
and U~ l g respectively, we find that U~~ l satisfies a similar 
equation. It follows that U~ x is an isometric transformation. 
By Theorem 2.23, the closed, linear transformation U exists. 
If f and g are arbitrary elements of 2), the domain of U, 
we can find sequences {./;,} and [g n ] in the domain of U such 
that fn -> f\ g?i g 7 Uf h -> U f\ and Ug n -> Ug . In conse¬ 
quence, we see that 

aif, Ug) = lim (Ufn, Ug,) = lim (fn, On) = ( f,g). 

n~>oo n—>oo 

U is therefore an isometric transformation, and can be treated 
by the parts of the present theorem already established. 
In particular, the inverse of U exists and must be closed 
and linear as well as isometric in accordance with Theorem 2.5, 



78 


HILBERT SPACE 


since TJ itself lias these properties. As a result, the domains 
of TJ and its inverse are closed linear manifolds. If n > 1 is 
the dimension number of the domain of U. we can find an 
orthonormal set {cp m } containing precisely n elements which 
determines the closed linear manifold In view of the 
equations (Uy>i, Uyic) = SPfc) = $ik, the set { U ] is an 
orthonormal set in the range of U. We see that the dimension 
number of the range is not less than n. By considering 
the inverse of TJ we can show in the same way that n can¬ 
not be less than the dimension number of the range of TJ. 
Thus the domain and the range of U have the same dimension 
number n, when n 1. The case n = 0 is trivial. 

Theorem 2.44. A necessary and sufficient condition that 
the transformation U he closed and isometric is that there 
exist two orthonormal sets { <p n } and { 'ip n } with the same 

number of elements such that for every f expressible in the 
00 

form f = 2^aa<pa, a n = (/, <p n ), TJf is defined and is 
00 

equal to a a tya, the trivial case where the domain of U is 
the set 0 being excluded . 

The condition is necessary. For if TJ is a closed isometric 
transformation, we can select an orthonormal set { <f n } which 
determines the closed linear manifold in which TJ is defined and 
can put equal to TJ<p n . Since TJ is closed and bounded, we 

oo 

see that, whenever a a g>cc-+f, then TJf = X «« in 

a —l a - 1 

view of the relations 

( n \ ft n 

2 a* (pa) = 2 Cla Ucpct = ^ Cl n 
a = l } a= 1 « = 1 

u | a« 5P« j ->■ TJf, On = 9n) ■ 

The condition is sufficient. The transformation U defined 
by the relations stated in the theorem is evidently a linear 
transformation with closed linear manifolds for its domain 
and range. U is seen at once to he isometric, because, when 

oo 00 00 

/ = Al Cla Ta ’ $ — Al we have TJf = Cta fa, 
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Ug = l£^b a ip a , ( Uf, TJg ) = a a b a = (/, g). It is 
evident that U is closed, being identical with the related 
transformation U. 

Theorem 2.45. If Tfti and 9D7 2 are dosed linear manifolds 
with the same dimension number, not 0, the dass S of all 
dosed isometric transformations of 9Jci into has the cardinal 
number c of the continuum . 

From the preceding theorem, we know that (2 contains 
at least one transformation U, for whose construction explicit 
directions have been given. Evidently, (2 contains as a sub¬ 
class the class of all transformations a • U with | a | = 1 . 
This subclass has the property that U and « 2 U coincide 
only when a t = a 2 ; it therefore has the cardinal number c 
of the class of all complex numbers a with modulus 1. If 
Ave denote the cardinal number of (2 by the letter c, we can 
now write c > c. 

To obtain the reversed inequality c <j c, we commence by 
choosing an orthonormal set which determines the 

closed linear manifold From the preceding theorem it 

is clear that the behavior of a transformation U belonging 
to (2 is completely prescribed by its behavior in the set 
{}, in accordance with the equations 

00 00 
/ = Cla cjut, Uf = Jr a a 

ci “l a l 

In other words, S is in one-to-one correspondence with 
a certain subclass of the class of all transformations with 
domain {<p w }; and c does not exceed the cardinal number 
of the latter class. We show that the cardinal number in 
question is c. As a first step we note that the cardinal 
number of an arbitrary Hilbert space is the same as that 
of the particular space with which it is in one-to-one 
correspondence; and that § 0 has the cardinal number c, as 
can be verified without difficulty from the fact that § 0 consists 

QO 

of all ordered sets (x l7 x 2 , x z , • • *) such that \xo:\ 2 is 

a= 1 

a convergent infinite series. Our next step is to observe 
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than any transformation T with domain {<m,j is completely 
specified by means of a sequence {i/'m}, with Ty m — ij' m , 
Thus the class of all such transformations has the same 
cardinal number as the class of all sequences with the same 
number of elements as the sequence {f m }. If the cardinal 
number of the set is n , 1 then this class 

of sequences has the cardinal number c” = c. Consequently, 
we have established the truth of both relations c > c, <• < c, 
and can conclude that c = c as we wished to do. 

Theorem 2.46. A necessary and sufficient condition that 
a linear transformation U be isometric is that it preserve 
distances in §, | Uf — Tig | = | f — g | ■ 

The condition is obviously necessary, since \U /'— Ug\ 
= mf-g)\ = U(f-g))^ = {f-g,'f- a yn 

= On the other hand, the condition is sufficient; 

for if U is linear and preserves distances we have 

| Uf-Ugf = \f-gf, | UJf = |/| 2 , \TJg? = |.ry| 2 , 

\Uf\*- 2 &(Uf, Ug) + \UgV = l/| 3 - 2 &</, g) + \gY, 

SKUf Ug) = &</, g), 

3(Uf, Ug) = a (77//; Ug) = &(// g) = 3(,/; . 7 ), 

so that (Z7/, C7/) = (/ y), as Ave Avished to prove. 

We shall now consider the problem of finding- all the 
isometric extensions of a given isometric transformation. 
The results of Theorem 2.44 indicate that the tools for 
solving- this problem with comparative ease are already at 
hand. In a later chapter Ave shall see that the analogous 
problem of determining all the symmetric extensions of a given 
symmetric transformation, already raised in § 2, can be solved 
by means of the facts Avhich we shall establish here. We 
first introduce a useful definition. 

Definition 2.20. An ■isometric transformation is said to be 
maximal if and only if it has no proper isometric extension. 

Theorem 2.47. If 77i and U, are isometric transformations 
such that C3_Ui, theti U,fo U\. Every maximal isometric 
■extension of an isometric transformation U is also an extension 
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of U; in 'particular every maximal isometric transformation 
is closed. 

The theorem follows at once from Theorem 2.23. 

From the last theorem we see that we may confine our 
attention to closed isometric transformations without loss of 
generality. 

Definition 2.21. If U is a closed isometric transformation 
with domain 2) and range 91, the pair of numbers (m, n) 
where m and n are the dimension numbers of § © 2) and 
§ © 91 respectively , is called the deficiency Index of U. f 

Theorem 2.48. Let TJx and U 2 be closed isometric trans¬ 
formations with the respective domains , ranges , and deficiency- 
indices S) a , 91i, 91 2 , (m 1? iii), (m 2 , n 2 ). If U 2 is a proper 
extension of If, then there exists a cardinal number p, 
p = 1,2, 3, • ■ •, j sttch that m* + p — nix , n 2 + p — n \. 
The transformation U ivith domain 2) = 2) 2 © 2) L which 
coincides in its domain ivith U 2 is a dosed isometric trans¬ 
formation ivith the range 91 = 91 2 © 91i. U 2 is completely 
determined by TJx and U. 

Since 2)i is a proper subset of 2) 2 , the closed linear mani¬ 
fold 2) = S 2 ©Si has the dimension number^, p = 1,2,3, 

• • •, ^ 0 . Since the isometric transformation U 2 takes S)i into 
9!i, 2) 2 into 91 2 , and preserves the relation of orthogonality, 
it takes 2) into the closed linear manifold 91 = 9! 2 ©91 i« 
Hence 91 has the dimension number p. We find that the 
equations m 2 + p = mi, n 2 -\-p = n t express in terms of 
dimension numbers the relations 

[$©©*]©© — ©e®i, [§091 2 ]©91 = §©91!. 

It is now evident that the transformation TJ which coincides 
with U 2 in 2) is isometric, and that its range is 91. If /is 
an arbitrary element in S) 2 = 2\ © 2), it can be expressed 
in just one way as a sum g + h where g is in 2h and h 
in 2); and since U 2 is linear, the equations U 2 f= U 2 g-\~ U 2 h 

f This definition and the developments based upon it are due to 
J. v. Neumann, Mathematische Annalen, 102 (1929), pp. 49-131, especially 
pp. 71-72, 82-84, 87-91. 
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= U x gfUh serve to express U 2 in terms, of its behavior 
in S x and 3. Thus TJ\ and U completely determine U 2 . 

Theorem 2.49. Let XL be a closed isometric transformation, 
with domain 3 i? range SRi, and deficiency-index (?%, nf 
where m x > 1, > 1, Let p be an arbitrary cardinal \number ^ 

jp = l,2,3 ,---, min [m x , n t ] f where min [m l9 is the lesser 
of mi and n x ; and let 3 and SR be arbitrary closed linear 
manifolds with dimension number p such that $9§0®o 
SR £ § © SRi. Then the class of all isometric transformations 
of 3 into SR has the cardinal number c of the continuum> 
If U is an arbitrary transformation of this class , then there- 
exists a uniquely determined closed isometric transformation II 
with domain 3 2 = 3i03, ranged — SRi©SR, and deficiency- 
index (m 2 , 7i 2 ) = (mi — p, 7%i — p) which coincides with U x in ®i 
and with TJ in 3. U 2 is a proper isometric exte7isio7i of IJ . 

Under the hypotheses concerning m l9 n u p, we can always 
choose 3) and SR as subsets of © 3 X and § © SRi respec¬ 
tively. To ascertain the existence and cardinal number of 
the class of all closed isometric transformations of 3) into SR 
we have only to refer to Theorems 2.44 and 2.45. If U is 
such a transformation we can use it in conjunction with U { 
to define a closed isometric transformation II 13 TJ with 
domain 3 2 and range SR 2 identical respectively with 0 3) 
and SRi 0 SR. If f is an arbitrary element in 3) 2 it can be 
expressed in just one way as a sum g + h 9 where g is in 3fi 
and h is in 3. Thus we can define U 2 f = Uig + Uh, It 
is clear that we obtain in this way a linear transformation 
with the desired domain and range which coincides with U t 
in 3fi and with U in 3. In order to show that U 2 is iso¬ 
metric, we select arbitrary elements f and f> in 3 2 and set, 
fi = ffi + hi , / 3 = $2 + h 2) where g l9 g 2 are in 3, and h x , In 
in 3; since ® 1; 3 and SRi, SR are orthogonal we find 

^2/2) ~ (PiQii Uxg 2 )-\-(J[Jhx 9 Uhl) — g 2 )-\-(hx, In') 

= (fufd- 

Finally, the fact that U 2 has closed linear manifold for 
its domain shows that U 2 and U 2 coincide; U 2 is closed in. 
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consequence. From the manner in which the domain and 
range of TJ 2 have been determined, the deficiency-index of 
the transformation is found to have the form indicated above. 

■ Theorem 2.50. A dosed isometric transformation is maximal 
if and only if its deficiency-index is of the form (m, 0) or 
(0, n ); it is unitary if and only if its deficiency-index is (0, 0). 

This theorem is an obvious consequence of the fundamental 
definitions and of Theorems 2.48 and 2.49. 

Theorem 2.51. The maximal isometric extensions of a given 
dosed isometric transformation which is not maximal constitute 
a class with the car dined number c. A dosed isometric trans¬ 
formation which is not maximal has unitary extensions if and 
only if its deficiency-index is of the form (m, m): if this condition 
is satisfied with tn a finite car dined number, then every maximal 
isometric extension is unitary ; and if this condition is satisfied 
with m = jSq then the maximal isometric extensions with an 
assigned deficiency-index (p, 0) or (0, p), p = 0, 1, 2, • • *, S\ J? 
constitute a class with the car dined number c. 

This theorem also can be verified immediately from the 
preceding results. 

§ 6. Unitary Invariance 

We shall next discuss briefly some elementary facts in the 
invariant theory of the group of unitary transformation. 
Because of the unitary invariance of the underlying metric 
function as expressed in the equation (Uf, XJg) = (/, g), all 
metric properties in © must remain invariant under unitary 
transformations: thus, for example, a unitary transformation 
carries every closed set in § into a closed set. Similarly, 
the fact that all unitary transformations are linear ensures 
the conservation of linearity properties by the group: for 
instance, a unitary transformation carries a linear manifold 
into a linear manifold. It is not necessary for us to discuss 
such rudimentary aspects of the invariant theory here. 

The most important concept of group theory which we 
must mention and analyze at this point is the concept of the 
transform of a Transformation by a member of the group. 
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If T is a given transformation and Z7 a unitary transformation 
with the inverse U~~ x , then the transform of T by U is the 
transformation UTU- 1 . The significance of this definition 
is found in the fundamental logical character of the trans¬ 
formation T: since T may be regarded as the class of ordered 
pairs (/, Tf) where / is in the domain of T, the application 
of U to § suggests the consideration of the new transformation 
defined by the class of ordered pairs (Uf, UTf)\ this new 
transformation is readily identified as UTU - 1 , The domain 
and range of UTU~' 1 are obtained from the domain and 
range respectively of T by the application of the trans¬ 
formation U. Many simple properties of the transformation T 
are preserved in the passage to its transform by U; linearity, 
boundedness, the property of being closed, the property of 
possessing an inverse or an adjoint, and the property of 
being symmetric or isometric are such invariant properties. 
Some of these invariant properties will be stated in detail 
below. Furthermore, numerous relations between two trans¬ 
formations, such as adjointness, remain undisturbed when both 
transformations are replaced by their transforms by a given 
unitary transformation. Some relations of this character will 
be stated below. 

For later reference it will be convenient to summarize 
certain of these facts of invariant theory in a series of formal 
theorems. The proof in each case is so elementary that we 
give no details. 

Theorem 2.52. If T 0 , T lf T 2 are arbitrary transformations 
and TJ is a unitary transformation, then 

TJ(Ti + T 2 ) U- 1 = UTi Z7-*+ UT 2 
U(T X T 2 ) TJ- 1 = ( UT t TJ— 1 ) (JJTs TJ- 1 ), 

TJ(aT 0 ) TJ- 1 = a(TJT 0 TJ- 1 ). 

If Ti ^ T 2 , then UT X TJ- 1 TJT 2 U~\ 

Theorem 2.53. If T has the adjoint T*, then UTU- 1 
has the adjoint UT* Z7 —1 . 

Theorem 2.54, If T has the inverse 2 7 - 1 , then UTU- 1 
has the inverse U T— 1 Z7” 1 . 
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Theorem 2.55. If H is symmetric, maximal symmetric, 
essentially self adjoint, or self-adjoint, then TJHTJ -1 has the 
same property. If H is a symmetric transformation which is 
hounded, hounded above, hounded heloiv, positive definite, or 
not-negative definite, then XJHXJ “ 1 has the same property. 

Theorem 2.56. If T is isometric or unitary or dosed and 
isometric with the deficiency index (m, n), then UTTJ “ 1 has 
the same character. 

Theorem 2.57. If T is a hounded linear transformation 
with bound C, then UTU~ l is a hounded linear transformation 
with hound C\ if T has finite norm N, so has UTU~~ X . 

While it would be possible to establish each of these 
theorems by a simple train of reasoning, a little reflection 
indicates that such a procedure may be regarded as un¬ 
necessary. Indeed, the truth of these theorems is a con¬ 
sequence of our abstract formulation of all definitions and 
concepts in Hilbert space. Since the result of applying a 
unitary transformation to Hilbert space is to determine a 
new Hilbert space abstractly identical with the old, we should 
expect every property and relation dependent only upon the 
abstract characteristics of Hilbert space to be preserved in 
such a passage from one fundamental space of reference to 
another. 
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EXAMPLES OP LINEAR TRANSFORMATIONS 
§ 1. Infinite Matrices 

We have already found that a system of coordinates can 
be introduced in an abstract Hilbert space § by means of 
the one-to-one correspondence between § and §„ described 
in Theorems 1.15 and 1.16. The choice of a coordinate 
system made in this way is not unique; but the passage from 
one such set of coordinates to a second is effected by means 
of a unitary transformation in the coordinate space § u . For 
if § is put into correspondence with § 0 in each of two 
ways, the transformation of § 0 into itself defined by passing 
from to § by the first correspondence and then back from 
§ to § 0 by the second is evidently a unitary transformation 
in § 0 - 

In terms of a system of coordinates (x \, x S) x !h ■ ■ •) a 
transformation Tin $ takes each element (x t , x 3 , • • •) of 
its domain into the corresponding element (yi , «/ 2 , y a , ■ ■ •) of 
its range. T thus determines an infinite set of equations 

l/m = ®a> *8> • • ■)> in = 1, 2, 3, ■ ■ • 

where the functions / 1 ,/ 2 ,/s, • •• are functions of infinitely 

many variables defined throughout 2). Conversely, a set of 

equations of this type defines a transformation T in .'p. It 

00 

is to be observed that the series 21 ! 2 mils f be convergent, 

«=i 

in order that (y t , y 2 , y%, • ■ •) may represent an element of 
We shall consider here the special case in which the 
functions /i,/ 2 ,/ s , ••• are linear and homogeneous: the 
equations above then take the special form 

86 
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00 

ym ==:: Ctm8%3> Wl ==:: 1? 2, 3, • * • 

characterized by the infinite matrix A = {a mn }* In order 
that these equations have more than formal significance, we 
must specify the domain 3) in which they are to be valid. 
The most extensive domain we can select is the set SD of 
all elements with coordinates (x 1} x 2 , x 3 , • • *) such that the 
infinite series 


OO CO 00 oo 

2 a?n8Xi3, m = 1, 2, 3, • • •, 2 \ya\ 2 = 2 

= 1 a — 1 a — 1 8 — 1 


Clccfi Xfi 


are convergent. The transformation T with domain 2) which 
is thus defined by the equations is evidently linear. We see, 
therefore, that to an arbitrary infinite matrix A there corre¬ 
sponds a certain linear transformation T, defined in terms of 
the coordinate system introduced in This transformation 
may be only a trivial one if the matrix A is not suitably 
restricted. On the other hand, we see that certain linear 
transformations in @ determine such infinite matrices: if T 
is a linear transformation whose domain contains a complete 
orthonormal set {y n }, we assign to y,i the coordinates 
(d/a, <b, 2 , tins? • * •) and form the matrix A = { ct mn } = 
{(T (p,u (p m ) } • If we now use this matrix A to determine 
the linear transformation described above, we cannot in 
general ascertain the precise relation between this trans¬ 
formation and the given transformation T, beyond the almost 
obvious fact that the two transformations are equal in the linear 
manifold determined by the set {<p w }. A thoroughly satis¬ 
factory theory of the indicated connection between linear 
transformations and infinite matrices can be developed only 
in the case of bounded linear transformations.* In the more 
general cases, such as those considered below, we can 
establish some interesting results, which must be handled 
cautiously in practice. 

In the following theorems, we shall require certain more or 
less familiar matrix operations and shall therefore enumerate 


J. y. Neumann, Journal fur Mathematik, 161 (1929) pp. 208-236. 
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them here. We define matrix addition, matrix multiplication, 
and scalar multiplication as usual by the relations 


A~\~ B — { Ct 7 nn } -f- { b m n } 
A • B = { (Imp } { hpn } 
c • A = c {a mn } 


-— { (kmn + ~bmn } > 

_ | yp j I 

— 1 ttmci * Occ?i ( i 

l« = l I 

== { C • Ctmn ] • 


It must he noted that the associative law A{BC) = (AB) C 
is not always true for infinite matrices. The matrix >1* = { af nn } 
where ct* ul = a nm is called the adjoint of the matrix A. 
A matrix A such that A — A* is ordinarily called Hermitian 
symmetric; in the following pages we shall refer to such 
a matrix as symmetric. The matrix with all its elements 
equal to zero will be denoted by 0, the matrix { 6 mn } by I, 
Theorem 8.1. If T is a linear transformation with the 
adjoint T* such that the linear manifold 9Ji = S) 2>* is 
everywhere dense in §, then the matrix 


A (f) — [amn] — $Pm)} 

exists when {gp w } is a complete orthonormal set in 3)t, and 

oo oo 

has the property that the series | a m p | 2 , | a ( m | 2 converge 

for m, n — 1, 2, 3, • - •. In terms of the matrices A ( 9 ) 
and A* ($p), the transformations T and T* are calculated 
from the relations 

y m = (Tf , <f m ), 

and 

ym — ( T*f , 9 m), 

Let { ip n } he a second complete orthonormal set in 3 11 and let U 
he the unitary transformation which takes ip n into <p n , 
n = 1,2, 8, If B (ip) and are the matrices 

associated ivith T and U respectively hy the set {xp n }, then 
A, B, V are connected hy the relations 


0Cm = (ft 9 m), f in 2), 

oo 

l/m ~ Xp, 

X m = (/, <p m ), f in ©*, 

OO 

ym ==z Mam Xa • 
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B = V(AV*) = ( VA)V *, 77* == 7*7 = J. 

By means of the elementary properties of orthonormal sets 
and of the relations between T and I 7 *, every assertion of 
the theorem is the consequence of simple formal manipulations. 


Thus, for example, we have 


oo 

\T* y m | 2 = Z |(<^, T*y m )| 2 = 

2 1 (Ttyp, Vm) 2 

/9 = 1 


= 

1 a mp 1 2 ? 


/? = l 

\TynY = Z \(Ty n , 9a)\ s = . 

| Clan | 2 , 


a=l «=1 


for m, n = 1,2,3,---. The relations between T, T* and 
A (y), A* (<p ) are established by similar reasoning. The com¬ 
putation of B(ip) in terms of A(cp) and V(xfj) will be indicated 
in some detail. From Theorem 2.44 we know that the 
unitary transformation U exists; its matrix 7(t/0 then has 
the form {vmn} = {( Uip„, ip m )} = {(?», ip m )\. Now 

CO 

bmn (TTpn) tyrth) == (^Ipn, 

« — 1 

00 

2 (*Pn? T*(pa)(*pa, Ipm) 

a = l 

00 r oo -| 

= 2^ (tynj ($>($, T* (pa )J ((pa, tym) 

= 2 I 2 (tyn, vpHTyp, 9P«)| (sp«> 

a = 1 L /$ = l 1 

00/00 

= J? t (/£ ^ v 

oo 

(Z’V'n, 1pm) = (iplit T* 1pm) = Z (ipn, 9>fi) (S>fh T* 1pm) 

m ^ _1 

= Z (ipn- 9id (Typ, 1pm) 
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so that the relation B = F(AT*) = (FA) F* is established. 
The equations FF* = F* V = I result almost immediately 
from the corresponding equations UU* = U* U = I, which 
refer to transformations. 

Theorem 3.2. Let A = {a mn \ be an infinite matrix each 

OO oo 

that the series \a m p\ 2 , |a<m| a ? ni, n — 1, 2, 3, ■ • • 

/* = 1 «=1 

convergent. Let {cp n } he an arbitrary complete orthonormal 
set in §; let ® 3 be the set {y„}; and let SEX> be the set of all 

oo QO 2 

elements f such that the series NJ N! &<xs , w n — (f\ y») , 

a = 1 0 = 1 

converges. Then there exist two transformations r I\ (VI) wo? 
T S (A) with domains ©i ® 2 respectively defined in terms 
of A and {<jp 3l } by the equations 
00 

y m = 2 X P> x n = if, SPm), Vm = (Tic/, 9 v /») 
^ = 1 

ry/zere h = 1, 2 and m,n = 1,2, 3, • • The transformations 
associated in like manner with the adjoint matrix A* exist 
and satisfy the relations 

T S (A*) = T*U), T 2 (A) = T*(A*), 

Consrpandg T 2 (A) is ct closed linear transformation. The 
transformations T l (A) and 2\ (A) exist and satisfy the relations 

T x (A) g (A) g T! (A) g T 2 (A). 

We first construct the transformation Ti(A): since the series 

00 oo 

|u«/s| s converges, the series 2 a n 89 p converges in § to 

f=i p=*i 

a limiting element <jp*; on setting T^A) == $p*, we have 
the desired transformation TfA) with domain as we can 
verify without difficulty. Next, we consider the adjoint T x (A), 
which exists in accordance with Theorem 2.6. An element g 
is in the domain of I 7 * (A), and T* (A) g = g*, if and only 
if there exists a corresponding element g* such that 

(Tl 9n, g) = (<pn,g*) or (g* t cp n ) = (g f Tl <;p n ), 

for n= 1, 2, 3, • ■ Evidently a necessary and sufficient 
condition for the existence of g* is that the series 
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OO 00 00 2 00 

2 I iff, 2l SP«) I 2 = (.9, 9 it) (9It, T x (fa) = H\ UjlaXp | 2 

« = 1 a = l yS = l a = l 

converge when we set = (#, c/„). When g* exists we have 

00 

Urn == (g* , 5Pm) =:= -^1 f jP«i) Clam Xu ■ 

« = 1 

Hence T* (H) and T 2 (A*) exist and are identical. By a 
similar argument 2\ (H*) and T* (A*) = T> (A) exist. The 
remaining assertions of the theorem are immediate con¬ 
sequences of Theorems 2.8 and 2.10. 

Theorem 3.3. Let T be a linear transformation satisfying 
the hypotheses of Theorem 3.1 and let A(y) be the infinite 
matrix associated with T by a complete orthonormal set {<p n ) 
in = 2)®*. Then the transformations TfiA) and 7\(A) 
associated with the matrix A = A (y>) by the same orthonormat 
set {<pn}, as described in Theorem 3.2, satisfy the relations 
Ti £ f x CTC To. If T is dosed T x £ i\ £ r l\ £ T £ T. 

It is evident that T£ T a . From Theorem 2.10 it is thus 
apparent that T £ T x and that, when T is closed, T £ I \. 
By comparing the domains of T and T 2 as described in 
Theorems 3.1 and 3.2 we see that 2) £ ® 2 , T£ To. 

The preceding theorems apply, in particular, to symmetric 
and bounded linear transformations. In these cases, we can 
sharpen our results to a considerable extent. 

Theorem 3.4. If H is a symmetric transformation , the 
associated matrix A(cp) of Theorem 3.1 exists and is symmetric , 
A = A*. If A is a symmetric matrix satisfying the hypotheses 
of Theorem 3.2, then the associated transformations T X (A), 
T x , Tj are symmetric. The associated transformation T-> (JL) 
is symmetric if and only if the matrix A has the property 
that whenever the series 

oo oo oo oo 2 oo oo 2 

2 I ] 2 , H\ya\ t , 2 H OafiVp 

a = l c& —l a = 1 /? = 1 « = 1 p = l 

are convergent , the necessarily convergent series 

00 / 00 \ 00/00 \ 

X 1 (2 vi) > .2 LS 2//j 

« = 1 \/J = l / /? = ! \« = 1 1 
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have the same sum ; and T % is then self-adjoint. 1\ essentially 
fi'lf-ndjoint. If H determines A y and A determines an essen¬ 
tially self-adjoint transformation TfA), then H is essentially 
self-adjoint ; the converse is not necessarily true. 

We see at once that when H is symmetric the associated 
matrix A is identical with its adjoint matrix A*. When A 
is a symmetric matrix, the associated transformation T, (A) 
is symmetric, since ( T x <p n , gp m ) = a mn = a nm = T x f m ) . 

By Theorem 2 . 12 , T x and T x are also symmetric. In order 
that T 2 be symmetric it is necessary and sufficient that the 
equation (T 2 f, g) = (/, T 2 g) be true for every pair of 
elements /, g in S) 2 . If we set y n = (/, 9n) and x n — (g, 
where {y M } is the orthonormal set employed to construct T 2 (A) 
from A , the elements f and g belong to S) 2 if and only if 
the series 


1m, l\y«\*, 


oo 

2 


a = l 


aaB Xfi y 

^ = 1 


^-1 


(tap yp 


are convergent; thus if / and g are in S > 2 the double series 
2 [ 2 ttccsccayp) and I jfj a a px a yB\ converge to the 

« = i / p—i \« = i r V 

sums (T 2 f, g) and (/, T 2 g ) respectively. Consequently 
a necessary and sufficient condition that T 2 be symmetric 
is that these two series have the same sum. When T 2 is 
symmetric the relations T 2 T 2 and T 3 2 T t imply the 
relations 

T 2 g Tf, T 2 * C T*U) = T 2 {A*) = TsU) 


respectively; and. these results require that T 2 = T 2 . Thus 
T a is self-adjoint. Further, when T 2 is self-adjoint, we have 
also T** (4) = T 2 * (4) = T s (A) = T* (A) from the relations 
above, and conclude that T x is essentially self-adjoint. On 
the other hand, if T ± is known to be essentially self-adjoint, 
the relations 

T t (A) = T S (A*) — T* (A) = T**{A) 

imply that T 2 and T% are identical, whence T 2 is self-adjoint. 
Consequently, if we pass from H to A to 2 \ and find that 
J'i is essentially self-adjoint, we can apply the relations 
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T,Q H Q T s , T, = T* 3 H* 3 T 2 * h= T s 

to show that H** = GET)* = T 2 * == T 2 = and to con- 
elude that H is essentially self-adjoint. On the other hand, 
if H is a self-adjoint transformation and A is the matrix 
associated with If by a complete orthonormal set in the 
domain of H, the transformation T x ( A ) is not necessarily 
essentially self-adjoint and the transformation T 2 (A) is not 
necessarily symmetric. We indicate examples at the end 
of § 8. 

Lastly, we shall investigate the class of bounded linear 
transformations with domain §, for which the corresponding 
matrix theory is found to be complete and satisfactory. The 
fundamental definition which must be made here is the 
following: 

Definition 3.1. A matrix A = is said to be bounded 

if there exists a ;positive constant C — C(A) such that 

2 it Oafi & jt \Zf>\ 

a = l ft = l /? = 1 

for all values (x x , • • •, x n ), n = 1, 2, 3, • • *. 

Theorem 3.5. Let {y n } be an arbitrary complete orthonormal 
set in §, gB the class of all bounded linear transformations 
with domain §, and 91c the class of all bounded matrices. 
To each transformation T in gB there corresponds a matrix 
A = A ((f)) = {{Tcp n , <p m )} in 91L; and each matrix A in 91L 
satisfies the conditions of Theorem 3.2 and defines a trans¬ 
formation T = T±(A) = T 2 (A) in SB. This correspondence 
between SB and 91L is a one-to-one correspondence such that 
if T 0 , T x , T 2 and Aq, A ± , A 2 are corresponding members of the 
two classes, then T 1 J rT 2 r ^ > A 1 J rA 2 , TiT 2 ^AxA 2 , a • T 0 °° a * A 0 , 
and To* ^lo. To the identity I corresponds the unit matrix 
T= {d mn }, to the transformation 0 the matrix 0 all ofiohose 
elements are zero . 

If T is a bounded linear transformation with domain §, 
then T* exists and is of the same nature according to 
Theorem 2.29. We can therefore apply Theorem 3.1 to 
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construct the matrix A(y), using- an arbitrary complete ortho- 
normal set Since T is bounded, there exists a positive 

constant C such that I Tf f < C 2 \ff for every f in when 
we apply this inequality to an arbitrary element of the form 

n 

/= we °^tain the result 

/*=i 

® oo CO it - 

|T/| 2 = Z\(Tf,n) | 2 = 2 2x fi {T Vfl ,9a). 

a = 1 a = 1 £ — 1 

= 1 2 Oapx/ £ C*\fY = 6-1 1 ^ 1 *, 

a = l /S = l j« = l 

which signifies that A(^) is bounded. Further, we can apply 
Theorem 3.3 to obtain the relations T ± (A) £ T x (x4) £ (.4) 

ersT,W). 

oo 

If A is a bounded matrix, the inequality ^ I 1 2 C r2 must 

a = 1 

be true as a special case of the inequality satisfied by A, 
Thus, as in Theorem 3.2, we can definite T t (A) with domain 
= {cp«}, where {y n } is an arbitrary complete orthonormal 
set, by means of the equations 

CO 

Ti (. A ) (f n = (tan ( fet» 

a = l 

Next, we can construct a linear extension r I\ (A) of r L\ (.4) 
in the following manner: if /is an arbitrary element of Sh, 
the linear manifold determined by S) L , it can be expressed 

n 

in just one way as a sum /— 2 xr <p$\ and we can set 

/3 = 1 

^ n oo ! n \ 

T 1 (A)f=^x l 3 T 1 (A)cpp = <P«- The trans¬ 

formation Ti (A) is obviously linear and is seen to be bounded, 
in view of the inequality 

oo n 2 n 

l£ (4)/I 2 = 2 ZaapXf, <C*2\xp? = 

« = 1 /9 = 1 0 = 1 

By Theorem 2.23, Ti(J.) has a closed bounded linear extension 
T (A) with domain §. It is evident now that A is the 
matrix associated with T = T x (. A ) by the orthonormal set 
{sp»K To the matrix A and the transformation T we can 
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apply the results of the preceding paragraph and thus estab¬ 
lish the assertions of the theorem concerning the relations 
between them. 

It is evident from the manner in which the correspondence 
between the classes cB and 9IL has been established that it 
is a one-to-one correspondence. Each complete orthonormal 
set determines one such correspondence; variation of the set 
will cause variation of the correspondence. 

The isomorphism of the algebra of bounded linear trans¬ 
formations with domain § and ordinary matrix algebra is a 
direct consequence of the relations 

((Ti -f* T 2 ) <f n , (Pm) = (Ti <p H , <p»i) 4" (T> y> H , (pm), 

(T± Tv (pnj T/>i) ==z (Tv cp n} T± 

= (Tvfn, y«) ( hi) 

CC — 1 

:== (Tv <f>n, (JUi) (Jl\ > 

(a T 0 (p n , 9P m ) = a (T 0 y w , f m ), 

(To <Pn } (f'ni) == ( ( fnj Tq (pni) = (4o 9'm? 

It is evident that the matrices corresponding to / and to 6> 
have the forms indicated. 

Theorem 3.6. A necessary and sufficient condition that a 
bounded matrix A correspond to a unitary transformation is 
that the matrix equations A A* = A*A — I hold. A matrix 
with these properties is called a unitary matrix. 

The condition is clearly necessary. It is sufficient since 
it implies that the transformation T corresponding to A by 
Theorem 3.5 satisfies the relations TT* = T* T = I, and 
hence that T is a transformation with domain and range 
identical to § for which (Tf Tg) = (f, T*Tg) = (f. g ). 

Theorem 3.7. A necessary and sufficient condition that two 
bounded .matrices A and B correspond, in different corre¬ 
spondences, to the same bounded linear transformation T idth 
domain § is that there exist a unitary matrix V such that 
B = VAV *; a necessary and sufficient condition that two 
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hounded linear transformations 8 and T with domain ig 
correspond , in different correspondences , to the same matrix A 
is that there exist a unitary transformation U such that 
T= USU* = U8U- 1 . 

If A and B correspond to T by means of the sets {} 
and {ty n ) respectively, then Theorem 3.1 shows that there 
exists a matrix 7 such that B = (VA)V* = V(AV *), 
77* = 7* 7 = J; the matrix 7 is unitary according’ to 
Theorem 3.7. We may note that the associative character 
of the product (VA)V* = 7(47*) is in this case obvious, 
since matrix-multiplication is always associative for bounded 
matrices in consequence of Theorem 3.5. On the other hand, 
if B — VAV* where 7 is unitary, we choose an arbitrary 
complete orthonormal set {ty n } and use it to construct from B 
and V respectively a bounded linear transformation T and 
a unitary transformation U, as indicated in Theorems 3.5 
and 3.6. The matrix associated with T by the complete 
orthonormal set {y n } where y> n —Uty n is readily identified 
with the matrix A = 7* BY. 

If 8 and T correspond to the matrix A by means of the 
two complete orthonormal sets {<p n } and {ty n } respectively, 
and if U is the unitary transformation determined by Theorem 2.44 
which takes y n into ty n , we see at once that 

(USU' 1 ty?ij tyrn) == (Styji, tywi) === 0"mn ==: (Ttyn y 

so that USU* = T in the set {ty n } and thus USU* = T 
in <£>. On the other hand, if there is a unitary transfor¬ 
mation U such that T=USU*, we can take an arbitrary 
complete orthonormal set {y n } and then determine a second 
(tyn) so that xp n — Uy n \ we then find that 

(Ttytii tytri) ==: (USU* tynj tym ,) ==:: (Sxf)i) 5Pm) 
as we wished to show. 

It is of some interest to evaluate the norm of a bounded 
linear transformation in terms of the associated matrix. It 
is found that, if A and T correspond by the complete ortho¬ 
normal set {5 p n }, N(T) can be computed by means of this 
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( oo \ 1/2 

| • The latter quantity 

«,£=i / 

was introduced as the norm of the matrix A, at least in the 
case of a finite matrix, by Trobenius.t 

The matrices which we have considered up to this point 
have been in the form {a mn } where the indices m, n run 
through the values 1, 2, 3, * •. In many instances it is 
convenient to employ matrices {<w} for which m, n assume 
the values • • v — 3, —2, —1, 0, + 1, + 2, + 3, • • •. In 
order to develop a theory of infinite matrices of this type, 
it is sufficient for us to adopt a new numbering for a com¬ 
plete orthonormal set, writing it in the form 

* • *, 9-s, 9-2, 9-1, 9o, 9+1, 9+2, 9+S, 

On this account, the theory of such matrices is essentially 
identical with that which we have developed above. 

The connection between infinite matrices and linear trans¬ 
formations in § can be utilized in two ways: we may employ 
the relation to suggest interesting theorems in the theory 
of transformations by generalizing known results concerning 
■finite matrices to infinite matrices and hence to transformations; 
and we may use infinite matrices as mathematical tools in 
carrying out demonstrations. The part of the familiar theory 
of finite matrices which is of particular interest here has 
three distinct aspects, leading to the same fundamental 
problem: a matrix may be regarded abstractly, it may be 
regarded as the matrix of a linear transformation, and it 
may be regarded as the matrix of a bilinear form. In each 
•case the aim of the theory is to determine a unitary matrix U 
.such that a given matrix A is transformed by it into an ap¬ 
propriate normal form; the transformed matrix of A is the 
matrix TJA Z7* = UA £7 _1 . The generalization of this theory 
to infinite matrices and the corresponding transformations 
was begun systematically by Hilbert* and was developed by 

fFrobenius, Sitzungsberichte der Preussischen Akademie zu. Berlin, 
1911, p. 242. 

+ Hilbert, Grundziige einer allgemeinen Theorie der Unearen Integral - 
gleichungen, Leipzig, 1912. 
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him and by his followers, notably Hellinger and Toeplitz.* 
These writers laid particular emphasis upon the study of the 

OO _ 00 _ 

forms ^ ciapxaya, ^ cta&XaXR. Since they use infinite 

a, /3 = l y$ = l 

matrices as tools, the greater portion of their results is con¬ 
fined to the case in which the matrix A = {a mn } is bounded. 
A certain amount of progress along these lines has been made 
recently by Wintner.f Here we shall abandon the systematic 
use of infinite matrices as unsuited to the problems we wish 
to investigate, although we shall indicate briefly the algebraic 
analogues of our most important results in ordinary matrix 
theory. We shall find references to matrix theory valuable 
in giving us insight into the mathematical relations which 
interest us. By proceeding abstractly we simplify our notation 
and are able to deal directly with the mathematical elements 
of the problem, unhampered by extraneous details of mani¬ 
pulation. The great advantage of an abstract formulation 
was perceived by J. v. Neumann, who has also investigated 
the difficulties which arise from an attempt to use the matrix 
machinery.! In the following chapter we shall use the analogy 
of transformation theory with matrix theory to formulate in 
a precise manner the fundamental problems of the theory of 
linear transformations in Hilbert space. 

§ 2. Integral Operators 

We shall consider in this and the remaining sections of the 
present chapter the interpretation of transformations in the 
concrete Hilbert spaces S 2 and S 2 ,m of Chapter I, § 5. Since 
is a space whose elements are functions of a point, 
a transformation in So may be thought of as an operator 
which, applied to one function in So, yields a second. Bor 

*See the general account in the article Integralgleichungen mid 
Gleichungen mit unendlichvielen TJnbehannten by Hellinger and Toeplitz, 
Eneyklopadie der Mathematischen Wissensehaften 2&, pp. 1335-1601. 

f Wintner, Speldraltheorie der unendlichen Matrizen, Leipzig, 1929,. 
especially Chapter VI. 

+ J- v. Neumann, Mathematische Annalen, 102 (1929), pp. 49-131;. 
Journal fiir Mathematik, 161 (1929), pp. 208-236. 
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this reason we shall refer to transformations as operators 
throughout the remainder of this chapter; it must he re¬ 
membered that a transformation or operator is not regarded 
as known unless its domain is precisely characterized. The 
operators of analysis are of many different kinds. It is our 
purpose to discuss a variety of typical operators, without 
any attempt at an exhaustive classification. We select our 
examples with a double end in view: in the first place, we 
wish to illustrate in an adequate way the concepts of the 
abstract theory which has already been developed; and, in 
the second place, we wish to introduce at this point a number 
of operators whose treatment by the general theory con¬ 
structed in later chapters is of primary importance for analysis. 

Here we shall consider integral operators, that is to say, 
operators defined in terms of integration. Let S* consist of 
complex-valued Lebesgue-measurable functions, defined over a 
Lebesgue-measurable set E in n- dimensional Euclidean space 
and restricted by the requirement that the Lebesgue-integral 

Jj/(P) | 2 clP exist. If (P, Q) is a pair of points in 
^-dimensional Euclidean space, it can be represented as a 
single point in 2n-dimensional Euclidean space. In this 
representation, pairs of points in E constitute a Lebesgue- 
measurable set E 2 in 2n-dimensional Euclidean space. We 
shall denote by K = X (P, Q) a complex-valued Lebesgue- 
measurable function defined almost everywhere in E 2 • Con¬ 
cerning this function we recall the important fact that, for 
almost every P(or Q) in E, PT(P, Q) is a measurable function 
of the point Q (or P).* We can define an operator T in £ 2 
according to the formal equation 

TAP) = g (P) = il-W, Q)f(Q) dQ. 

This operator is called an integral operator, the function K 
being described as its kernel. The precise sense in which 
the formal equation defining T is to be interpreted may 


* Oarath6odory, Vorlesungen uber reelle Funktionen , second edition, 
Leipzig, 1927, Chapter XI, pp. 621-641, especially p. 629. Here, as in the 
entire theory of multiple integrals, the theorem of Eubini is fundamental. 
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property vary from instance to instance. For the present, 
we shall give it the following meaning: for a given function 
/(P) in 8 2 , the number g(P) corresponding to a fixed point P 
in E is defined if and only if the integral on the right exists 
as a Lebesgue integral and has the value g (P); f(P) belongs 
to the domain of T if and only if the function g (P) determined 
by the equation is defined almost everywhere in E and has 

the property that the Lebesgue integral J^| g(P) \*dP exists; 
and, if/(P) is in the domain of T, Tf(P) is the function g (P). 
Under this convention, it is evident that the operator T is 
a linear operator or transformation, whose domain includes 
at least the null element in S 2 . 

An interesting type of integral operator is obtained by 
req uiring th e kernel to be (Hennitian) symmetric, K (P, Q) 
= K(Q, P) almost everywhere in E 2 . The condition that 
the corresponding operator T be symmetric is seen to be 
that the iterated integrals 

X (X /s: (P, Q) f(Q) dQ) ■ f(P) CIP, 

X (X A ' (p> Q) ^ F) dp ) - f(Q) dQ 

have the same value for each pair (/, g) of elements in the 
domain of T: for the equality of these integrals expresses 
in the concrete space S 2 the abstract relation (Tf, g) = (/, Tg). 

The problems of analysis which lead us to study integral 
operators are concerned in the main with particular types 
of kernel, which can be discussed in greater detail than the 
entirety general kernel introduced above. The types which 
have received the most thorough investigation are those 
handled in various theories of integral equations due to 
Fredholm, Hilbert, Schmidt, and Carleman.* So far as essential 
properties are concerned, these kernels are of the following 
types: _ 

* See tlie excellent general account of Bellinger and Toeplitz, Integral- 
gleichungen und Gleichungen mit unendlich vielen Unbehanntm, Encyldo- 
padie der Mathematischen Wissenschaften, 23 3 , pp. 1335-1601; this article 
does not coyer Carleman’s contributions adequately* 
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(1) Kernels of Hilbert-Schmidt. The kernel K{P, Q ) has 
the property that the integral of \K\ 2 over E 2 exists. 

(2) Kernels of Carleman. The kernel X(F, Q ) is (Hermitian) 

symmetric and has the property that the integralJ^|K'(P ? Q)| 2 cZQ 
exists for almost every P in E. 

It is apparent that (Hermitian) symmetric kernels of Hilbert- 
Schmidt type are included among those of Carleman type. 
We shall discuss here the general properties of integral 
operators with kernels of Hilbert-Schmidt type, deferring the 
treatment of the Carleman kernel to a point where it can be 
taken up more advantageously. These fundamental proper¬ 
ties can be stated in two theorems. 

Theorem 3.8. If T is an integral operator whose kernel 
K (P, Q) is of Hilbert-Schmidt type, then T is a bounded 
linear operator defined throughout T is of finite norm 

N, X~(T) = K - (IPdQ . The adjoint of T exists and 

is an integral operator whose kernel is K(Q, P). A necessary 
and sufficient condition that T be sym metric is that the kernel 
be (. Hermitian ) symmetric, K(P, Q ) = K(Q, P) almost every- 
tvhere in E 2 . 

Since, by hypothesis, \K\ 2 is integrable over E 2 , the integral 
| X (P, Q)\ 2 dQ exists for almost every P in E and defines 

a function such that X(X | A'(P, Q) \-dkjdP exists.* Thus, 
if /(P) is any function in S*, the integral f P(P, Q)f(Q) dQ 

E 

exists for almost every P in E and defines a function y(P) 
such that 

\gW)? ^ j E \K{P, Q)| 2 dQ-j E \f(Q)\ 2 clQ. 
Consequently, y(P) is in 2 2 and satisfies the relations 
Jjflr(P)|*dP <ff\K{P, Q)\ s dQdP■ f\fm*dQ. 


* Caratheodory, Vorlesungen uber reelle Funktionen , second edition, 
Leipzig, 1927, Chapter XI, especially p. 630. Here we neglect sets of 
measure zero, which are indicated in the more precise statements cited. 
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If the latter inequality is written in abstract terms, with 

C, = LSm\X<?> Q)\*dQdP, it becomes \Tf[ 2 £ P 2 |/| 2 , 
so that T is a bounded linear transformation with domain S a . 

We shall now compute the norm of the operator T. We 
first introduce a complete orthonormal set {<p m (P)} in and 
then form the set { ipi m (P, Q)}, where (P, Q) = yi (P) y w (Q). 
The latter set is a complete orthonormal set in the class Sa 2) of 
all Lebesgue-measurable functions P(P, Q) in F 2 such that 
the Lebesgue integral of \F\ 2 over P 2 exists, as we shall 
now show. The obvious equations 

j‘ E J s Vim ipikdQdP = J s <fi (P)• fi (P) d,pJ F n(Q) <Prn (Q) d Q 

==: ^li $km 

show that the set {ipi m } is an orthonormal set in 2^. If 
F(P, Q ) is a function in £ 2 2) such that 

LL f{p ’ q) y im (p> Q) = ° 

for Z, m — 1, 2, 3, • • -, we then have successively 

J^[£p(P, Q ) Vm (Q) clQ ) 91 (P) dP = 0, l, m = 1,2, 3, • • 

I F(P, Q) <p m (Q) dQ = 0 for almost every P in E, 

m = 1,2,3,-.., 

P(P, Q) = P(P, Q) = 0 almost everywhere in P 2? 

and can therefore conclude that {ipi m } is a complete ortho¬ 
normal set in S? } . Since I is a function in S|> 2) we have 

f E fjK(P,Q)\ 2 dQdP^ 
aim = JJ>(P, Q) Vim (P, Q) dQdP. 

Now 

“a* = L(L X ( F >^9 m (Q)dQ)^{P)dP = (T 9m , 9i) 



III. EXAMPLES OF LINEAR TRANSFORMATIONS 


103 


so that 

N\T) = 2 I 2 = 2 

«, /J = l a, /3 — 1 

as we wished to show. 

Since T is a bounded linear transformation with domain 8 2 , 
we know by Theorem 2.29 that T*, the adjoint of T, exists 
and is a bounded linear transformation with domain S 2 . We 
may now compute it in the following* way: i f /(P ) and g(P) 
are any two elements of S s , the product f(Q) g{P) = F{P, Q) 
is such that |P| 2 is integrable over E 2 \ the product F ■ K 
is therefore integrable over E 2 and its integral may be ex¬ 
pressed by iterated integration in either of the forms 

EKJz K(P,Q).f(Q)dQ)g(P)dP, 

L f{Q) • IL k{p ’ q) ^( p ) dp ) dQ ' 

by the definition of T*, it is evident that 

T*g{P) = § e KWP) g(Q) dQ 

as we wished to show. It is now an easy matter to prove 
that T is symmetric if and only if the condition of the 
theorem is satisfied. Clearly, the condition is sufficient since 
it implies the identity of T and T*. Whenever T and T* 
are identical we must have, by the preceding results 

JjW, Q)-K{Q, P)]f{Q)dQ = 0 

for almost every P i n E\ and this equation implies that the 
function [IT(P, Q) — E(Q, P)] must vanish almost every¬ 
where in E 2 , since /(P) can vary over the entire class S 2 . 

Theorem 3.9. If T 0 , T 1 , and T 2 are integral operators 
with Hilbert-Schmidt kernels K 0 , K x , and K 2 respectively, 
then the operators a • T 0 , + T 2 , T X T 2 are integral oper¬ 

ators ivith Hilbert-Schmidt kernels a * K 0 , Ki~\-K 2 , and 

f K x (P, E) K 2 (E, Q) dE respectively . 

tj E 
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The only assertion of the theorem which is not immediately 
obvious is that which concerns the operator T t T 2 . By de- 

finition, T.T.fiP) = jx, (.P, E )(J £ isT 2 (E, Q) f{Q) cIq) clE, 
so that the assertion of the theorem can be established by 
a change of order of integration in this iterated integral 
which will yield 

T, T,/(P) - J E (J F X x (P, 22) K 2 (22, Q) dP)/(Q) i Q. 

The necessary change can be justified by the theorem of 
Fubini.* It is evident from the inequality 

|J^Ki (P, 22) -ST 2 (-K, Q) d E j 2 

< Jj-MP, J2)| 2 d.R-Q)| 2 dB, 

where the function on the right is integrable over E 2 , that 
the kernel of T x T 2 is of Hilbert-Schmidt type. 

We shall now consider a number of integral operators 
whose kernels are altogether special but whose usefulness is 
particularly emphasized in various branches of analysis. In 
these examples, it is necessary to interpret in a new way 
the fundamental equations defining the operators in terms of 
their kernels. 

We shall discuss in detail but one of these special integral 
operators, namely the Fourier transformation. There is no 
essential difference of principle encountered in the discussion 
of other cases. 

Theorem 3.10, ( Fourier-Plancherel Theorem). Let he 

the class of all Lehesgue-measarable functions defined over 
n-dimensional Euclidean sjpace E, subject to the restriction 

that the integral 1 / 02)1 2 dQ exist . Let K(P, Q ) he the 

function (2 nj ~ 7l/2 e 1 ~ x ^ where (x 1} • • •, x n ) and {y x , * * *, y n ) 

are the coordinates of E and Q respectively in a fixed rec¬ 
tangular coordinate system. Let {E m } he a sequence of point- 

* Caratheodory, Vorlesungen iiber reelle Funktionen, second edition, 
Leipzig, 1927, Chapter XI. 
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sets determined by the inequalities — A mp < x p < A mp , p = 1, 
2, •••, n, m — 1,2,3, ••• ivhere A mp is positive and becomes 

infinite with m. Then the function g m (P) =§ E E (P Q)f (Q) d Q , 

ivhere f is an arbitrary element of converges in the mean 
(i converges in S 2 ) to a function g(P) independent of the sequence 
{E m }. The transformation 

Tf{P) = g(F) = § E K{P,Q)f(Q)dQ 


is a unitary transformation of S 2 into itself Similarly, the 
kernel K(Q, P) defines a transformation identical with T*. 
As a consequence, the reciprocal relations 

!) (P) = JP(P, Q)AQ) dQ, f(P) = jfiup P) 9 (Q) d Q 

are true in in the sense defined above .f 

We shall first note an elementary formula: if (a, b) and 0, d) 
are two intervals, then the absolutely convergent definite 
integral 

—(—00 

(e ih ^ — e ia ‘) (e~ id! > — e~ ic *)/2 re % 2 d£ 

-00 


has as its value the length of the interval common to (a, b) 
and (c, d). This result may be obtained with the 
help of simple reductions leading to the familiar integral 


-00 


(i — cos ; c )/r 2 d£ 


rc t From this fact as our starting 


point, we propose to derive the assertions of the present 
theorem. 

We denote by E a b the point set specified by the in¬ 
equalities a v < x p b p , p = 1, • • •, n, and define the function 
(p (P; Eab), which is equal to 1 in E a b and vanishes else¬ 
where, noting that y is an element of S 2 . We form the 
function 


fPlancherel, Rendiconti di Palermo, 30 (1910), pp.289-335. — Titchmarsh, 
Proceedings of the London Mathematical Society, (2) 23 (1924), pp.279-289.— 
Berry, Journal of Mathematics and Physics of the Massachusetts Institute 
of Technology, 8 (1929), pp. 106-118. 
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<MP; E, lb ) = £ e(P, Q)g>(Q; Eat) dQ 

- L *. r(P ' ® <*«• 

which can be evaluated explicitly and is found to be an 
element of S a . Since for all sufficiently large m the set 

JEJ m Eab reduces to E a b , = I jST(P, Q) dQ in 3 a . 

V-bal 

Tor we find without difficulty the expression 

71 

ip (P; P«!,) = (27r)- ,l/2 ft [(A®“ — A' r “) /«>«]■ 

«=1 

It is now a simple matter to prove the equality 

J^s> (Q; Pa&) $p(Q; P«0 dQ = £,(p (Q; E ai ) ip (Q; P«e) dQ, 

by the use of iterated integration and the formula for 
L (a, b, c, d) stated above. 

Next we denote by ®i the linear manifold determined in 
S 2 by the set of all functions y (P; E a d). Since Sh contains 
as a subclass the class of all rational step-functions, defined 
and discussed in the proof of Theorem 1.24, it is evident 
that is everywhere dense in S 2 . We define a linear 
transformation T t with domain by the following relations: 
if /(P) is in Si it can be written in the form 

/(P) = jtc'HPiEajJ; 

a — l 

and Tif(P) is then determined as 
Ff(P) = Zc a ip(P-E aaK ) 

a = 1 

= f P(P, Q) X c«5p(Q; Pa a O dQ 

J E. a = l 

= f P(P, Q)f{Q)dQ. 

Je 

There is no difficulty in verifying the assertion that T x is 
a linear transformation which takes into a subset of S 2 . 
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From the final result of the preceding' paragraph, it is clear 
that Ti has the property that the integrals 

§ E f($)iW)dQ, ^T l f{Q)TTMdQ 

are equal wherever / and g are in 3V 

The properties of the transformation T L may be resumed 
in our customary abstract terminology as follows: T t is 
a linear transformation whose domain is everywhere dense 
in S 2 and which has the property that (T x /, T x g) = (/, g ) 
for every pair of elements in 3V In particular, we have 
[T 1 f\ = \f\, so that T x is bounded. By Theorem 2.23, the 
transformation T x exists and is a bounded linear transformation 
with domain S 2 . We shall set T s= T lm Since T is bounded 
and continuous, we know that, whenever [f m \ is a sequence 
converging to / in 8 a , then Tf m converges to Tf . If we 
choose / and g arbitrarily in S 2 and determine sequences 
{fm} and {g m \ in so that f m ->/, g m -> g we then have 

(Tf, Tg) = lim (Tf m , Tg m ) = lim (f m , g m ) = (/, g). 

m—>oo m —>oo 

By a similar argument, we can make use of certain 
elementary facts concerning sequences of functions in S 2 in 
order to show that T can be constructed from the kernel 
K(P, Q) in the manner described in the theorem. We consider 
first an arbitrary element of & 2 which vanishes outside a 
properly chosen set JE a b, denoting this function by/(P); we 
recall that it is possible to determine a sequence of elements 
f m (P)j all in ® x and all vanishing outside E a b, such that 
fm -*f We know that 

Tfm = f P(P, Q)f m (Q)dQ, Tfm —> Tf 
and recall that, in terms of point-wise convergence, 
lim„ f K(P, Q) ■/»(«) dQ = f K{P, Q) ■f(Q) ) dQ. 

V E ab E ab 

By reference to the proof of the Riesz-Fischer theorem, given 
in the discussion of Theorem 1.24, we see that we can 
identify the.two limits assigned to the sequence Tf, one by 
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convergence in S 2 , the other by point-wise convergence; we 
have for any function/(P) of the type considered the relation 

Tf (P) = f K(P,Q)f(Q)clQ. 

When /(P) is an entirely unrestricted element in £ 2 , we 
form the sequence {f m }, where f m coincides with / in E m 
and vanishes elsewhere, so thatWe can then write 

Tf m = £ K(P, Q)f(Q) clQ, Tf m -*• Tf. 

We observe that this pair of relations expresses the desired 
connection between the transformation T and its kernel. 

By an entirely analogous argument, we can construct the 
transformation T associated with the kernel K(Q , P): it is 
a bounded linear transformation wlyose domain is £ 2 and 
which has the property that (Tf, Tg ) = (f_g) for every 
pair of elements in &>. We shall show that T and T * are 
identical. By the use of iterated integration we can obtain 
the expressions 

h = £t 9 (Q; E ah )T f (Q- E a i) aIQ = £ £k:(Q, R) dRdQ, 

L - = L: f ((3; Eab) d Q = .L,L K(Ii ’ ® dQdli - 

Since K is symmetrical in its arguments, and since the order 
of integration in the iterated integrals is immaterial, we 
conclude that I x and I 2 are equal. This result may be 
extended at once to the integrals 

£ E Tf(Q)mdQ, £f(Q) Tg(Q) dQ, 

whenever / and g are elements of Sh. Thus, to revert to 
the abstract terminology once more, T and T satisfy the 
relation (Tf g) = (f Tg) whenever / and g are in . If 
/and# are arbitrary elements of £ 2 > we determine sequences 
{/ m } and { gm) in % so that f m ->/, g m -> g . We then have 
Tfm Tf Tg m -+ Tg, so that 

(Tfg) = lim m —>oa (Tfm, ff m ) = lim m —>00 (fm, Tg m ) — (f, Tg), 
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whenever f g are elements of S 2 . This result shows that 
T and T* are identical. 

Finally ? we shall prove that T is a unitary transformation. 
The properties which it is already known to possess charac¬ 
terize it as a closed isometric transformation with domain S 2 . 
Its range is a closed linear manifold. The transformation T 
is unitary if and only if its range coincides with S 2 ; and 
the range coincides with S 2 if and only if the sole element 
orthogonal to it is the null element. In order to show that 
T is unitary; we have only to prove that g = 0, whenever 
(Tf g) vanishes for every / inS 2 . We can accomplish this 
easily as follows: (/, T*g ) = (Tf g) = 0 implies Tg = T*g 
— 0, when / ranges over and then Tg = 0 implies 
1^1 = 12/1 = 0 and g — 0, as we wished to show. Hence 
T is a unitary transformation; and T = T* is its inverse. 

There are many other ‘‘reciprocal theorems” which can 
be established by reasoning like that just employed for the 
Fourier-Plancherel theorem. We shall list a few of them 
here : 

(1) if S 2 is the class of all Lebesgue-measurable functions 
on the interval 0 < x<.-±- oo subject to the restriction that 

p'jO 

J 0 I/MI 2 ^ exist; then 

( •SCO 

0 sill xyf{y)dy, 

pOO 

f 0*0 = (2 / n) 11 ' 2 J 0 sin xyg{y)dg ; 

the transformation T defined by the kernel (2 /tt) 1 / 2 sin xy 
is both unitary and symmetric; 

(2) if S 2 is the class discussed in (1), then 

J -soo 

0 COS xyf(y)dij, 

poo 

fix) = (2/tt) 1/2 J o cos xy g(y) dy\ 

the transformation T defined by the kernel (2/vr) 1 / 2 cos xy 
is both unitary and symmetric; 
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(3) if is the class discussed in (1), then 

.<?<» == £ (%y ) 112 Jvixy) fiy .) Ay, 

poc 

f{x) = J o (xy) 1 ' 2 Jvixy) g{y) Ay, 

where J v is the Bessel function of the first kind and order v, 
v —1/2; the transformation T defined hy the kernel 
(; xy ) 1/2 J r (xy) is called the Hankel transformation and is 
both unitary and symmetric. 

The formulas (1) and (2) may be proved directly, along the 
lines followed in establishing the Fourier-Plancherel theorem, 
or may be proved by specializing that theorem in an ap¬ 
propriate manner. Formula (3) may be proved by the method 
adopted for the Fourier transformation, though the specific 
formulas employed in the proof must be selected with some 
care in order to avoid complication. It turns out that, in 
discussing the Hankel transformation, we profit by defining 
< p(P\ E<ib ) as the function which is equal to x I,+1/2 in the 
interval a<x<£b and vanishes elsewhere; for we can 
evaluate Ty as follows: 

T<p = (a? 2 /) 1/2 Jvixy) ij v+li2 dy 

F ,+1 Jr+i (hoc 0 — a 7 ' +1 Jr +1 (ax) 

~ x l ' 2 ’ 


using only elementary properties of Bessel functions.* In 
order to show that (Ty u Ty 2 ) = (y u y£), we must evaluate 
the absolutely convergent infinite integral 


r 


-L ^ +1 Jr+i(bx) 


— a v+1 Jr+i(ax)\ 


x [ J„+i (ex) — d^ 1 Jy+i (dx)] dx . 


It is evident that this integral can be evaluated if we can 
compute the absolutely convergent integral 



Jy+i («#) Jr -fi (fix) dx 
x • 


‘Watson, Theory of Bessel Functions, Cambridge, 1922, §5.1 (1). 
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The latter integral has been discussed by many writers and is 
shown by fairly simple methods to have the value 
when fi < «, the value fi) vJrl tv 1 when « <j fi.f On 
substituting this result in the integral above it turns out to 

have the value dy, where A is the interval common 

to {a, h) and (c, d). It thus appears that we can obtain, 
in the case of the Hankel transformation, simple analogues 
of the formulas used to discuss the Fourier transformation. 
Since the linear manifold determined by the set of all 
functions y(P\E a b) is everywhere dense in 8 2 and can be 
used in the construction of sequences analogous to those set 
up in the proof of Theorem 3.10, we see that the theory of 
the Hankel transformation can be carried through success¬ 
fully without the introduction of new processes. 

Under certain general conditions, the theory of linear trans¬ 
formations in £ 2 , 7 n may be related in a simple manner to the 
theory of transformations in S 2 , by taking advantage of the 
fact that each element of 82 , m is a vector whose components 
are elements of S 2 . After we have made the connection 
precise, we shall be able to define integral operators in 82 , m 
in a natural manner. 

Theorem 3.11. A necessary and sufficient condition that T. 
he a linear transformation with domain 82 , m is that there 
exist nr linear transformations Tm , i, k = 1, • • * , m, with 8 2 
as domain such that T takes the vector 1 with components 
(/i , • • •, fin) into the vector g with components (gi , • • •, y m ) , where 

m 

9i = Tip fp, i — 1, ■ ■ ■, m. 

If T is associated with the matrix {Tm ), then T* is associated 
with the matrix { Tm) . 

The condition enunciated in the theorem is obviously 
sufficient. We see immediately that it is necessary: for if T 
is a linear transformation which takes / = (jfi, • • ffi) into 
g = (g lf .. g m ) ) we have only to define Tm as the trans- 

t Watson, Theory of Bessel Functions , Cambridge, 1922, § 13.42 (1). 
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formation which takes fk into guc, the ith component of the 
vector into which T carries the vector (0, • • •, 0, fk, 0, * • 0), 

and can then verify without difficulty that the transformations 
Tik enjoy all the properties ascribed to them by the theorem. 

If Tis associated with the matrix f Tm} and if T *, assumed 
to have £ 2 ,m as its domain, is associated with the matrix 
{ Tik} we can show that Tm = Tu, by expressing' the relation 
(Tf, g ) = ( f , T*g) explicitly in the form 

I Tap fp ' g a dQ = 2 L fee * Tap f/p d Q . 

cc,p = l*' J1 ' a,p = 1^ lj 

For, on taking account of the fact that the components of 
i and g can be assigned arbitrarily, w r e can obtain from this 
single equation the m 2 relations 

§ E Tufi-gkdQ = J £ fi TiugudQ, i, lc = 1, • • •, m, 


which clearly imply that Tik and Tu are identical. 

In view of the theorem just proved, we shall define an 
integral operator in £ 2 ,m as an operator T which is expressible 
in terms of m 2 integral operators Tn c defined in £ 2 by the 
kernels Xn c (P, Q ); the matrix {Ku c (P, Q)} may be called 
the kernel of T. More explicitly, T takes the vector / with 
components (/i, **•, fm) into a vector g with components 
(gi, * • •, g m ) where 


9*{P) 



Kip{P , Q)fp(Q)dQ , 


We shall omit the consideration of detailed properties of 
such integral operators. 

Finally we remark that the concept of the integral operator 
may be extended to admit generalizations of the Lebesgue 
integral to consideration. 


§ 3. Differential Operators 

Let £ 2 be the Hilbert space introduced in Theorem 1.24 
and let 2 ) be an appropriately chosen linear manifold in£ 2 . 
If f(P) is a function belonging to 2), a new function can 
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be formed from it by tire application of an operator constructed 
from two particular types of operator by the use of addition, 
multiplication, and scalar multiplication as previously defined 
for operators and transformations; the two types of operator 
admitted are multiplication by an arbitrary complex-valued 
function of P and differentiation with respect to an arbitrary 
direction in space. Such an operator is called a linear 
differential operator, except in the special case where all 
differentiations can be eliminated by the usual manipulations. 
These operators are linear in the sense adopted throughout 
our previous considerations. The sum and product of any 
number of linear differential operators are operators of the 
same kind, an exception occurring in the case of the sum 
when it happens that all differentiations can be eliminated. 
The study of linear differential operators is complicated by 
an unavoidable difficulty: the domain 2) must be chosen with 
regard to conditions of continuity and differentiability, but, 
at the outset, we have no satisfactory criterion at our 
disposal for determining whether or not a given function 
in S 2 is to be included in ®. For this reason we shall 
confine our attention, in the sequel, to comparatively simple 
examples of recognized interest and importance. 

We shall first discuss differential operators in the space % 2 
defined on a bounded closed interval in one-dimensional 
Euclidean space. It will be convenient to distinguish between 
formal linear differential operators and operators in the sense 
of Definition 2.1. Denoting by x the coordinate of a variable 
point Pin the interval of definition, a<^x<Lb, we write 
down the symbolic expression 

A = & (x) +'' • 

-f lhi -1 ( x ) + Pn 0) • , n > 1, 

where pi (#) is a complex-valued continuous function whose 
first n — i derivatives exist and are continuous on (a, l) and 
where 1 p Q (pc) I does not vanish on that interval. This 
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expression lias in itself no precise meaning, but it directs 
the performance of certain definite operations on functions 
of a category as yet unspecified: we shall refer to A as 
a formal linear differential operator. When we provide 
a linear manifold S as the domain of applicability of the 
formal operator A (observing the obvious condition that 
when / is in 35 the calculated function Af must be in Q 2 ), 
we determine a linear differential operator or transformation 
T in the sense of Definition 2.1. Thus, a single formal 
operator may give rise to many operators or transformations, 
distinguished by means of their domains. For the sake of 
simplicity, we begin with the differential operator T whose 
domain is the class of all functions in S 2 which are 
continuous together with their first n derivatives; we note 
that (£ n is a linear manifold everywhere dense in S 2 . One of 
our first concerns is to determine whether the adjoint T * 
has any simple properties. The form of the expression 

(Tf, g) = J ffi A fix) • g{x) clx suggests that shifting the differ¬ 
ential operator from / to g by means of integration by parts 
is the appropriate method for dealing with the problem. This 
procedure can be followed when / and g are both in i £ n , 
and leads to the familiar formula of Lagranget 

XW- 9-f- Mg) dx = JB(f, g), 
where M is the formal linear differential operator 

m == t ir iy-1 cV^Hp^y) 

K ’ dx n } dx n ~ x 

and JB(f, g) is a numerically-valued bilinear function of/and g r 

In 

B{f,g) — det {a ik } + 0, 

=“/(>), =/<«-« (a), 

= /(&), •••, hn = f^{b), 

f See Bocher, Legons sur les methodes de Sturm , Paris, 1917, Chapter XI,. 
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Vi = 9 («•), •, Vn = g <n ~ l) (a), 

Vn +1 = 9(b), ■, y 2n — g in ~ l) (b). 

The formal linear differential operator M is called the formal 
or Lagrange adjoint of A. If we wish to associate with M 
an operator R which will be adjoint to T, we must choose 
its domain so that the term JB(f, g) in Lagrange’s formula 
vanishes whenever / is in (£„ and g is in the domain of R: 
an obvious choice, for example, is that of the linear manifold 
comprising those functions g in £» such that 

g (a) — • • • = g 0l ~^ (a) = g (&) = •■• = g in '~ 1) (l)) = 0. 

More generally, we can seek all possible pairs of linear 
differential operators (T, R) associated with M) subject 
to the condition Ts^R. For the sake of simplicity, we 
shall select the domains of the desired linear operators as 
subsets of the linear manifold (£«. In order to choose linear 
manifolds for these domains, we are led to impose on each 
of the sets J 1? • • - , and %, • • *, rjon a sufficient number of 

linear conditions to bring about the vanishing of JB(f, g). 

At this point we find a certain freedom of choice granted 
us. We first assign arbitrarily 2 n independent linear functions 
of , • • •, Jo n , which we shall denote by 
2 ;?. 

Wi(f) = 2 by fy, det {b ik } * 0 . 

By means of a well-known property of non-singular bilinear 
forms, we can determine 2 n independent linear functions of 
V 2 n, which we shall write as 

2 n 

Vi(g) = det { c ^} + 0, 

/S = l 

such that 

2 n 2 n 

JB (y, g) = CL a 8 ?a 7] 8 = JS 'Wct'V%n—a-\- 1 * 

a, (3 = 1 cc = l 

It thus appears that we can make B(J .J g) vanish by requiring 
that certain of the W 9 s have the value zero and then setting 
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the complementary F’s equal to zero also. By numbering 
the functions W and V in an appropriate manner, we arrive 
at the following possibilities: 

( 1 ) the domain of T consists of the linear manifold in 

for which W 1 {f) — • • • = W 2 »(/) = 0 ; the domain of R 

is . 

( 2 ) the domain of T consists of the linear manifold in 

for which Fi(/) = = W k (f) = 0 ; the domain of R 

consists of the linear manifold in (£.„ for which Y x (y) = * • • 

• • • = V 2n - k (g) = 0; ■ ft = 1 , ■ ■ ■, 2 n — 1 . 

( 3 ) the domain of T is (£, 2 ; the domain of R consists of 
the linear manifold in & n for which V ± (g) = • • • = Y 2 n(g) = 0 . 

In each case the domains involved are linear manifolds 
everywhere dense in S 2 ; it is easily verified that T* and B* 
exist and that the relations T* 2 R, R* 2 T, and T R 
are satisfied. In each case we have been forced to associate 
with the formal operators A and M appropriately chosen sets 
of linear boundary conditions characterizing the domains of 
the operators T and R respectively. In the ordinary language 
of the theory of differential equations, W’e have to deal with 
linear differential systems. In each of the various cases 
enumerated above, the two differential systems described are 
ordinarily called adjoint systems. Thus the terminology of 
the theory of transformations developed in the preceding 
chapter applies to linear differential systems rather than to 
formal linear differential operators without specified domains. 
Of primary interest and importance are the systems referred 
to as self-adjoint systems. They are characterized by the 
fact that the formal differential operator A coincides with 
its formal or Lagrange adjoint M and that the boundary 
conditions determining the domains of T and R respectively 
are equivalent.! The domain of T must therefore be specified 

f This definition differs slightly from the standard one, where a distinction 
is made between the cases n even and n odd. In order to remain in the 
domain of real numbers, it is necessary to require that A = M for n even 
and that A — —M for n odd. Here we are working in the complex 
domain and can treat the case where n is odd as follows: since the 
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by n conditions W x (f) = • • • = W n {f) = 0, the domain 
of R by n conditions V x (g) = • ■ • = V n (g) = 0, where 

n 

Vi = ^2 ^t /9 TFjj, det {JL^} =j= 0. 

Consequently, the operators T and R are allotted the same 
domain; they are identical and hence symmetric. We shall 
now prove the following* theorem: 

Theorem 3.12. A self-adjoint differential system defines 
a symmetric differential operator T. There exists a real 
number l such that the transformation II = T — l-I has an 
inverse Hr 1 which is an integral operator with an Hermitian 
symmetric kernel G(x, y) of Hithert-Schmidt type. H and T 
are essentially self-adjoint operators. 

The differential system consists of a formal differential 
operator A and a set of boundary conditions. This system 
defines a transformation or operator, in our usual sense, by 
associating with each element f of which satisfies the 
boundary conditions the element g = Af. The operator 
determined in this domain ® we shall denote by T. By 
hypothesis, the adjoint system defines the same operator T 
in 2 2 • By previous remarks, T is a symmetric operator. 

We must now rely upon certain facts established in the 
elementary theory of differential equations.* If we denote 
by II the transformation T — l-1 where l is a real number, 
it is evident that H is symmetric. It is known that, if the 
equation Hf= 0 has no solution other than f = 0 in ®, 
then H establishes a one-to-one correspondence between S) 


Lagrange adjoint of iA is — iM when A lias M as its Lagrange adjoint, 
we have only to replace A by iA in dealing with a differential system 
of odd order which is self-adjoint according to the prevailing definition. 

For example, the differential system defined by the formal operator -~- 

in the domain of all functions with continupus first derivative on the 
interval Of=£c^l, satisfying the boundary condition W (/) =/(0) —/(1) =0, 

must be treated by substituting i-~— or 4— f— for . 

° dx id x dx 

* Bocher, Legons snr les methodes de Sturm , Paris 1917, Chapter V. 
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and E 0 j the class of all continuous functions in S 2 . Thus 
H~ 1 exists. It is known also that H" 1 is an integral ope¬ 
rator with domain E 0 and kernel G(x, y), bounded, and 
continuous except possibly on the line x = y: 

Sf = g, f = H-'g = f G(x, y)g{y) chj. 

€/ tv 

Since H is symmetric, R~ x is also symmetric, by Theorem 2.18. 
We can conclude, by Theorem 3.8, that G(x, y) is an Her- 
mitian symmetric kernel. Since R.~ x is linear, symmetric, 
and bounded, it is essentially self-adjoint, as we have already 
proved in Theorem 2.24. Thus H itself is essentially self- 
adjoint, byTheorem2.18. It is directly obvious that T=jff+Z* J 
is also essentially self-adjoint. 

We see, therefore, that the truth of the theorem depends upon 
the existence of a real number l such that Hf= Tf — lf= 0 
is satisfied by no element of ® other than /= 0. Let L 
be the class of numbers l such that Tf — lf= 0 has a solution 
other than / = 0 in $. We shall show, by an argument of 
general character, that L is at most denumerably infinite. 
If l and m are distinct numbers in L , let fi and f m be 
elements of S) such that 

Tfi — lfi = 0, Tf m — mfm = 0, 

If A = 1, l/ml=l. 

Then 0 = (Tfi, Tf m ) = (l—m) {fi, f m ), so that 

fi and f m are orthogonal. Hence, there exists an orthonormal 
set in one-to-one correspondence with L\ by Theorem 1.4, 
L is finite or denumerably infinite. Consequently, there exists 
a real number not in L\ and the present theorem can there¬ 
fore be established. 

. The extension of the foregoing considerations to differential 
operators in £ 2 ,m presents no unusual difficulties. We take 
£2 ,m as the class of all vectois "with wz components, each 
component being a function in £ 2 defined on the interval (a, b). 
A formal differential operator A in S 2 ,m is then defined by 
a matrix {Ai k } of m 2 formal differential operators in £ 2 , as 
suggested by the result of Theorem 3.11. For vectors whose 
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components are in (£ w , the analogue of Lagrange’s formula can 
be established without difficulty. We can therefore assign an 
appropriate domain by the introduction of boundary conditions, 
being led in this way to consider differential systems in S 2 ,m* 
In the case of a self-adjoint system, one which is equivalent 
to its adjoint system, the analogue of Theorem 3.12 is true.* 

The precise generalization of the foregoing considerations 
to the case of an infinite interval (a, + oo), (—oo ? b), or 
(—oo, + ao) is obscured by the difficulty of choosing boun¬ 
dary conditions and stating them in appropriate form. We 
shall return to this question later, when the theory developed 
in Chapter IX is at our disposal. 

We may also extend the concepts of the theory of differen¬ 
tial operators to the classes 8 a , 82 , m defined over a suitably 
chosen set E in dimensional Euclidean space n 2. If 
we introduce rectangular coordinates • •, x n ) , a typical 
formal differential operator in 8 2 may be written 

^ g ft 

si ( i JS V®',p v "‘,p n fai ? ‘ ‘ * 7 ~ A ~ , 

The extension of Lagrange’s formula to differential expressions 
of this type involves the use of familiar reduction formulas 
for multiple integrals, and is possible only if E is so 
restricted as to admit the application of such formulas. We 
are led to introduce boundary conditions, relative to the 
boundary points of E, and to define differential systems, adjoint 
differential systems, and so forth. We can then associate 
with A the operator T , defining its domain adequately. 
Since the theory of boundary value problems for partial 
differential equations is far from elementary, we shall content 
ourselves with the citation of the familiar Laplace operator. 

Theorem 3.13. We introduce the following notations'. 

( 1 ) E is a connected open set of finite measure in 3-dimensional 
Euclidean space for ivhich the Dmchlet problem is solvable; 

* The matrix kernel {O-m («,2/)} corresponding to the function G(x,y) 
lias been discussed by Birkhoif and Langer, Proceedings of the American 
Academy of Arts and Sciences, 58 (1922-23), pp. 51-128. 
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(2) J E f is the derived set of E, E f —E its boundary; 

(3) G (P, Q ) is the Green's function for E; 

( 4 ) S 2 is the class of all Lebesgne-measurable functions defined 

in E such that J E \f(Q)\ 2 dQ exists; 

(5) ® is the class of all continuous functions /(P) defined 
in E ivith the properties 

(a) f(P) satisfies the boundary condition lim f{P) = 0 when- 
ever P r is in E r — E, 

o>) + iS + ibr = F2j ^ P) = g{ - F) cxists at every 

point of E ancl defines a bounded continuous function g{P) 
ivith continuous first partial derivatives; 

( 6 ) 91 is the class of all bounded continuous functions in E 
with continuous first partial derivatives. 

Then the operator T defined by the relation V 2 f(P) = g(P) 
in the domain S takes ® in a one-to-one manner into 91; the 
inverse of T is an integral operator with Hermitian symmetric 
kernel of Hilbert-Schmidt type and domain 91: 

f(P) = T~'g{P) = Q)ff(Q) (IQ. 


T and T “ 1 are therefore essentially self-adjoint operators. 

The argument leading to these results is strictly analogous 
to that used in Theorem 3.12; it depends, of course, on facts 
concerning the Laplace operator V 2 which are far more 
difficult to establish than the corresponding facts for ordinary 
linear differential operators, such as those discussed in the 
preceding theorem. 

By hypothesis the Green’s function of E exists. It is 
expressible in the form 

G(P,Q)= T f-^+H(P,Q) 


where r{P, Q) is the distance between P and Q and H (P, Q) 
is a real function harmonic in P and Q separately throughout E 


and assuming the boundary values 


1 


on E f — E. 


r{P, Q ) 
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Thus the Green’s function enjoys the following familiar 
properties:* 

( 1 ) 0<G(P,Q)< 7 ^-^, 

( 2 ) G(P, Q) = G(Q, P) = G(Q, P), 

(3) lim G{P, Q) = 0 , P' in E'—E, Q in E. 

p->p' 

From properties ( 1 ) and (2) we see that G(P, Q) is an 
Hermitian symmetric kernel of Hilbert-Schmidt type such that 

XXi e<p ’*i" ,iq ,(ps XX?(?^)‘ ! f ‘ ! «’ 

the latter integral being convergent. 

We now construct the function 

/ (P) = - l n £ G ( P,Q) ff ( Q) d Q . 

where cj{P) is in 91 and, a fortiori, in S 2 . It is easily seen that 
/(P) is a continuous function such that limr-»p' /(P) = 0 
when P' is in E' — E. By a well-known theorem of potential 
theory V 2 f(P) exists and is equal to g(P) for every point 
in E .t We see therefore that /(P) is in ©. If f(P) is in 2) 
we know, by definition, that V 2 f(P) is in SR; and we can 
easily verify the relation 

/(P) = - f £ G (P, Q) vV(Q) d Q. 

Thus the operator T delined in 2) takes 2) in an one-to-one 
manner into SR. 

Since 2) and SR are both linear manifolds everywhere dense 
in 8 2 , the further properties of T and its inverse which have 
been enunciated can be derived without difficulty by an 
argument like that of Theorem 3.12. 

The analogue of the theorem just proved for the Laplace 
operator in three-dimensional space holds in the plane; 
but in n-dimensional space, n 4, modifications must evid¬ 
ently be introduced because of the circumstance that the 

* Kellogg, Foundations of Potential Theory , Berlin, 1929, pp. 236-240. 
f See the proof in Kellogg, Foundations of Potential Theory , Berlin 
1929, pp. 150-156. 
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fundamental function [r (P, Q)] 2-w renders the integral 
LL [r (P, Q )]~ 2n + 4 dQ dP divergent. The extension of the 

theorem to more general elliptic partial differential operators 
with a variety of boundary conditions can be effected in the 
cases n — 2 and n — 3. 

The consideration of partial differential operators in the 
class S 2 ,m is particularly important in certain branches of 
physics. We shall indicate an example taken from the theory 
of elasticity. In a certain region E of three-dimensional 
space, occupied by an isotropic elastic medium, the vectors 
of 82,3 represent the displacement vectors of the points of 
the medium. The fundamental partial differential operator 
A in 82,3 which dominates the situation appears as the 
three-rowed matrix of operators in S 2 

^+(*+*0 

where l and ^ are physical constants; this operator A may 
be expressed in vector notation as 

A = (/t + /*0 grad div — ^ curl curl. 

The various problems of elasticity give rise to certain types 
of boundary condition, holding at the boundary of E; as a 
typical example we may mention the case in which the dis¬ 
placement vector vanishes at the frontier points.* 

Before leaving differential operators, let us take advantage 
of the insight gained in the preceding discussion to throw 
light on two important problems; the problem of finding 
symmetric extensions of a given symmetric operator, and the 

* For a thorough mathematical discussion of the operator A, see Weyl, 
Rendiconti di Palermo, 39 (1915) pp. 1-49. 
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problem of associating an operator with a given infinite 
matrix. For this purpose we shall consider the formal 
d 2 

differential operator in the class defined on the inter¬ 
val (0,1). With this operator we associate the boundary 
conditions B 0 : 

/(0) = AD = f (0) = /' (1) = 0, 

and the boundary conditions B(0, cp): 

cos 0 •/' ( 0 ) + sin 6 • /( 0 ) = 0 , 

cosy •/' ( 1 ) + sin cp ./(l) = 0 . 

In the class of all functions in (E 2 which satisfy the bound- 

d 2 

ary conditions B 0 , the formal differential operator de¬ 
fines a symmetric operator T 0 ; in the class of all functions 
in (£ 2 which satisfy the boundary conditions B{9, cp), it de¬ 
fines an essentially self-adjoint operator Te,rp which is an 
extension of T 0 . It is easily shown that the operators 
Te v <p 1? Te v (f 2 are not adjoint unless tan 0 1 = tan<9 2 , tanyi 
= tan y 2 ; under the latter circumstances they coincide. 
The operator is a self-adjoint extension of T 0 , We 
see, therefore, that the symmetric operator T 0 possesses a 
continuum of self-adjoint extensions Te,cp . When we come 
to Chapter IX, we shall recognize that this situation and 
certain analogous situations are of general occurrence. If 
we now undertake to describe these results in terms of 
matrices, we shall obtain a convincing example of the in¬ 
adequacy of that language. In order to associate a matrix 
with the operator T 0 , we must select a complete orthonormal 
set from the class of all functions in (£ 2 which satisfy the 
boundary conditions B 0 . Since this class is a linear manifold 
everywhere dense in & s , we may carry out the process 
detailed in § 1 and construct such a matrix. In the natural 
course of events, we should next use the same orthonormal 
set to find matrices for the operators Unfortunately, 

we find that with the operators T 0 , Te,(p we associate one 
and the same matrix A, which must do duty for them all. 
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Here are definite simple relations which elude the matrix 
theory completely. Even if we try to obtain a more favorable 
outcome by considering 1 a single operator, say Te\y, we must 
admit failure, since it is only by a happy accident or a well- 
directed choice, springing from the special case considered, 
that we can associate an adequate matrix with the given 
operator. It seems, in view of such difficulties, that we must 
refrain from using the matrix theory as a tool, save in the 
case of bounded operators or in problems stated directly in 
matrix form. Differential operators are evidently non-bounded. 

§ 4. Operators of Other Types 

While we cannot profitably proceed to the enumeration 
of many further types of operator, w r e must mention one 
type which is important in the theory of groups. 

Let the space S 2 be defined with reference to a set E in 
n-dimensional Euclidean space, and let the relation P = F(Q ) 
define a one-to-one transformation of E into itself. We can 
then define a linear operator or transformation by the equation 
T /(P) = /( P(P)), the domain of the operator T consisting 

of all functions /(P) such that \f(F(F))\ 2 dF exists. 
An extremely important concrete example to illustrate the 
general concept refers to the class S 2 defined for the infinite 
interval (—oo, + oo): the operator is that which carries fix) 
into fixfr). It is useful to note that we can consider 
also those more general cases in which the class S 2 is 
characterized in terms of a generalization of the Lebesgue 
integral. In practice, we must treat classes of functions 
defined over curved surfaces or manifolds, and must make 
use of surface and volume integrals in curved spaces. 

It should further be observed that one can easily construct 
various mixed types of operator by setting up algebraic 
combinations of the types we have discussed explicitly. In 
this way can be obtained integro-differential operators, mixed 
differential and difference operators, integro-difference operators, 
and so on. 
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RESOLVENTS, SPECTRA, REDUCIBILITY 

§ 1. The Fundamental Problems 

We have now reached a point where we can pose and 
illustrate two fundamental problems of the theory of linear 
transformations, the intimate connection of which will become 
clearer as we proceed. The first problem arises in a great 
variety of mathematical situations and assumes in abstract 
terms the following form: 

Problem 1 . To study the equation Tf—If =g where 1 is 
a given complex number and g a given element in §. 

This problem obviously requires an investigation of the 
transformation Tz = T —II and its inverse Tf 1 , when the 
latter exists, and leads to a classification of the points of 
the complex Z-plane according to the behavior of these trans¬ 
formations. We shall analyze this problem in the following 
section. The second problem is inherent in the nature of 
linear transformations, and is seen to be more fundamental 
than the first. It may be stated as follows: 

Problem 2. To characterize the transformation T in terms 
of the linear manifolds ivhich it leaves invariant . 

Of course, we must make the meaning of this problem 
more precise. We shall do so in the third section of the 
chapter. 

Let us now examine the meaning of each of these problems 
for the specific transformations and operators discussed in 
Chapter III. 

In terms of the matrix theory, the first problem is that of 
solving the system of infinitely many equations in infinitely 
many unknowns 
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2 l^if}) Xg — Vii i — 1 , 2 ? 3 , • • 

£ = l 

where (y 1? y 2 , y$, • • •) is a given set of numbers such that 

QO 

5? | y« | 2 converges and the set (x 1} x 3 , x 3 , • • •) is required 

cc = 1 

00 

under the condition that y^\x a \ 2 converge. One perceives 

«=i 

immediately the suggestive analogy between this infinite 

system and the ordinary finite system of linear equations. 

When the matrix {am} is symmetric, this system of equations 

has an interesting heuristic connection with the Hermitian 
00 _ 

form ^ ciasocaxs, which is best displayed by reference to 

i 

n 

the ordinary algebraic situation: if ^ x a xr is an 

__ 

Hermitian form such that ciu = cim, then the n equations 

n 

(dip 1 Xg 0 , l 1 , • • •, 71 , 

jS = l 

constitute a set of conditions that (x l9 • • *, x u ) yield an 
extremum of the Hermitian form, under the restriction 

n 

xa x a — 1. These equations lead also to a solution of 

« = i 

the essentially equivalent problem of finding the “principal 

n 

axes’’ of the manifold aapxaxg = constant, analogous 

cc,p = l 

to the axes of a quadric surface. By analogy, we may speak 
of the determination of the “principal axes” of a symmetric 
form in infinitely many variables by means of the infinite 
system of linear equations written out above. Bor “com¬ 
pletely continuous” forms, Hilbert and his followers have 
converted what is here a mere intuitive connection into a 
sound theory; in general, we must be content with the analogy.* 
In order to grasp the significance of the second problem 
for the matrix theory, we must recall that to a given trans- 

* See the excellent outline of the theory of Hilhert, with special 
reference to the “completely continuous’’ or “vollstetig” forms, inHellinger 
and Toeplitz, Integralgleichungen und Gleichungen mit unendlichvielen 
TJnbekannten , Encyklopadie tier Mathematischen Wissenschaften 2 &2 , pp. 
1553-1575. 
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formation T , which we shall assume to be bounded, we may 
order many different matrices through the use of different 
orthonormal sets. Two of these matrices A and B are always 
connected by a relation B — UA U* where TJ is a unitary 
matrix. Now, if T leaves a closed linear manifold invariant, 
we can so choose the representative matrix that it will ex- 
hibit this property of T through the appearance of zeros 
among its elements. It is manifest, therefore, that to our 
second problem corresponds the following matrix problem: 
when A is a matrix associated with the bounded linear trans¬ 
formation T, a unitary matrix U is to he found such that 
the matrix TJATJ* — B, which also represents T, exhibits 
the character of T by the presence of zero elements. When U 
can be determined so that B has only a finite number of 
non-zero elements in each row and column, for example, the 
situation is more clearly revealed; and when B is in diagonal 
form (with all its elements not along the principal diagonal 
equal to zero) the problem of invariant linear manifolds is 
completely solved. In general, unfortunately, we cannot hope 
to accomplish so much. When A is a symmetric matrix 

which determines a “completely continuous” symmetric form 

00 

Z^ciap x a xp, TJ can be found so that B is in diagonal 

form. This means that we can introduce new variables 
(y x , 1 / 2 , i/s, • • •) linearly related to (x t , x*, x s , * * •) so that 

00 OC CO 00 

XaOCu === l/ayci) ^; Clap Xp = 

a — 1 a = l a,p — l « — 1 

we have, therefore, a situation similar to that which arises 
in connection with the transformation theory of ordinary 
quadratic forms. The analogy is far from exact in more 
general cases. 

When we turn to the discussion of integral and differential 
operators, we find that Problem 1 embraces some of the 
most important problems of analysis and of mathematical 
physics. For an integral operator, the equation of that 
problem is seen to he an integral equation 
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£k(P, Q)f(Q) dQ-lf(P) = g(P), 
which may be written in the more usual and familiar form 

f(P) = 9 (P) + X £ K(P, Q) f (Q) a Q, 
by means of the substitutions 

* = 1 n 9 y(P) - -g(P)ll. 

We shall retain the first form, which is better adapted to our 
purposes. Similarly, a differential operator leads to the study 

n d n ~ a 

of a differential equation such as (.r) — l '/(;r) 

= g(x) or J7 2 /(P)— lf(P) = rj(P) with suitable boundary 
conditions. For the other types of operator mentioned in 
Chapter III, we do not obtain interpretations of Problem 1 
which have so great an intrinsic interest. Our second problem, 
being primarily of geometrical and algebraic nature, is only 
implicit in most analytical considerations and so need not 
be considered until a later stage. 

§ 2. Resolvents and Spectra 

In the present section we shall undertake a preliminary 
study of the first problem stated in § 1 , introducing the 
requisite definitions and theorems, and considering in particular 
bounded linear transformations and symmetric transformations. 

We shall first consider the classification of the points of 
the finite Z-plane according to the character of the trans¬ 
formation Ti^T — II, where T is a given linear trans¬ 
formation; such a classification must reflect the essential 
peculiarities of the equation Tf—If = g for different values 
of l. For this purpose we have to study the relation between 
the domain 3) and the range fRz of Ti. All the necessary 
information concerning this relation is at hand when we can 
determine whether Ti has an inverse and can characterize 
the inverse Tf 1 if it exists. 

Definition 4.1. Let T denote a linear transformation, Ti the 
linear transformation T — II, and Tf 1 the linear trans - 
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formation inverse to Ti, when it exists. The set of points 
A(T) in the complex l-plane such that Ti has no inverse is 
called the point spectrum of T. The set of points B (T) such 
that Tf 1 exists and is an unbounded linear transformation 
with domain everywhere dense in § is called the continuous 
spectrum of T. The set of points C(T) such that Tf 1 exists 
and is a linear transformation with domain not everywhere 
dense in § is called the residual spectrum of T. The set of 
points D(T) such that Tf l exists and is a bounded linear 
transformation with domain iRi everywhere dense in § is called 
the resolvent set of T . The set of points 8{T) = A(T) + B (T) 
+ C r (2 1 ) is called the spectrum of T .t 

Theorem 4.1. The four sets of points A, B, C, D of De¬ 
finition 4.1 are mutually exclusive and their sum is the finite 
l-plane. 

This assertion is an obvious consequence of the definition. 

Theorem 4.2. The complex number l is in the point-spectrum 
of the linear transformation T if and only if the equation 
Tif = 0 has a solution in § distinct from the null element. 

The transformation Ti will fail to have an inverse if and 
only if there exist distinct elements f and f 2 in 2) such that 
Tft = T l f 2) Ti(f — f 2 ) = 0. 

Definition 4.2. A complex number l in the point spectrum 
of T is called a characteristic value of T; an element f^ 0 
such that Tif — 0, Tf = If, is called a characteristic element 
of T and is said to be normalized when \f\ = 1. The closed 
linear manifold determined by the set of all characteristic 
elements of T corresponding to a characteristic value l is called 
a characteristic manifold of T\ its dimension number n is 
called the multiplicity of the characteristic value l. 

Occasionally we shall refer to a complex number l as a 
characteristic value of multiplicity zero for a given trans¬ 
formation: the statement is to be interpreted as a conventional 
circumlocution meaning that l is not a characteristic value 
in the sense of the definition above. 

f The terminology of this definition is adopted primarily for historical 
reasons. 
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Theorem 4.3. The spectral classification of the points of the 
l-plane, inclusive of the multiplicities of characteristic values, 
is invariant under unitary transformations ; in other words , 
if U is an arbitrary unitary transformation, the trans¬ 
formations T and UTU~ X have the same point spectra (in¬ 
clusive of the multiplicities of characteristic values), continuous 
spectra, residual spectra, and resolvent sets. 

Let Z7$ and UiRi denote the sets into which U carries 
the domain and the range of the transformation Ti. Since 
UTU - 1 — H^UTiU~ x , the classification of the complex 
number l with respect to UTU —1 depends upon the corre¬ 
spondence which the transformation UTi Z7 ” 1 sets up between 
its domain 17$ and its range UiRi. This correspondence 
is an image of the correspondence determined between $ 
and 3L by the transformation T. Thus the complex number l 
must be classified in exactly the same way with respect to 
the transformations T and UTU~~ 1 . 

Theorem 4.4. The spectra of the transformation a T-f hi, 
where a and b are arbitrary complex numbers with a 0 , 
are obtained from the corresponding spectra of the trans¬ 
formation T by the application of the transformation V =■ a l-fb 
to the l-plane. 

This theorem is an obvious consequence of the fact, that 
the equations 

(aT+b)f-Vf = ay, Tf—lf = y 

are equivalent when V— al+b, a^O. 

Definition 4.3. The set of all points l such that for some 
element f in the domain of the transformation T the equations 
(Tf, f) — l and |/|=1 are satisfied, is called the numerical 
range of T and is denoted by W(T). 

Theorem 4.5. The numerical range is invariant under 
unitary transformations ; in other words, if U is an arbitrary 
unitary transformation, then W(T) = W(JJTU ~~ 1 ). 

Evidently, a necessary and sufficient condition that/satisfy 
the equations (Tf, f) = l, \f\ = 1 , is that g = Uf satisfy 
the equations 
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(UTU~\cj,g) = (UTf Uf ) = (Iff) = l, 

lg\ = iu/l = [/| - 1 . 

Theorem 4.6. If a f 0 and b are arbitrary complex numbers , 
then W(ctT-fb) is obtained from W{T) by applying the 
transformation V = al~\~b to the complex l-plane. 

This theorem is an obvious consequence of the fact that 
the equations 

(fiTfl)ff) = al+b = t, ( Tff ) = l 

are equivalent when a 4 0 and |/| = 1. 

Theorem 4.7. If T is a. linear transformation, then 1T(T) 
is a convex point set. When W(T) contains more than one point , 
its derived setW'(T) is a perfect convex set including W(T)I 

By a convex point set we mean a point set which contains 
the entire line segment joining each pair of points in the set. 

We exclude the trivial case where Tb (T) contains just 
one point. If l L and U are distinct points in W(T), there 
exist corresponding elements f and f in the domain of T 
satisfying the relations (If , f) = l u (Tf, f) = l 2 
|/i| == 1, |/ 8 | = 1. We must show that whenever l is 
a point of the line segment joining l x and L, there exists 
an element f for which (Tf f) = l, \f\ = 1. We find / 
as a linear combination of / and f. 

AVe consider for this purpose the binary Hermitian forms 
A t (x X ,x 2 ) = (T(a\ fi+xvf*), x { f + x 2 f) 

= h a‘i x x -f- (Tf , fi) xi x t + (Tf , f 2 ) x 1 X 2 + h x 2 x* , 
A 2 (Xi, x 2 ) = | f + f 2 1 2 

= Xi Xi + (fa , f) Xi oca + (fx , fa) ^2 + x 2 x 2 . 


* A similar theorem was suggested originally by Toepiitz, Mathematische 
Zeitschrift, 2 (1918), pp. 195-6 (actually for transformations and Hermitian 
forms in ^-dimensional unitary space); and a proof of Toeplitz’s surmise 
was given by Bausdorff, Mathematische Zeitschrift, 3 (1919), pp. 314-316; 
Wintner, Spektmltheorie der unendlichen Matrizen, Leipzig, 1930, § 18, 
considered special cases of the theorem as stated here. An entirely general 
theorem, which is not restricted to the case of Hilbert space, was given 
by the writer, Bulletin of the American Mathematical Society, 36 (1930), 
pp. 259-261. 


9 * 
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We shall show that, while A 2 = 1, the form A x takes on 
every value l represented b^a point of the line segment 
joining l x and 4- We first introduce a new binary form 


A(x i, xs) = 


A\ 4 A 2 

4 4 


= a; -j- a 12 x x x 2 -[- a 2X x x x 2 . 


In order that A x should have the requisite behavior, it is 
necessary and sufficient that, while A 2 — 1, the form A 
should take on every real value from 0 to 1 inclusive. We 
shall now exhibit values of x x and x 2 which bring about the 
desired result. We first define a complex number y as follows: 


p = ± 1 when a 12 = a 2 i, 

y = ±t^ when a l2 + a 21 , 

| a x2 — a 2 11 

the plus or the minus sign being chosen in each case so as 
to render the real number 0 = cit(r(/a, /i)) not negative. 
We set x x = x, x 2 = yy, where x and y are real variables, 
and substitute these values in the expressions for A and A 2 , 
obtaining 

A = x 2J ruxy, a = a = =fc (a i2 + # 21 ) or 

1 $12 $12 $21 $21 

| $12 $21 

A ,, = ^ + 2^»2/ + 2/ 2 , P = 0. 


We observe that 0 <,S<^ 1, because of the inequalities 
|/*| = |«Hr(/g,/i)| ^ |y||(/s,/i)| 

= < i/.i-i/a = i. 

Thus the equation A s = 1 can be satisfied by taking 

y = — j8x + a — (! — ^ 2 )^)i /2 , — 1 < a? < 1, 

and, with this value for ?/, A becomes 

A — x 2 (1 — 1—(1— fi 2 )x) li2 . 


For x — 0, A takes on the value 0; for x = 1, the value 1. 
Since A is now a continuous real-valued function of the real 
variable x, it assumes at least once every real value between 
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0 and 1 when x varies between these same values. This 
result shows that W(T) is a convex set. The statement 
concerning the derived set W'(T) is obvious. 

Theorem 4.8, If H is a linear symmetric transformation, 
closed or not, the set W(H) lies on the real axis in the l-glane: 
it may be a set consisting of a single point ; a finite interval 
containing both, one, or neither of its endpoints ; a semi-infinite 
interval with or without its endpoint ; or the entire axis of reals. 

Since (Hf,f) = <J,Hf) = (Hf,J) we see that JE(H) 
must lie on the real axis. In order to construct examples 
illustrating the various possibilities indicated in the theorem, 
we select an infinite sequence of real numbers {/,*} with 
greatest lower bound a and least upper bound b, —oo < a 
b + 00 ■ We define a sjnmmetric transformation H whose 

domain is a complete orthonormal set {<p v \ by the equations 
Hy n = l n <p n , n— 1, 2, 3, • • •. The transformations H and H 
exist according to Theorem 2.12 and can be described as 
follows: / is in S) if and only if it can be expressed in the 

N ^ N 

form f= Xu ya and for such an element IIf— l a x« ; 

a = 1 a = l 

/is in 2) if and only if it is expressible in the form / = 

00 00 co 0 0 

2 XaCfa where the series |a*«| 2 and S I T converge, 

a- a = 1 

and for such an element Hf = 2 l«x a ya> Evidently we 

«=i 

have to consider the relations 


l = = 2 la 

« = 1 

l Xa 

cc = l 


VX 

I/P 


N 

■ X a | 

« = 1 


i, 


2 *,i = i. 


Clearly, the closed interval a<*l<b on the real axis contains 
IE(II), IE (II) contains IE(II), and IE(II) contains the open 
interval a<l<Cb. It is easily seen that IE(II) includes the 
point l = a (the point l = b) or fails to include it according 
as the sequence { l n } attains or fails to attain the bound a 
(thejDOund £>). In this statement we can replace IE(II) by 
IE(II). Thus we can select the sequence {l n } so as to realize 
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each of the possibilities described in the theorem. We have 
shown in particular that W{H) and W{H) are coincident 
and must therefore infer that closure has little to do with 
the character of the numerical range. 

In many cases, the most powerful tool we possess for the 
study of a transformation T is the family of inverses Tf x , 
where l lies in the resolvent set. For this reason it is con¬ 
venient to introduce an appropriate terminology and notation: 

Definition 4.4. If T is a linear transformation whose 
resolvent set is not empty , the family of transformations r l\ \ 
where l is in the resolvent set, is called the resolvent of T and 
is denoted by Ri. 

We shall now apply the various concepts introduced above 
to a detailed study of the spectrum of a linear transformation 
with special reference to symmetric and bounded trans¬ 
formations. 

Theorem 4.9. Let T be a linear transformation which has 
a closed linear extension , so that the transformation T exists. 
Then the spectra of T and T are related as follows: 

8(f) = 8(T), D(f) = D(T), A (f) =? .4(7’), 
B(f) C B(T), 0(f) c= C(T). 

In particular , every characteristic manifold of T is ci subset 
of a characteristic manifold of T corresponding to the same 
characteristic value ; and every characteristic value of T is a 
characteristic value of T of the same or greater multiplicity. 
Every characteristic manifold of T lies in the domain of T. 
If Thas a resolvent, then the resolvent of T has § as its domain. 

We apply Theorem 2.10 to T in order to show that T exists 
and is an extension of T= T. Since Ti has (T)i = T—II 
as a closed linear extension, we can apply the theorem to 
Ti also, showing that fi exists and is an extension of I\ — I\. 
It is easily verified that fi and (T)i are identical. Following 
our usual convention we employ the letters ®, 5R, S), 91, 

Sfti, % to denote the linear manifolds which are the 
domains and ranges respectively of the linear transformations 
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T, T, Ti, Ti . The relations ®z = ®, = 2), ® C ®, 

31 g 3t, 3b £ 3b are evident; and the definition of Ti in 
terms of Ti = Ti requires that 2) and 3b be everywhere 
dense in ® and 3b respectively. Hence 3b and 5Rz determine 
the same closed linear manifold 95b. 

We show that A(T)^A{T) and give other particulars 
concerning the point spectra of T and T. The situation 
depends upon the theory of the equations 

Tf—If = Tif = 0, T/— If = T/ = 0. 

By virtue of the relation T 2 T, it is obvious that the 
solutions of the first equation for fixed Z are included among 
those of the second for the same Z. In other words, every 
characteristic manifold for T is a subset of a characteristic 
manifold for T corresponding to the same characteristic value 
Z; and every characteristic value for T is a characteristic 
value for T of the same or greater multiplicity. The re¬ 
lation A(f)^A(T) follows directly. If /is an element of 
the characteristic manifold of T corresponding to the char¬ 
acteristic value Z, then there exists a sequence of charac¬ 
teristic elements {f n } of T which converges to /. Thus we 
have f n fj Tfn = If n lf and conclude, by virtue of the 
fact that T is closed, that f is in the domain of T and is 
a characteristic element (except in the case / = 0). Hence 
every characteristic manifold of T lies in S. 

By referring to Theorem 4.2, we can pass from the results 
of the preceding paragraph to the consideration of the in¬ 
verses of Ti and Ti. If Tf 1 exists, it is a closed linear 
transformation in accordance with Theorem 2.5; and the in¬ 
verse Tf 1 must also exist and be a linear transformation 
with Tf 1 as an extension. On the other hand, the existence 
of Tf 1 need not involve the existence of Tf 1 - 

We prove next that B{T)QB(T). If l is in B(T), 
then Tf 1 exists and is a non-bounded closed linear trans¬ 
formation with domain SRz everywhere dense in § = 23b. 
Thus Tf 1 exists and is a linear transformation with domain 
3b everywhere dense in §. Furthermore Tf 1 is non-bounded: 
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for, if it were bounded, its closed linear extension T/ 1 would 
be bounded by Theorem 2.23. Hence l is in B(T), as we 
wished to prove. 

By a similar argument we find that C(T) QJJ(T). If l 
is in C(T), then Tf 1 exists and is defined^ in Sftz £ SDtz c: §. 
Hence Tf 1 exists and is defined in Sftz Cl SRj C CZ § . It 
follows immediately that l is in C(T). 

We show next that Z)(T)==I)(T). The relation D{T)QD{T) 
is easily established by reasoning of the same type as that 
used in the two paragraphs which precede. If l is i xiD(T), 
then Tf" 1 is a bounded linear transformation with domain 
everywhere dense in § = Hence Tf 1 exists and is a linear 
transformation with domain ^everywhere dense in §. Since 
Tf 1 Q Tf 1 , it is clear that Tf 1 is bounded and that l is in 
D(T). We note that Tf" 1 , being closed and bounded, must 
have § as its domain in accordance with Theorem 2.23; in 
other words, the resolvent of T, if it exists, has as its 
domain. In order to establish the desired identity, we must 
also prove that D(T)£D(T). If l is in Z>(T), then Tf 1 
is a bounded linear transformation with domain 9 ^ every¬ 
where dense in in particular, there exists a positive con¬ 
stant C such that | Tf 1 f\ ^ C\f\ for every element/in 9fy. 
We show that Ti has an inverse, by proving that Tif = 0 
implies / = 0. If / is an element such that Tif = 0 and 
if e is an arbitrary positive number, then there exists an 
element g in the domain of Ti = Ti such that |/—g | < s , 
l Tig l = | Tif — Tig\<s. Consequently we can write 

i/i^m+i/— g\< i,?i+* = \Tr l (,Tig)\+e 

<C[Tig\-\-s <{C+l)e. 

Since e is arbitrary, we must have 1/1 = 0 and f ~ 0, as 
we wished to prove. Thus Tf 1 exists and is a closed linear 
extension of the bounded linear transformation Tf 1 . By 
Theorem 2.23, Tf 1 must be a bounded linear transformation 
with domain £. It follows that l is in Z)(T). With this 
result, our demonstration is complete. 



IV. RESOLVENTS, SPECTRA, REDUCIBILITY 


137 


The identity D(T) = D(T) implies the identity S(T) = S(T) 
since the sets D and S are complementary sets in the Z-plane. 

It is of some interest to note the manner in which a number l 
is transferred from the residual or the continuous spectrum 
of T to the point spectrum of T. A number l can become 
a characteristic value if and only if there exists an element 
f f- 0 which is the limit of a sequence {f n } in the domain 
of T with the property that Tf n -> l /; for it is only under 
these conditions that we can assert the existence of an 
element / f 0 such that Tf = If. It is also of some interest 
to exhibit examples in which such a transfer actually takes place. 
We leave to the reader the detailed study of the following 1 
simple instance: we define T and T with reference to a com¬ 
plete orthonormal set {</’„}; the domain 2) of T is to be the 
linear manifold determined by this set, while the domain of T is 

N N -1 

to be § itself; if f= sp b we define Tf — £ 

a = 1 « ~ 1 

00 .*00 

while if f = 2J we define Tf = so that 

a - l a — 1 

TC T and both transformations are bounded and linear. 

Theorem 4.10. If T is a dosed linear transformation with 
resolvent Ri then 

(1) (Z— m) RiR m = Ri — Rm throughout §, for every pair 
of points (Z, m) in the resolvent set of T\ 

(2) if Rif = 0, then f = 0. 

Conversely, if Xi is a family of bounded linear transformations 
ivith domain ig, defined for every point l in a set A of the 
complex l-plane, such that 

(1) (Z — m) Xi X m = Xi — X m throughout §, for every pair 
of points (Z, m) in A\ 

(2) Xif— 0 implies f — 0 for at least one l in A\ 

then there exists a unique closed linear transformation T whose 
resolvent exists and coincides with Xi for every point in the 
set A . 

If T is a closed linear transformation with resolvent Ri, 
then the preceding theorem shows that Ri = Tf 1 = Tf 1 is 
a bounded linear transformation with domain From the 
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obvious relations JRi Tm Rm — Ri , Ri Ti Rm — Em , J- m J~ i 
= (l — m ) I in SD, we find immediately that 
= Ri(T m —Ti)R m = (l — m) RiE m . As to the second 
property of i^, we observe that it expresses the fact that 
Ri determines a one-to-one correspondence between § and 
the domain of Ti. 

We turn now to the converse. If Xi is a family of trans¬ 
formations possessing the properties enumerated above, then 
we can show that Xi establishes a one-to-one correspon¬ 
dence between § and its range. By hypothesis, there is at 
least one value of l , say l = m, such that Xif — 0 implies 
/= 0; if l is an arbitrary point of J, and fan element for 
which Xif — 0, we obtain from (1) the relations 

X m f = Xif+ (m — 0 X m Xif = 0, / = 0, 

so that Xif — 0 always implies f= 0. The one-to-one relation 
between the domain and range of the linear transformation Xi 
is thus apparent. By inverting this correspondence and using 
the inverse in an appropriate manner we can define the trans¬ 
formation T whose existence we are to establish. If f = Xuj, 
we assign as correspondent to / the element g +1 Xi g. Since 
there is at most one element# such that Xig = f, we assign 
at most one correspondent to a given element f For a given 
value of l, therefore, we have defined a transformation whose 
domain consists of the range of Xi. We wish to show that 
this transformation is independent of l. This fact results 
if we can prove that, when l, m, and g are given, there 
exists a unique element g' satisfying the equation Xig = X m g 
and that this element g r satisfies the further equation g-\-lXig 
= g'-\~mX m g'. It is evident that, if one element g r exists 
such that Xm,g r = Xig 7 it must be unique; now we can 
construct g' explicitly in terms of l , m, and #, by the defining 
equation g' = # + (Z — m)Xig , and can verify directly by the 
use of (1) that 

X m g' = Xmg + 0 — m)X m Xig = Xig. ' 

Furthermore, if we write the defining equation for g r in the 
form g fJ rmXig = g-\-1Xig and then replace Xig on the left 
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by X m g r , we see that g and g r satisfy the second required 
relation. We now let 3) be the linear manifold which is 
the range of Xi and 91 the corresponding set obtained by 
the transformation T , which takes the element /= Xig of 3) 
into the element g + lXig- the sets ® and 91 and the trans¬ 
formation T are independent of l as we have seen. If l is 
a point of the set A 1 then we have 

Tf If — g, f= Xug 

so that T — II and Xi are inverse to each other. Since 
Xi is bounded and linear with domain §, it is a closed linear 
transformation. By Theorem 2.5, T — II is also closed and 
linear, and thus T has the same properties. It is now ap¬ 
parent that the resolvent set of the closed linear trans¬ 
formation T includes the points of A and that Hi, the resolvent 
of T, coincides with Xi throughout § for every point in A. 
It is evident also that T is uniquely determined by Xu 

The functional equation satisfied by the resolvent, when 
it exists, suggests strongly that the resolvent must depend 
“analytically” on the complex variable l, in a sense yet 
to be explained. That this is indeed the case, we shall 
demonstrate immediately. 

Theorem 4.11. If the resolvent set of a closed linear trans¬ 
formation T contains the point m, then there exists a positive 
constant C, dependent on m, such that the resolvent Hi satisfies 
the inequality \B m g\ ^ C\g\ for every element g in §. Every 
point l within distance 1/C of the point m belongs to the 
resolvent set of T\ and, furthermore, 

n 

X (l — mf lC +1 -> Bi, n-» oo, 

a = 0 

(Rif, g) = S Q-mf ( R a m +1 f, g), 

a — Q 

By hypothesis, B m is a bounded linear transformation 
with domain §, so that the constant C exists as stated. 
If we form from an arbitrary element f in § the element 

fn= E (l — mf f we can show without difficulty that 

O£ = 0 


\l — m\<HC, 
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the sequence {f n } is convergent when 1 1 — m\<l/C. For 
p>q we have 

*a = g+l = r 

= £ Rt +1 f) 

ci, ft = g+1 

< £ II-m I iC +1 /| I -B& +1 /| 

«, /S = 2+1 

< £ | l — m {“+? C a+ P+' 2 |/| 4 

Ci i fi = ff+l 

<[ 5 (y + l)«7U-m|)rl C 2 |/l 2 

— 2 <?-f 2 J 

2/3 

Since lim 2} (y +1) x y = 0 when | x | < 1, we see that 

p, g->co y — 2g+2 

lim | f p —fgl — 0 when \l — m\ is less than 1/C. Con- 

33, £—>00 

sequently the sequence {f n } converges and has a limiting 
element /*. The transformation Xi which takes / into /* 
is evidently a bounded linear transformation with domain 
defined when 1 1—m | is less than 1 /6 y ; its boundedness 
follows upon the easily verified inequality 

I AVI 2 = lim V|*4 £(r + l){C\l-m\y]c*\fV. 

?4->CO L y — Q J 

With the notation of Definition 2.3, we can write 
£(l—mfB%y-*Xi, \l—m\<l/C. 

ff = 0 

We must now show that Xi is the inverse of Ti. When f 
is in the domain of T and of Ti , we have 

XiiTtf) = lim £(l-mf R a „t\Tif) 

11 —>00 a = 0 
n 

= iim 2 a—(i&/— a—») -Km' 1 /) 

?l—>Q0 Cf = 0 

= lim [/—(4—m ) re+1 iC + V] 

31—>00 

= /, \l—m\<l/C. 
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On the other hand, if f is an arbitrary element of § we 
have, in the notation used above, /* = Xif~ lim f n \ and, 

■n—>oo 

in addition 

Ti f n = Z (Z — mf Ti RfVf 

a — 0 

6! =0 

= /— (Z-mf +1 IZ — Ml | < lie. 

Since f n ->Xif , Tif n -+f, and Ti is a closed linear trans¬ 
formation, we conclude that X*/ is in the domain of Ti and 
that TiXif — f. In view of the relations between the 
transformations Ti and Xi, we see that Xi is the inverse 
of Ti and that l is a point of the resolvent set of the given 
transformation T. Consequently we can identify Xi with 
the resolvent Ri , when \l— m\<l/C. Since, therefore, 

n . 

£ (l — m) a Bm Bi for such values of l , we have 

a = 0 

{Rif, g) = lim Z G l—m)“(R a m +1 f, g ) 

?i —>oo cc = 0 

as we wished to show. 

Theorem 4.12. The resolvent set of a closed linear trans¬ 
formation T is either empty or open’, in the latter case the 
resolvent exists and the function of l defined as (Rif, g) is 
an analytic function of l in the resolvent set. The spectrum 
of T is the entire plane , a closed set, or an empty set. 

This theorem is an obvious consequence of the results 
just established in the preceding one. 

To one who has some familiarity with the theory of integral 
equations, the theorems which we have just proved, intro¬ 
ducing the functional equation and the “analytic” character 
of the resolvent, will appear as well-known results, extended 
to the general cases here under consideration. The functional 
equation is precisely that satisfied by Fredholm’s resolvent 
kernel, or, more accurately, by the integral operator defined 
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by the kernel; and the series developments for Bi and 
were introduced at an early stage by C. Neumann*. 

We shall now investigate in some detail the spectrum of 
a symmetric transformation. We can obtain a fairly complete 
characterization of the spectrum with the general material 
already developed. 

Theorem 4.13. The point spectrum of a linear symmetric 
transformation H is an empty, finite , or denumerably infinite 
set of points on the real axis . Characteristic dements corre - 
spending to distinct characteristic values ofH are orthogmnd. 

First, let l be a characteristic value of II and f a corre¬ 
sponding normalized characteristic element. Since H is sym¬ 
metric, we have (Hf,f)={f,Hj), an equation which, 
reduces to l = l when Hf is replaced by If and (/, /) by 1 . 
Consequently l is a point on the real axis. 

Next, let l x and k he distinct characteristic values of H, 

and f 2 corresponding normalized characteristic elements. 
The equation (H/l , /,) = (/i, Hf,) becomes h (f[ , f s ) = 
1-2 (./l • fi)i so that (f , f>) = 0 and f and f t are orthogonal. 
If to each characteristic value of H we order a corresponding 
normalized characteristic element, then these elements must 
constitute an orthonormal set; consequently, tlie set of 
characteristic values, the point spectrum, can be at most 
denumerably infinite, by Theorem 1.4. 

Theorem 4.14. If H is a linear symmetric transformation , 
and l a point such that 3(T) =)= 0, then Hf 1 exists and is 
a bounded linear transformation satisfying the inequality 

\Hr l u\ <, to|/|3(Z)| 

for every g in its domain. The point l is therefore in the 
resolvent set or in the residual spectrum of H. 

By the preceding theorem, l cannot be a characteristic 
value of H since it is not real. Hence Hf 1 exists. If g 

* For a discussion of these subjects, see Hellinger and Toeplitz, 
Integralgleichungen und Gleichungen mit unendlickvielen Unbekannten , 
Encyklopadie der Mathematischen Wissenschaften 2^, pp. 1347-1350, 
1370-1376. 
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is in the domain of Hi then Hi 1 g is in the domain of H, 
and we have 

(HHf 1 <1, HI g) = (Hr' ff,HHr 1 g), 

(u + lHF 1 g, Hr 1 g) = (Hf 1 g,g + lHi ' 1 g), 

(i l—l ) IHF 1 of = (Hr 1 g, g) - (g, Hf 1 g). 

As a result, we find the inequalities 

21 s (o [ j Hr f/| 3 < mr^jnM + ^giHr'cM <2|izrVlM 

and 

I HT'gl < \g\i\ 3(01> 

as we wished to prove. Hf 1 is therefore hounded, so that 
the statement of the theorem is justified. 

Theorem 4.15. If T is an arbitrary linear tvm.formation 
whose adjoint T* exists, then each point l of the residual 
spectrum of T determines a char act. eristic value l of T* and 
each characteristic value l of T* determines a point l either 
in the residual spectrum or in the point spectrum of T. 

If l is in the residual spectrum of T, then T/ 1 exists 
and has a domain which is a linear manifold not everywhere 
dense in §. Thus there exists an element such that 

{Tif, g) = 0 for every f in the domain of T. This equation 
may he written ( Tf , g) = (/, Ig) and thus implies that T* g 
exists and is equal to Ig. It follows therefore that l is 
a characteristic value of T*. 

Now let / he a characteristic value of T * and g a corre¬ 
sponding' characteristic element. We have, for every/in the 
domain of T, 

(Tif, g) = (Tf, g)— l(f, g) 

= (f, T*g) — l(f, g) 

= (fJg)-Hf,g) = o. 

Hence g is orthogonal to every element of the range of Tu 
If Tf 1 exists its domain is not everywhere dense in so 
that l is a point of the residual spectrum of T\ and if Tf 1 
does not exist, then l is a characteristic value of T . 
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We may now apply this general theorem to the special 
case of symmetric transformations. 

Theorem 4.16. If H is a linear symmetric transformation 
and l an arbitrary point such that 5(1) 4 - 0 , then either l is 
in the resolvent set of H or l is in the point spectrum of H*\ 
if l is a characteristic value of H*, then l is in the residual 
spectrum of H. The half plane 3 (l) > 0 \3 (l) < 0] consists 
entirely of points of the resolvent set or entirely of points of 
the residual spectrum of H, 

We have already shown that l, 3(1) ^ 0? is cither in the 
resolvent set or in the residual spectrum of H\ by the^ pre¬ 
ceding* theorem, if l is in the residual spectrum, then l is a 
characteristic value of 7?*. If l is a characteristic value 
of H*, then l is either a point of the residual spectrum of H 
or a characteristic value of H. Since H has only real charac¬ 
teristic values, the latter possibility is excluded. 

If we consider H in place of H, we do not change the 
spectral classification of those points in the £-plane which do 
not lie on the real axis, as we see by Theorem 4.9 and the 
fact that H has only real characteristic values. If /, 3(1) > 0, 
is a point of the resolvent set of H, it is also in the resolvent 
set of H. If we apply to the resolvent of H , the results 
of Theorems 4.11 and 4.14, we see that every point of the 
half-plane ST(0>0 is in the resolvent set; for we can con¬ 
struct circles C 0 , Ci, • • *, C n , none of which intersects the axis 
of reals, C 0 having its center at l, Ck+i having its center 
in C\, and C n containing a preassigned point of the half-plane 
3(1) >0, and then, by the theorems cited, ascertain the 
existence of the resolvent in each of the circles in order and 
thus at the point in C n in particular. As a result, we find 
that the points of the half-plane 3(1) >0, shared between 
the resolvent set and the residual spectrum, must belong all 
to one set or all to the other. Similar arguments apply to 
the lower half-plane, 3(1)<0. 

Theorem 4.17. A necessary and sufficient condition that 
the linear symmetric transformation H be essentially self-adjoint 
is that its resolvent set contain a point in each half-plane 
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3(1) > 0, 3(1) <. 0. If H is essentially self adjoint, then 

If H is essentially self-adjoint, then H* is symmetric and 
so has only real characteristic values. By the preceding 
theorem, the half-planes 3(1) > 0, 3(l)< 0 belong to the 
resolvent set of H . 

If H has a resolvent set with one point in each of the 
half-planes 3(l)> 0, 3(1) <0, then the resolvent set includes 
both half-planes by the preceding theorem. We consider in 
place of H, the closed linear symmetric transformation it. We 
consider also the transformation j EP, the adjoint of H and it. 
We know that the relations HQH** £1?* hold, so that 
if we can show that it c H* is impossible we can conclude 
that it = IT** = H* and that H is essentially self-adjoint. 
Now it is a closed symmetric transformation whose resolvent 
set includes the half-planes 9(Z)>0, 3(1) <0; and the in¬ 
verse itf 1 has £> as its domain when 3 (l) 4= 0, by Theorem 4.9. 
Consequently, the range of Hi = it — II is § when 3(1) 4 0. 
If we had U* ZD it, we should be able to find an / not in 
the domain of it such that H*f exists. If we take 4 0, 
we can find a g in the domain of it so that Rig = Hi f. 
Hence Hi (f — g) — 0, f—g 4 0. We conclude that every 
point of the half-planes Sf(Z)>0, 3(Z)<0 is in the resid¬ 
ual spectrum of H, contrary to fact. This establishes the 
theorem. 

Theorem 4.18. If H is a self-adjoint transformation , its 
spectrum is empty, or is a closed subset of the real axis, or is 
the entire real axis. Its point spectrum is empty, finite, or 
denumerably infinite . Its residual spectrum is empty. Its 
continuous spectrum may be empty or not. If l is real, the 
transformation Hi has an inverse Hf 1 except when l is a 
characteristic value of H; ivhen l is in the continuous spectrum 
the inverse is an unbounded self-adjoint transformation whose 
domain is a proper subset of ivhen l is in the resolvent 
.set ofH the inverse is a bounded self-adjoint transformation 
with domain $. 


10 
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The assertions of the theorem are easy consequences of 
theorems already established. The characterization of the 
spectrum is simple once it has been shown that the residual 
spectrum is absent; and this is proved by the following 
reductio ad absurdum : if l were a point of the residual 
spectrum, it would be real in view of the preceding theorem, 
and thus l = l would be a characteristic value of H* = H 
and not a point of the residual spectrum, as we had supposed. 
When l is real and the inverse HR 1 exists, the properties 
of the inverse can be obtained at once from our fundamental 
classification. It is to be noted that we cannot yet exclude 
the possibility that the spectrum of H is empty. 

Theorem 4.19. A family Xi of bounded linear transformations 
ivith domain §, defined for every not-real l f is the resolvent 
of some self adjoint transformation H if and only if the 
following conditions are satisfied: 

(1) (l — rn)X l X m = Xi — X m in 

(2) Xif — 0 implies f — 0 for at least one not-real l ; 

(3) (i)* = Xj in 

When H exists , it is unique. 

If H is a self-adjoint transformation, it is linear and closed. 
Its resolvent Ei is defined for all not-real l and satisfies (1) 
and (2) as we have already proved in Theorems 4.10 and 4.18. 
We see from the relations 


Ottfig) = {Rif Hj Rig) = {Hi Rif Big) = (fRjg), 

holding for every / and g in ©, that (Rif and Rj are 
identical. Thus the three conditions (1), (2), (3) are necessary. 

If, on the other hand, the family Xi is given, with the 
properties (1), (2), (3), we know that there exists a unique 
closed linear transformation T whose resolvent exists and 
coincides with Xi for all not-real l\ for, by Theorem 4.10,. 
conditions (1) and (2) suffice to prove the existence of T. 
We must now apply (3) to show that T is self-adjoint. First 
we must prove that its domain S) is everywhere dense in §: 
since 2) consists of all elements / expressible in the form. 
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f—Xig for some not-real l, every element h orthogonal to 
® must vanish in view of the equations 

0 = ( Xig , h) = (g, XjJi), Xjh = 0, h = 0, 

which follow from conditions (2) and (3); thus % has the 
desired property. Next we must show that, if h and h* are 
elements of © satisfying the equation (Tf, h) — (/, h*) for 
every /in $, then Th exists and is equal to h*. On 
putting f = Xig and Tf = g f -1Xig, we can write the 
equation for h and 7^* in the form 

(g+ IXig, h) = (Xig, Ji*), (g, h+lXjh — Xjh*) = 0. 

Hence h + TXrh — Xj h* = 0 , h = Xjh* — IXjlw From 
the second equation, we see that Th exists, since both ele¬ 
ments on the right are in the domain of T. On computing 
Th we find that it is equal to h*, as it should be. Thus T 
and T* are identical. By definition, therefore, T is self- 
adjoint. 

We shall find this theorem exceedingly useful in numerous 
situations which arise subsequently. In particular, it is 
fundamental in the further analysis of self-adjoint trans¬ 
formations carried out in the following chapter. 

In the case of a bounded linear transformation with do¬ 
main $, we find an interesting connection between the 
spectrum and the set W(T) discussed in Theorems 4.5-4.8. 

Theorem 4.20. The resolvent set of a bounded linear trans¬ 
formation T with domain § includes every point at positive 
distance from the set W(T). W(T) + W' (T) is a bounded 
closed set which includes every point of the spectrum of T. 
If l is a point at positive distance d from W(T) then Ik 
exists and satisfies the inequality d for every ele¬ 

ment f in §. 

Since T is a bounded linear transformation with domain 
§ it possesses an adjoint T* with similar properties, as 
asserted in Theorem 2.29. If Ms a point at positive dis¬ 
tance d from the set W(T), the inequality 


10* 
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\{TifJ) \ = | (Tf,f)-l\>d 

holds whenever |/| = 1. In consequence Z cannot be a 
characteristic value of T, since a normalized characteristic 
element g would satisfy the relations 

I Tig | — 0, \(T l g, ff )\^d>0, 

which are evidently incompatible. We can show also that 
l cannot belong to the residual spectrum of T. By Theo¬ 
rem 4.15, the assumption that Z is in the residual spectrum 
of T implies that l is a characteristic value of Z 7 *. We 
must therefore consider the relation between l and W{T*). 
Since (T*/,/) = (/, Tf) — ( T/f ) it is evident that 
TT(T*) is obtained from W(T) by a reflection in the real 
axis, just as Z is obtained from Z. Consequently, Z is at 
distance d from W(T*) and, by an argument logically identi¬ 
cal with that just used, cannot be a characteristic value of 
T*. This contradiction shows that Z is not in the residual 
spectrum of T. 

We now recognize that TF 1 exists and that 1 belongs to 
the resolvent set or to the continuous spectrum of T accor¬ 
ding as TF 1 is bounded or not. We shall show that TF 1 
is bounded. If //O is an element in the domain of Tf 1 ? 
then ZT 1 /* 0 and the element //1 Tf^/I is also an ele¬ 
ment in the domain of the linear transformation Tf 1 * We 
put g — TF 1 fi | Tf l f\ and determine the significance of the 
relations \g\ = 1, \ (Tig, g)\^>d, for the element/. We 
find that the inequality becomes | (/ TF 1 /) / I TF l ff | > d 
so that we can write 

i/I /1 TF 1 /1 > I (/ TF V) /1 TF 1 / 1 2 1 :> d, 
iTFVl^l/l/d. 

The final inequality, trivial in case / = 0, is now seen to 
hold throughout the domain of the linear transformation 
TF 1 and implies that TF 1 is bounded. Thus l belongs to 
the resolvent set of T. 

The remaining parts of the theorem follow easily. Any 
point outside the closed set W(T)-\~W r (T) is at positive 
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distance from W(T)-\~W\T) and, a fortiori , from W(T)\ 
such a point must belong to the resolvent set of T, the 
spectrum of T being contained as a result in W{T)-\-W'(T). 
From Theorem 4.9, the resolvent of the closed linear trans¬ 
formation T has § as its domain. Thus, if l is at positive 
distance d from W(T), Bi exists, has § as its domain, and 
satisfies the inequality given in the theorem and proved above. 

It is worthy of comment that this theorem cannot be ex¬ 
tended to unbounded transformations in general. In the case 
of a symmetric transformation which is not essentially self- 
adjoint, the set W is confined to the real axis, but the 
spectrum contains at least one of the two half-planes 3(7)>0, 
3(l)<0. This situation is not modified even if the trans¬ 
formation is required to be maximal; in other words, the 
appearance of an extended residual spectrum is not a conse¬ 
quence of an avoidable incompleteness in the definition of 
the transformation considered. 

Theorem 4.21. If T is a bounded linear transformation 
with domain § sack that | Tf \ C I/I for every element f 
in §, then whenever 1 1 1 > C 

n 

— ^ l~ a T a ~ x -» Ri, n cc, 

« = i 

{Rif, 9) = -2 l-HT^fcj). 

tt = l 

The proof is much the same as that of Theorem 4.11, 
with occasional simplifications due to the fact that the trans¬ 
formation T is bounded and continuous, with domain §. 
We shall not go into details. 

Theorem 4.22. The spectrum of a bounded linear trans¬ 
formation T icith domain § contains at least one point . 

We consider the function of the complex variable l defined 
by the expression (Rif g). If T has no spectrum, then 
this function is a single-valued analytic function defined over 
the entire finite Z-plane. By Theorems 4.20 and 4.21 it is 
bounded over the entire finite plane and can be defined so 
as to be analytic at l = co . By applying Liouville’s Theorem, 
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we find that (Rif g) — 0. Since this equation holds for 
every / and g in §>, we have Rif= 0 for every/; contrary 
to fact. We see therefore that the spectrum of T must 
contain at least one point. 

§ 3. Reducibility 

We shall now discuss briefly the second problem raised 
in § 1—the study of linear manifolds left invariant by 
a linear transformation T. In formulating the problem in 
precise terms, it is convenient to restrict attention to closed 
manifolds and closed transformations. Since a closed linear 
manifold is conveniently characterized by means of the pro¬ 
jection of § upon it, it is natural to express the relation 
between a given transformation T and a given manifold as 
a relation between T and the corresponding projection. This 
is the course which we shall pursue. Here it will be sufficient 
to introduce a few fundamental definitions and theorems. 

Definition 4.5. Let T be a closed linear transformation , 
9ft a closed linear manifold , and E the projection of ip on 9ft. 
9ft is said to reduce T if T and E are pcnnutahh in the 
following precise sense : whenever f is in the domain of T, 
Ef is also in the domain of T and TEf= ETf. If T(a) 
is a family of closed linear transformations defined over 
a class whose general element is a, then 991 is said to reduce 
the family T(a ) if it reduces every transformation of the 
family. 

In succeeding definitions and theorems of general bearing 
we shall state the facts for a single transformation, leaving 
aside the obvious extensions to the case of a family of trans¬ 
formations. 

Our next theorem indicates the relation between reducibility 
and invariance in a more precise form than we have yet given. 

Theorem 4.23. If the closed linear manifold 9ft reduces 
the closed linear transformation T, then T leaves 9ft invariant 
in the sense that it carries every element common to its domain 
and the manifold 9ft into an element of 031. The manifolds ip 
and £5 both reduce T. If 9ft x and 9ft 2 are orthogonal mani- 
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folds which both reduce T , then © 2ft 2 reduces T\ and, if 
2fti and 2ft 2 Q 2fti both reduce T, then 2fti © 2ft 2 reduces T. 

If / is an element common to the domain of T and the 
manifold 2ft, we have f=Efmd thus obtain Tf=TEf 
= ETf\ the form of the last expression shows that it is 
an element of 2ft. Thus T leaves 2ft invariant in the sense 
described. If 2fti and 2ft 2 are orthogonal manifolds which 
reduce T and if E 1 and E 2 are the respective projections 
of § upon them, we have TE 1 f=E 1 Tf 1 TE 2 f = E 2 Tf 
for every element f in the domain of T. According to 
Theorem 2.37, E x + E 2 is the projection of § on 2ftx 0 2ft 2 . 
By adding the equations noted above, we find that (A'i+AV) f 
is in the domain of T and that T{E x f-E 2 )f= {E x + E 2 ) Tf. 
Thus 2fti © 2ft 2 reduces T. Similarly, when 2fti and 2ft 2 C 2ft x 
reduce T, we find by subtraction that (E x — E 2 )f is an 
element in the domain of T and that T(E X — E.>)f=(E t — E 2 ) Tf. 
Since E t — E 2 is the projection of § on 2fti ©2ft 2 , it follows 
that the latter manifold reduces T. We call attention to 
the special case 2ft x =©. The fact that the manifolds £> 
and 0 reduce T is evident. 

Definition 4.6. A closed linear transformation T is said 
to be irreducible if it is reduced by no closed linear manifold 
other than § and D; and is said to be reducible in the con¬ 
trary case. 

Theorem 4.24. If H is a closed linear symmetric trans¬ 
formation and if 2ft is a dosed linear manifold such that 

(1) when f is in the domain of E, Ef is in the domain of E, 

(2) when f is an element o/ 2ft in the domain of E , Hf is 
in 2ft, — then 2ft reduces E. 

We have to show that, when f is in the domain of E, 
EEf = EEf. Since E(EEf) = EEf, by (2), we have 
for every g in the domain of E 

(EEf-EEf g) = (EHEf-EEf g) = (EEf — Ef. Eg) 
= (JEf-f, EEg). 

Now Ef —/is in and EEg is in 9K, so that the 

last expression vanishes. Remembering that the elements g 
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are everywhere dense in $, we see that HEf—EHf = 0, 
as we wished to prove. 

Theorem 4.25. If T is a hounded linear transformation 
with domain §, T* its adjoint , awd 9ft a dosed linear manifold 
which contains Tf and T* f whenever it contains f, then Wfl 
reduces T. This result includes the case where T = U is 
a unitary transformation and T* = £7* = Z7 —1 «s ife inverse . 

Since T and T* both have § as their domain according* 
to Theorem 2.29, TEf and T*Ef always exist. As in the 
proof of the preceding theorem, we find 

(: TEf—ETf , g) = {ETEf — ETf, g) = (TEf-Tf Eg) 
= (Ef —/, T* Eg) = 0 

so that TEf — ETf= 0 as we wished to prove. We ob¬ 
serve that the part of the hypothesis affecting T* cannot 
be eliminated, even in the case that T is a unitary trans¬ 
formation. As ail example we indicate the following situation: 
let {$p w } be a complete orthonormal set with the index n 
running through the values 0, ± 1, ± 2, • • •; let U be the 

-| CO 

unitary transformation which carries f~ a r < y (i into 

a -- — co 

-j- 00 

Uf = yj fl«sp«+i; and let 9ft be the closed linear mani- 

a — co 

fold which comprises all elements g expressible in the form 
+ 00 

9= 2 a C( (pa . It is easily verified that Ug is in 2ft when¬ 
ce = o 

ever g is an element of 9ft; but that EUy-i = Ey 0 = <p 0 , 
UEcp _i — U0 == 0, and 9ft does not reduce U . 

Theorem 4.26. Let {9ft?J he a finite or infinite sequence 
of mutually orthogonal closed linear manifolds; let {E n } he 
the corresponding sequence of projections ; let 9ft he the closed 
linear manifold 9fti © 9ft 2 0 9ft 3 0 • • •, E the projection of 
ig on 9ft; aiicl let T he a closed linear transformation which 
is reduced hy every manifold of the sequence {9ft?J. Then 2ft 
reduces T. An element f in 9ft belongs to the domain of T 

if and only if the sequence {T(E t -f-b E n )f} exists and 

is convergent; if f is an element in 9ft which belongs to the 
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domain of T, then T (E x + • • • -f E n )f^> Tf The case 
2ft = $ & to he noted . 

If m > n we have 

(^ + • • • + iS») (Ex + • • • + E n ) 

= (Ex -f- • • • + E n ) (Ex 4" • • • E m ) 

= 0^1 +-b En) = (j&! + • * • + En) 

so that 

CJS\ + • . - + En) £ (Ex + ... + E m ). 


By Theorem 2.40, the projection E x - f • —j- E n tends to a 

limit when n-> oo; since E } -\ - \~E n is the projection of 

§ on 2fti 0 • • • © 2ftn, we see that the limit is the projection 

E. Thus, if/is an element of 2ft such that T(E X H-f- E,)f 

exists and is convergent to a limit /* we conclude that Tf 
exists and is equal to /*; for we have 

(Ex + • • ■ + En)f—> Ef = f T(E x + • • • + E H )f->ff 

and T is a closed linear transformation. If f is an element 
of 2ft such that Tf exists, then 

T(Ex + . . - + En)f = (Ex + • • • + En) Tf-+ETf ; 

according to the result just established this means that Tf 
is equal to the limit element ETf More generally, if f is 
an arbitrary element in the domain of T, we have 

T(Ex + ■ • - + E n )f =(Ex + --- + En) Tf- 

since 

(Ex + --- + E n )f-*Ef T(E x + • • • + E n )f 
= (Ex + --- + En)Tf-»ETf, 


we see that TEf exists and is equal to ETf Thus 2ft 
reduces T. 

In the following theorem we indicate a connection between 
the spectral theory developed in the preceding section and 
the concept of reducibility now under consideration. It will 
be applied to the study of self-adjoint transformations sub¬ 
sequently. 
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Theorem 4.27. Let T be a closed linear transformation 
with the resolvent Ri. A necessary and sufficient condition 
that a closed linear manifold 2JI reduce T is that it reduce Ri. 

If 9K reduces T it reduces Ti, since T and Ti have the 
same domain and ETf = TEf implies ETif — TiEf 
If l is a value such that Ri = Tf 1 exists we know that 
Ei Eg and ERig exist for every g in §. Since Ti(Rig) 
exists, we see that TfiERig) exists and is equal to Eg. 

H611C6 

RffERig) = RiEg, ERig = Si Eg 

for every g in §>; and reduces Ri. 

Conversely, if 311 reduces Ri, it must reduce T. If / is 
in the domain of T, we can write f = Rig for some g in 
£), l being fixed. Hence Ef = ERig — Ri Eg is also in 
the domain of T, and 

TEf = T(ERig) = T(RiEg) = EgflRiEg 
= E{gflRig) = E(TR t g) = ETf 
as we were to prove. 



CHAPTER V 


SELF-ADJOINT TRANSFORMATIONS 
§ 1. Analytical Methods 

The analysis developed in the present chapter depends upon 
methods originated by Stieltjes and extended by Carleman. 
In a celebrated memoir on continued fractions, Stieltjes in¬ 
troduced the integral to which his name is now attached and 
discussed the character of certain analytic functions defined 
in terms of it.* * * § Since there is an intimate connection between 
the theory of continued fractions and that of symmetric trans¬ 
formations in Hilbert space,f it is not surprising that the 
methods devised by Stieltjes should be suitable for treating 
the problem considered here. Carleman, in fact, has extended 
the methods of Stieltjes and has applied them successfully to 
a general theory of integral operators and integral equations. 
His monograph on the subject marks the first substantial 
advance in the general theory of non-bounded symmetric trans¬ 
formations.^; More recent developments along the same lines 
have been published by Wintner, who uses the terminology 
of matrix theory.§ The theorems which are proved below 

* Stieltjes, Annales ile la Faculty des Sciences de Toulouse, (1) 8 (1894), 
pp. J1-J122. 

f We shall describe the connection in Chapter X and apply our general 
theory to the study of continued fractions. For a brief account, the reader 
is referred to Hellinger and Toeplitz, Integralgleiclmngen and Gleichungen 
mit unendlichvielen Unbekannten , Encyclopadie del - Mathematisehen Wissen- 
schaften 2S 2 , pp. 1586-1590. 

f Carleman, Sur les equations integrates singulieres d noyau reel et 
symetrique, Uppsala, 1923. 

§ Wintner, Spektraliheorie der unendlichen Matrizen, Leipzig, 1929, 
Chapter VI. 
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carry the concepts introduced by Stieltjes and elaborated by 
his followers to a fitting culmination in a complete charac¬ 
terization of the class of all self-adjoint transformations. It 
is possible to obtain these results by methods conceived in 
quite a different spirit. Two schemes of proof distinct from 
the one given here have been devised by J. v. Neumann* and 
F. Rieszf respectively. 

In the present section we shall give a descriptive survey 
of the analytical methods in question. We begin with a dis¬ 
cussion of the Stieltjes integral and then pass to the exami¬ 
nation of a certain Stieltjes integral depending analytically 
upon a parameter. 

We denote by A the interval a < 1 < fi, the improper 
values a = — go and ft = + co being admitted for con¬ 
venience. We use the symbol 3) to denote a finite collection 
of intervals A l9 • • •, A n , no two of which have a common 
interior point. Such a collection is said to be a subdivision 
of A if A = Ai -{- • • • -j- A n , 

If is an arbitrary complex-valued function of the real 
variable l defined on the open interval — cc < l < -f- a©, we 
write q(A) = q(0) — q («) when A is a finite interval. When 
3) is a collection of intervals A x , • • • , A n contained in A, we 

n 

write Tb ($; A) = ^ (q (A y ) |. The set of real numbers I r r (q ; A) 
r=i 

formed for all such collections 3) has a finite or infinite least 
upper bound, called the variation of the function q(X) on 
the interval A and denoted byF(^; A). We have 0<^F(£; A) 
. The variation of the function q (X) over a semi-infinite 
interval or an infinite interval is defined in a similar manner; 
we shall give details in the case of the interval — co< X < + cc. 
In the latter case, we consider the least upper bound of the 

n 

set of numbers F® (q) — |$(4 r )| formed for all collections 3) 

7~i 

containing only finite intervals; this quantity is called the 

* J. y. Neumann, Mathematische Annalen, 102 (1929), pp. 49-131. 

fF. Eiesz, Acta Litterarum ac Scientiarum, Sectio Scientiarum Mathe- 
maticarum, Szeged, 5 (1930), pp. 19-54. 



V. SELF-ADJOINT TRANSFORMATIONS 


157 


variation of the function q(X) and is denoted by V(q). If 

Qi, are arbitrary functions and a is an arbitrary complex 
number, the relations 

n&Q) < V(Q), 7(3q) < V(q), Vifld) = I a | V{q), 

Vfa + Q*) £ V( Qi ) + V(q,), 

follow directly from the definitions. We note also that the 
variation of q (2) over a finite or semi-infinite interval cannot 
exceed F(s>). A function is said to be of bounded variation 
if F(e)< + oo. 

By virtue of the relations just indicated, the class 33 of 
all functions of bounded variation is seen to be a linear 
class, containing a$ and ^+£2 whenever it contains q, q x , 
this class is seen also to contain §Iq and 3q whenever it 
contains q. We observe that 33 becomes a metric space 
when the quantity F(^ — q 2 ) is introduced as the distance 
between Qx and q s , although we shall make no further use 
of this fact. If q is an arbitrary element of 33, then it can 
be represented in the form 9 — + z(£s— Q±) where 

Qs, are real monotone functions in 33 which do not 
decrease as l increases. In the case of real functions this 
representation assumes the well-known form q = — 92 ; the 

more general case of complex-valued functions is deduced 
from this by considering the functions cRp and separately. 
It is now evident that when q(X) is a function in 33 the 
limits 

^(-f-oo) = lim *>(T), —oc) = lira 

A-»-f-oo A—>—00 

(2 -j- 0) = lim qQ. — 0) = lim q (1 — e), £>0, 

e~>0 s—>0 

exist. The set of points at which the equations — 0) 
= = ^(1 + 0) are not satisfied is empty, finite, or de- 

numerably infinite. With a given function g (2) in 33 we can 
therefore associate the function ^*( 2 ) = ^(2 + 0) — q (— 00 ). 
Since q* (l) is continuous on the right, we see that F(^*) 
is the least upper bound of the set of numbers F® ($*) formed for 
all collections of finite intervals whose end-points are distinct 
from the points of discontinuity of q and of $*: for if © is 
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a collection which does not satisfy this condition we can 
shift each interval contained in it slightly to the right and 
thus obtain a new collection S' of the type desired with 
the property that TV(e*) differs only slightly from Tb(e*)« 
For every collection of the type now admitted the equation 
Fb(e*) = V®(q) is satisfied. It follows immediately that 
V(q*) <V(q) and that £* belongs to 93. We remark that 
in certain cases the inequality sign must be used; the 
function q (2) which assumes the value zero or one according 
as 2 is different from or equal to zero is an example, since 
we have here q* (X) = 0, V (q) — 2, V (q*) — 0. The properties 
of the operation * indicated in the equations 

(?*)* = Q*, (as)* = uq*, (Qj'+Qj* = £>*+^ 

are readily established, as are the relations 

<>*(-») = 0 , Q*(t + 0) = <t*w 

A function in 93 such that g{X) = $*(2) is said to be in 
normal form: a necessary and sufficient condition that a 
function in 93 be in normal form is that it vanish at 2 = — c© 
and be continuous on the right. The class 93* of all functions 
which belong to 93 and are in normal form is a linear subclass 
of 93. We note that when q(X) is in 93* the inequality 
| ^(2) | = |£(2) — q{— oc) | < T(e) is satisfied.t 

We are now prepared to define the Stieltjes integral 
of a bounded continuous complex-valued function F(X), 
— c©<2< + c©, with respect to a function q (2) of bounded 
variation. Let {S«} be a sequence of subdivisions of an 
arbitrary interval and let A nk , k — 1, • • n, be the 
intervals belonging to S>*. The sequence (S,J will be called 
admissible if the longest interval A nk with end-points between 

t The facts summarized in this paragraph and the preceding one are, 
for the most part, fundamental in the theory of functions of a real 
variable; cf. Hobson, The Theory of Functions of a Teal Variable , vol. I, 
third edition, Cambridge, 1927, pp. 325-330, 337-338, 341-342, or 
CarathSodory, Vorlesungen iiber reelle Funktionen, second edition, Leipzig, 
1927, pp. 180-191. 
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— A and A has length tending to zero with 1 /n, for every 
positive A . If {3) w } is an admissible sequence and if is 

n 

a point of the interval A nk , then the sum F(X ny ) g(A ny ) 

y =i 

tends with increasing n to a limit which depends only upon 
A, ^(A), and the values assumed by F(X) on the interval A\ 
this limit is called the Stieltjes integral of F(X) with respect 
to £>(A) over the interval A and is denoted by the symbol 

jF(A) cIq (A) or the symbol ^F(l)dg(F). We define 

jP(A) (Iq{X) as —J ^F{X) cIq(1) : in the usual way. We 
observe that the case of an infinite or semi-infinite interval A 
is included under the preceding statements, provided that 
we restrict the numbers l nk to proper values and extend the 
notation q(A) = q(0) — q(cc) to cover the cases a = —co 

X I 00 

F(A) dg(X) is not 

-00 

regarded as an improper integral, and the equation 

X -fco pp 

F(X) dg(X) = lim F(X) cl q (A) 

a —> — oo 

/j->+00 

is a simple theorem and not a definition of the term on the 
left. On the other hand, we shall treat the relations 


s. 

x 


(l q (A) = lim 

a —>— oo 
£-»+co 

3 1 


— 00 ^ l** 


d q (1) 


f'vdem, 

r r\u-'S /H-<* 

im + 

—>0 L fj oo t/U-fs 


1c = 1, 2, 3, 

1 


e>0, 


as definitions of the improper integrals on the left whenever 
the respective right-hand members are significant. Since the 

integral J^F (A) dg(X) is independent of the values assumed 
by F(X) outside the interval A, we may relinquish the 
requirement that F (A) be defined for all values of A, 
— co < A < + and demand merely that F(X) be defined on 

the finite part of the interval A and be bounded and con¬ 
tinuous there; conversely, if F( A) is given only on the 
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interval A, we can define the function arbitrarily outside A 
so as to be bounded and continuous for all values of A, 
— cc < 2 <-foe, without affecting the value of the integral 
of FQ l) with respect to ^(A) over A. For the purposes of 
the present chapter the form of statement given above is 
the most convenient. The principal properties of the Stieltjes 
integral may now be formulated. 

Lemma 5.1. If F(f) and 0 (A) are bounded continuous 
complex-valued functions on the range — oo < l < + oo, if 
[jF(A)[ and |(?(A)| have on the interval A the respective least 
upper bounds M(A) and N(A), and if q(f), Qiif), £ 2 (A) are 
complex-valued functions of bounded variation, then ive have: 

( 1 ) f A F(X)dQ(X) ^M(A)V( Q -,A)<M(A)r(<>y, 

(2) for arbitrary values of a, fi, y , 

f F(l)dQ(X)+fF(X)d Q m = jj F(X) deW; 

(3) £aF(l)deO) = a 

( 4 ) f A lF{X) + Gm]d e W = f A F{X)d e w+f A Q(X)d Q W-, 

(5) if all) = f F(j*) de(ji), then F(<r ; A)<M(A) F( ? ; A) 
and a* (A) belongs to 33; 

(6) if o* (A) is the function introduced in (5), then 

f A & (A) do(X) = £ F(l) G (A) do (A); 

rd 

(7) for all values of a and ft, the difference F{ A) dff (A) — 

tJ CC 

F (A) dq (A) is equal to F (fi) fe (/? + 0) — q (A)] — 

i? 7 (a) [^ («-|-0)— ^(a)], provided that ivhen a = ±00 or 
^ = ± o° the corresponding term in the last expression be 
equated to zero] 

(8) if (A) is the function introduced in (5), then 

ff *(A ) = ffrw de*M; 
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(9) if F (A) is continuous at X = — oo and X = -f- oo and 
if F' (X) is ’bounded and continuous , —oo <<A <C + 00 , then 

Sfil) do(X) = [FW Q (fi)-F(«) Q («)]—J]V w « w cU; 

(10) / « 

= ci, FU) d g t (1) + a 2 J a F(l) dg s (X). 

We shall not give detailed proofs of any of these properties. 
Evidently those numbered (l)-(4), (10) are elementary conse¬ 
quences of the fundamental definitions introduced above. The 
inequality stated in (5) follows almost immediately from (1) 
and (2). The relation given in (6) is not quite so evident, 
so we outline the demonstration. If {3) u } is an admissible 
sequence of subdivisions of A, we have 




FG dg — lim £ G(.X„y)[a(A n y) — F{l ny )g(An r )] 
n->ooy = i 


N(A) lim sup 2 [F(p) — F(l ny )] dg(jx) 

n— y — 1 ny 

< N(A) lim sup 2 Mny V (e; A» y ), 

n-> oo y = l 

where M )tk is the least upper bound of | F(ji) — F(X nk )) for 
values of ^ in A nk . When the postulated properties of the 
functions F{X) and ^(A) are brought to bear, the last ex¬ 
pression is found to have the value zero. The equation 
given in (7) can be established by writing the difference to 
be evaluated as the limit of the difference between the 
corresponding sums formed for an admissible sequence of 
subdivisions {3Y} such that the end-points of A nk interior to 
A are points of continuity for q and in the latter differ¬ 
ence all terms save those arising from the intervals which 
contain end-points of A are found to cancel, and the evalu¬ 
ation follows at once. The statement in (8) is an imme¬ 
diate consequence of the result in (7). The formula for 
integration by parts given in (9) is standard in the theory 


ii 
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of the Stieltjes integral. Since the proof cannot be out¬ 
lined in a few words, we refer the reader to the literature.t 
The proofs of the fundamental theorems concerning self- 
adjoint transformations center about the properties of the 

f*+°° 1 

Stieltjes integral I(1\q) = J ^ yzwhere q{X) is 


a complex-valued function of bounded variation and l is a 
complex parameter. By applying the formula for integration 
by parts given in Lemma 5.1 (9) we can express this integral 


»{-CQ 


qW 


dX. 


as an improper Riemann integral I(1\q) ^_ j) 2 

In the sequel we shall distinguish between these two repre¬ 
sentations by calling them the Stieltjes representation and 
the Riemann representation respectively. By reference to 
Lemma 5.1 (7) we see that — Z(7; q). Thus we 

may suppose without loss of generality that the function 
g(X) is in normal form. By doing so we are able to impart 


f Most texts ignore the Stieltjes integral or treat it in a summary fashion, 
as we have been compelled to do here. The various definitions and gener¬ 
alizations of the Stieltjes integral introduced by different writers are 
surveyed by Hildebrandt, Bulletin of the American Mathematical Society, 
14 (1917-18), pp. 177-194. Papers of similar character are listed by 
Montel and Rosenthal, Integration und Differentiation , Enzyklopadie der 
mathematischen Wissenschaften, 2 32 , pp. 1071-73. The definition and pro¬ 
perties of the Stieltjes integral, as described above, can be found in 
Hobson, The Theory of Functions of a Heal Variable, vol. I, third edition, 
Cambridge, 1927, pp. 538-546, and Bray, Annals of Mathematics (2) 20 
(1918), pp. 177-186. We may also mention the treatment of Lebesgue, 
Legons sur Vintegration, Paris, 1928, pp. 252-313. These writers dis¬ 
cuss many properties of the Stieltjes integral which we have not indi¬ 
cated in our descriptive statement; on the other hand, they do not refer 
specifically to the properties (5)-(8). Property (5) is stated without proof 
by Carleman, Sur les equations integrates singulieres a noyau reel et 
symetrique , Uppsala, 1923, pp. 11-12; it is proved under more general 
conditions by Francis, Proceedings of the Cambridge Philosophical Society, 
22 (1923-25), pp. 935-950. Wintner, Spektraltheorie der unendlichen 
Matrizen, Leipzig, 1929, §§ 34-48, presents a full account of the Stieltjes 
integral with the same purpose as that which motivates the brief expo¬ 
sition above; his treatment is perhaps the one best suited to give the 
reader detailed information on those points which are of primary impor¬ 
tance later in the chapter. 
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a particularly simple form to the statements of subsequent 
lemmas and theorems. At the same time we do not sacri¬ 
fice facility of manipulation for the sake of this advantage, 
since the class 36* of all functions in normal form is a linear 
class. In all statements which follow, it is therefore as¬ 
sumed that o (A) is in 36*, unless a specific exception be made. 

Lemma 5.2. The integral 1(1; q) is a single-valued analytic 
function of l in each of the half-planes cJ (l) > 0, §T(?)<0; 
it satisfies the inequality 

\IQ\q) I £V(Q)/\3{1)\n 

The function Qif) is expressible in terms of IQ; q) by means 
of a contour integral according to the formula 

4" [{eC/O + eO* — °)1 — (eO) -t-eO — o)j] 

= lim——L f, 1(1; q) (l l, 

e _»o 2 fti JC(y,y,c<,s) v w ’ 

where the contour C(y, v, «, e) consists of two oriented polygonal 
lines ivhose vertices ? in order, are y -f "i £ » yf-ia, v flu, 
v f is, and v — is , v — ice, y — i a , y — is, respectively , the 
real numbers y, v, cc, s being subject to the inequalities v < y, 
0<C £ < In consequence , a necessary and sufficient condition 
that IQ; qQ) ctnd IQ; q 2 ) coincide is that qfl) and Q*(f) coincide .t 
The analytic character of IQ; q) is most easily deduced from 

X -foc oO') 

d l 

-oo f 0 

converges absolutely and uniformly on any bounded closed set in 
the Z-plane which is not intersected by the real axis, and there¬ 
fore represents a function analytic in each of the half-planes 
3 Q) > 0, 3 Q) < 0. The inequality satisfied by IQ; q) is estab¬ 
lished by applying Lemma5.1 (1) to the Stieltjes representation. 
To determine q(&) in terms of IQ; q) we substitute the Rie- 
mann representation for IQ; q) in the contour integral given 
in the statement of the lemma and then invert the order of 
integration. After a few elementary reductions, we obtain 

f This lemma is due to Stieltjes, Annales de la Faculte des Sciences 
de Toulouse, (l) 8 (1894), pp. J72-J75. 


11 s 
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^ pr 
Tt f —oo L 


r^7 f l(i,Q)dl 

J 7V1 fj C(u,7\ «, s) 


(l - i W-) 2 -f -£ 2 (A- vf-fi. 


- q(X) dl. 


The expression on the right is the difference of two integrals 
analogous to the Poisson integral and its limit when e tends 
to zero is readily computed.* The result is the one stated 
above. Thus when q(1) is in normal form it is uniquely 
determined by 1(1; q); and the relations 1(1; q ± ) = 1(1 ; p 2 ) 
and (4 (H) = Qs (1) are equivalent. 

Lemma 5.3. Let F(l) be a single-valued function defined 
for all not-real l, and let {g w } be a sequence of functions of 
the real variable 2, — oo<2<+oc, such that 

V(Qn) < K; lim 1(1; Qn) = F(l), 3(1) + 0. 

n —>00 


Then the sequence {1(1; (>?»)} converges uniformly on any bounded 
closed point-set in the l-plane which is not intersected by the 
real axis; its limit function F(T) is expressible in the form 
F(l) = I (l; q) where q(X) is a uniquely determined function 
in normal form satisfying the inequality T r (p) ^ K. 

Since, by the preceding lemma, w r e have 1 1(1; ^)| < 
"P($n)/|SKOl < Kj\3(l)\ we see that the sequence {1(1; £„)] 
converges boundedly on any point-set in the Z-plane which is 
at positive distance from the real axis, such as a set of the 
type described above. A well-known theorem of Vitali now 
ensures the uniform convergence of the sequence on any 
bounded closed set which is not intersected by the real 
axis.f We may remark that we shall not need to make 
any use of the fact that the sequence is uniformly convergent. 
In order to express F(l) as a Stieltjes integral, we employ 


* When the unit circle is replaced by a half-plane the ordinary Poisson 
integral is transformed into an integral of the type under consideration 
here. All the relevant calculations are given by Osgood, Lehrbttch der 
Funktionentheorie , second edition, Leipzig, 1912, pp. 635-641. 

f The theorem in question is stated and proved by Montel, Legons sto¬ 
les families normales : Paris, 1927, pp. 28-30. 
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a theorem due to Helly which provides an explicit construction 
of the function q(X) in terms of a properly chosen subsequence 
of the sequence {g n }.+ Since QnW is in normal form, we 
have |^| <; V(g n ) <; X. Thus {(>«} is a sequence of uniformly 
bounded functions of uniformly bounded variation. According* 
to the theorem of Kelly, there exists a sequence of integers 
{nic} such that 

Wfc -> 00, Qn k W Ar -> oo. 


The limit-function q (A) is defined for every value of A 
— cxd<Z<-|-co ; and is a function of bounded variation 
satisfying the inequalities \q\ < X and V(q) < X. Obviously, 
there is no reason why q(K) should be in normal form. We 
can now show that lim IQ ; q H i ) = 1Q\ p), 3{l) + 0. If the 

oo 


term on the left is expressed by means of the Riemann 
representation, we see that our task becomes the one of 

showing that the sequence of integrands yf — 7 v»- can be 

integrated term-by-term. Clearly, this sequence converges 

to the limit -— 


(A — T) 


2 and is dominated by the absolutely 


X 

integrable function jj- — According to a theorem of 

Lebesgue, the sequence can be integrated term-wise, as we 
wished to prove.I Thus FQ) = IQ\ q). We must now replace 
q by q* in the latter expression so as to obtain the represen¬ 
tation specified in the statement of the lemma. By Lemma 5.2 
this representation is clearly unique. 


§ 2. Analytical Representation of the Resolvent 

In order to apply the tools provided in the preceding 
section to the study of a given self-adjoint transformation X, 


t Helly, Sitzungsberichte, Akademie der Wissenschaften zu Wien, Mathe- 
matische-Naturwissenschaftliche Klasse, 121 2al (1912), p. 283-290. 

t This theorem is stated and proved by de la Vallee Poussin, Integrates 
de Lebesgue , Paris, 1916, p. 49. 
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we construct a sequence {H n) } of self-adjoint transformations 
which approximate to H in a sense to be specified pre¬ 
sently. 

First, we determine a linear manifold 3ft which has in 
relation to the given transformation H the following properties: 

(1) 3ft is a subset of the domain of H ; 

(2) 3ft is everywhere dense in £>; 

(3) the linear manifolds into which 3ft is carried by the 
transformations Hi = H—il and H~i == H-^-i I respectively 
are both everywhere dense in §. 

On the basis of Theorem 1.18 we can select a sequence {f t \ 
which is everywhere dense in the domain of H and in con¬ 
sequence everywhere dense in § as well. When 1= Hi 
the resolvent of H exists so that the sequences {Rif n } are 
significant and consist entirely of elements in the domain 
of -iff; the requisite facts concerning the resolvent have already 
been established in Theorem 4.18. We arrange the three 
sequences {f n }, { Rifi }, l — Hi, as a single sequence {</ p ) 
and define 3ft as the linear manifold determined by this 
sequence. The manifold 3ft has the required properties: it 
is a subset of the domain of the linear transformation H 
because the sequence {g v } consists of elements of that domain; 
it is everywhere dense in@ because it contains the sequence {f n ) ; 
the linear manifolds into which it is carried by the trans¬ 
formations Hi, l = Hi, are everywhere dense in §, since 
each contains the sequence {fn), fn = HiRif n , where Rifi 
is in 9ft, 1= Hi- 

Next, we select an orthonormal set which determines 
the linear manifold 3ft; we can do so conveniently by ap¬ 
plying to the sequence {g p ) the process of orthogonalization 
outlined in Theorem 1.13. We denote by 3ft«, the closed 
linear manifold determined by the set , • • •, cp n ) and by 
E n the projection of on 3ft ?i . When m 'H n we have 
3Jbi £ 3ft m , En <L E m . In consequence, we can apply 
Theorem 2.40 to establish the existence of a projection E 
such that En~>E. In view of the fact that the orthonormal 
set {<p n } is complete, it is clear that E is the identity J. 
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On the basis of these preliminary considerations we can 
prove the key theorems of the present chapter. 

Theorem 5.1. If His an arbitrary self-adj oin t transformation 
and 507, 507, E n have the meanings described above , then the 
transformation H (n) = E n HE n is a bounded self adjoint trans¬ 
formation with domain §, such that H in) -> H in the linear 
manifold 507. 

Since the range of E n is the closed linear manifold 507, l? 
lying* in the domain of H , it is evident that the trans¬ 
formation H i>l) is a linear transformation with § as its 
domain. In view of the relations ( E n HE n f fi) = (HE n f E n g) 
= ( E n f HE n g) = (f E n HE n g) it is obvious that H (n) is 
symmetric. Theorem 2,25 now assures us that H n) is 
a bounded self-adjoint transformation, as we can verify 
independently by direct computation. 

If / is an element of the linear manifold 507, it is ex- 

N 

pressible in the form f = 2 a ci<pcc, which shows that f 

belongs to 507,2 when n 2> A T . Thus H 0l) f= E n HE n f 
= E n Hf n^N\ and, since H (n) f-> Hf when 

n-> cc. The limiting relation H {n) -+H is thus seen to hold 
throughout 507. 

It is of some interest to comment on another relation 
between H° l) and H , which we do not intend to use directly. 
If J.(<p) = {a } and A°d(y) = {a^} are the matrices associated 
with H and H in) respectively by the orthonormal set {cp u }, 
it is evident upon inspection that 

a pg = Cl Pt, lhl = 

a pq = p>n or q>n . 

Thus the matrix A in) is obtained from A by replacing all rows 
and columns after the first n by rows and columns of zeros. 
Our choice of the set {y n } enables us to determine H com¬ 
pletely from the matrix A. 

Theorem 5.2. There exists a complex-valued function Qn(f), 
dependent upon f and g, such that 

ViQn) S I/I \g\, (Rl l) f 9) = Iih Qn), 
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where Ri l) is the resolvent of the self-adjoint transformation TI {11 \ 
l is not real, and f and g are arbitrary. 

The proof of this theorem, which is equivalent to the 
purely algebraic theorem that the matrix A in) described at 
the close of the preceding theorem can be induced to dia¬ 
gonal form, will be made to depend npon an analysis of the 
reducibility of the transformation H (n) . By reference to De¬ 
finition 4.5 and to Theorem 4.23, we see that the closed 
linear manifolds 2)4 and § © 504 reduce R in \ Further¬ 
more, if / is in © © 501;/., we have (J— E n ) f = f and, in 
consequence, 

= E n H Eii (I — E n ) f = E,i H Of = 0; 

in other words, § © 504 is contained in a characteristic 
manifold of H (n) corresponding to the characteristic value 
1 = 0 . 

If l is a characteristic value of H in) different from zero 
and f a corresponding characteristic element, we see at once 
that / is orthogonal to every element of § © 504 by Theo¬ 
rem 4.13 and must therefore belong to the manifold 994. 
Now 504, being an n-dimensional linear manifold, contains 
no orthonormal set with more than n elements; by referring 
once more to Theorem 4.13 we see that H in) can have no 
more than n characteristic values different from zero and 
thus at most w+1 in all. Since the N^nfl character¬ 
istic values of H 0l) are all real, we can denote them in 
order of magnitude as 4 < • • • < In* We introduce the 
characteristic manifold 94 of H° l) corresponding to l — h, 
and the projection Fj c of § on 5)4, k = 1, • • •, N. In view 
of the closure of the transformation H m , it is evident by 
Theorem 4.9 that every element of 94 save the null element is 
a characteristic element of H {n) corresponding to the charac¬ 
teristic value l — h . We see by Theorem 4.24 that 94 
reducesSince the closed linear manifolds 94, • * *, 5)4vare 
mutually orthogonal, the closed linear manifold 94 © • * • 0 94v 
and its orthogonal complement 94v+i = § © [94 © * • • 0 94] 
both reduce H 0l \ We shall show that 94-{-i is the manifold 0, 
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Since § © 2)1, t is a subset of some one of %l l7 • •*, Tcjy 
we see that %In+i is a subset of and that accordingly 
its, dimension number m must satisfy the inequality 0 <1 m < . 
If m = 0, then SijYfi = £), so that we can gain our end 
by showing that the relation 1 m < n is impossible. If 
we assume tentatively that the latter inequality is true, we 
can select an orthonormal set (ip 1: • •*, ip m ) which deter¬ 
mines the closed linear manifold Sftjy+i; an arbitrary element 
f in 97 y+i can then be expressed uniquely as a sum 

f = cta^pa- Since ^y-h reduces H {n \ the element 

a — 1 

H in) ipk is in 31 jv4-i and can be written in the form 
H {}1) ipjc = Ckatya, k == 1, • • , m. For a general element 

a = 1 

m 

in s Jiv+i we then have H°°f = ^ Cupciatyp. We can de¬ 

ft, /i = 1 

termine the element / so as to be a characteristic element 
of H (n) corresponding to the characteristic value l if and 
only if we can select the numbers l, a { , • • *, a m so that 

711 

Cak Cla == l CCji , ^, Clcc | 2 ^ 0 , 

a—1 a=l 

since these relations are equivalent to the relations 
H in) f zr= if' f \f\ zjz 0. Such numbers can be found if and 
only if l is selected as a root of the algebraic equation 
det {(‘in — l din) = 0. Since the determinant is a polynomial of 
degree m 1, it has at least one root. Thus the manifold 
Tcjv+i must contain at least one characteristic value of H 0l) , 
contrary to the property by which it was defined. Hence 
our assumption that 1 < w ^ n is impossible and must be 
abandoned. 

We can now obtain the desired analytic representation of 
the resolvent of the transformation H (n \ Since Tc/ £ re¬ 
duces R {n) it reduces Ri l) as well, in accordance with 
Theorem 4.27; and, since © • • • © Sftw = § from the results 
just obtained, the projections F x . • * *, Fn satisfy the relations 

FiF k =0, F ± + -| -F n =F 
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Consequently we can write 

Rl°f = Z Fa liTf = 2 -Bi K> Faf. 

a — 1 a = l 

Now Fj c f is evidently an element of 94. Thus the two 

equations 

RT F k f = hR^Fuf, 

H 0l) R\ n) Fkf = F k f+lR\' l) F k f, 

are valid and together imply that Ri Fkf — Fkf . 

Ijc l 

The resolvent can therefore be represented as a finite sum 

N 

Rl H) f = 2 ~-^Faf, 

a = 1 tu 0 

To complete our proof of the present theorem we must re- 

, , N I 

present the sum (Rif, g) — ]£ ~ 7 - j (Faf, g ) as a Stieltjes 

integral. For this purpose we have only to introduce the 
function Qn~Qnif\f,g) through the defining equations 

Qn(X) = 0, — cc<A< I t ; 

k 

Qn w = Z (Faf, g), 4+1, k= 1, • ■ A 7 — 1; 

a = 1 

Qn W = 2 (Raf, g) = (/> #)> ^ ^ < + Oo ; 

a = l 

in terms of this function we have (E ( / l) f, g) = I (l ; g n ). As 
X increases from —oc to + co, the function remains 

constant save for an increment (Fj c f,g) = ( Fkf, Fug ) ac¬ 
quired at the point X = 4, k — 1, • • N, Thus its variation 
must satisfy the relations 

T r (e») = 2 I (Faf, F a rj) | < Z\F a f\.\F a g\ 

a—1 1 

r N 2V -,1/2 

< Zl-Pa/P-Zl^Pj =1/1 LI 

l a = l a = 1 J 

This completes the proof of the theorem. 
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Theorem 5 . 3 . If H is a self-adjoint transformation , H (n) 
the related transformation described above, and Ri and RT 
are the respective resolvents of these transformations, then 

(R?\f,g)^(Rif,g), 3(1) f 0 

for arbitrary elements f and g. 

Let l be a fixed not-real point and let g be an element of 
the linear manifold 2ft© into which 2ft is carried by the 
transformation Ej = H~~ hi. If we put g = Hjh where 
7^ is in 9ft, we have 

(Ri\f, g ) - (Rif, g) = (Ri n) f, g) - if, h) 

= (Rff, Hill) - (Rf , f, Hj n) h); 

and with the aid of the inequality satisfied by the resolvent 
Ri l \ we can obtain the inequalities 

| (R'ff, g) - (Rif, g)\ = \ (R ( f f, (Hj-H'f) h) \ 

< \R'i n) f\l(H-E<”>)Ji\ 

£ l/IICff—il^l/ISKOI. 

Since H in) -» H in 2ft according to Theorem 5.1 and since h 
is an element of 9ft, we see that the right-hand member of 
this inequality tends to zero with 1 In and that (JRi l) f, g) 
converges to the limit (Rif, g). 

In order to remove the restrictions imposed upon J;he 
element g we shall now prove that the linear manifold 9ft© is 
everywhere dense in §. Let T be the transformation with 
domain 2ft defined by the equation T = R (in 2ft); T is 
a linear symmetric transformation since TQH and since 2ft 
is everywhere dense in Our construction of 9ft shows 
that the manifolds 2ft (d= 2 ) into which it is carried by 
T+i = H±i (in 2ft) are everywhere dense in §; in other 
words, according to Theorem 4.16, the points l = Rzi belong 
to the resolvent set of T. From Theorem 4.16 it results 
immediately that the resolvent set of T includes every point l 
not on the real axis. This fact implies that the manifold 
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9K(Z), 3(0 + 0? into which 237 is carried by the transform¬ 
ation T\ — Hj (in 237) is everywhere dense in §. 

It is now a simple matter to complete the proof of the 
theorem. We allow l, f, g to he arbitrary save for the 
restriction that l is not real. If s is an arbitrary positive 
number, we can select an element g* belonging* to 9ft (Z) and 
yet lying so close to g that the inequality \f{\g —#*|/| 3(01 < s/2 
is true. We have immediately 

^f, g)\ S 

+1 (Hr/, g—g*)\ + \ (Rif, g-cf) |; 
and we observe that the first term on the right tends to 
zero with 1 In while neither of the remaining terms can ex¬ 
ceed |/1 \g —#*1/13(01. Combining these facts, we see that 
as 1 In tends to zero the inferior and superior limits of the 
expression | (Ri l) f, g) — (Rif, g)\ lie between 0 and e. Since 
e can be taken small at pleasure, the expression must in fact 
converge to zero. In other words, 

(R'ff, fj) - (Rif, a), 3(i) I o, 

without restriction on f and g, as we wislied to prove. 

By combining the results of Theorems 5.2 and 5.3 we 
obtain the fundamental theorem of the present section. We 
have only to apply Lemmas 5.2 and 5.3 in order to establish it. 

Theorem 5.4. If H is an arbitrary self-adjoint trans¬ 
formation and Hi is its resolvent , then there exists a unique 
function q /), dependent upon f and g, such that 

V(o) < |/| 1.(71, t Rif, 9) = m Q) 
for every f and g in § and for every not-real l. The function 
( Rif , g) can be determined explicitly as the limit of the sequence 
(Ri l) f, g), converging uniformly in any bounded closed point 
set at positive distance from the real axis. 

§ 3. The Seducibility of the Resolvent 
The further study of the self-adjoint transformation H and 
its resolvent Ri is to be effected by considering the nature 
of the function q(X) introduced in Theorem 5.4. 
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Theorem 5.5. There exists a family of bounded self adjoint 
transformations E(X) with domain <£> such that q f g) 
= (E(T)f g), — oo < Z < + oo, for every f and g in £>. 

We first note that in its dependence on / and g the func¬ 
tion q enjoys the linear properties expressed by the relations 

af, g ) = g), 

Q 0; f, ag ) = g), 

eO;/i g) = a(hf,g) + <>V>;f*,g), 

q 0; f> 9\ + gn) — 

Each of these identities in X, f, and g depends upon three 
facts: the linear nature of the resolvent, the uniqueness of 
the relation between the resolvent and the function q (A), and 
the appearance of q(1) in normal form. We shall indicate 
the proof of the third identity as typical. From the equation 

+/*),*) = {RiA,g) J rOhf,,g) 

we see that 

IQ; eO; f+f, g)) = I(l; g)) + IQ; eO; fa, g)) 

for all not-real L Since the class 33* of all functions in normal 
form is a linear class, the function q(X ; /, fj) 

belongs to 33* and, by Lemma 5.2, is identical with q [X ; /+/, g), 
as we wished to prove. 

Next we observe that q (X ; f g) , being in normal form, 
satisfies the inequality | Q(f\f g) | F(<>) |/J • [g\. Thus 
w r e can apply Theorem 2.28 and can write q {X ; f g) = (E{X) f g), 
where E(X) is abounded linear transformation with domain §. 

Finally we show that the relation B* ss= Bj, proved in 
Theorem 4.19, implies that g,f) = g{f\f, g ). We have 

JO; < 7 , /)) = (Z2z g, /) = (g, Rif) = C®?/, .0 

= iWoiEfg)) = JO; eOTTH/)) 

and deduce the desired result on the basis of Lemma 5.2. 
Theorem 2.28 then shows that the transformation E{X) is 
symmetric and hence self-adjoint. 
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Before proceeding to the further investigation of the family 
of transformations EQ), it will be well to recall a few 
facts about projections. If E(f) be used for a moment to 
indicate a family of projections defined for — oo < A < -f- oo 
with the property 

E(l) E(ji) = E{1), A</*, 

we see by Theorem 2.40 that the limits 

lim E (A 4- e) , s > 0; lim E (A); lim E (A) 

S —^0 2 —A—^—co 

exist and are projections. It is therefore possible to introduce 
the following definition. 

Definition 5.1. If E( A) is a family of projections defined 
for — cc < A < -f~ co with the properties 

(1) E{1) E{f) = E(l), A < i*; JS7(A) JSV) = JE^), A>^ ; 

(2) I?(A + e)-+E(l), s 0 y £—^0; 

(3) A/(A)~>7, A^ + oc; 

( 4 ) E(I)—>Oy A— » — 005 -—- 

then E{X) is called a resolution of the identity. 

Theorem 5.6. The family of transformat lots E (Aj intro¬ 
duced in Theorem 5.5 is a resolution of the identity . 

The theorem rests almost exclusively upon the functional 
equation for the resolvent, as stated in Theorems 4.10 and 
4.19. The relation 

Q — m) (Ei B m f, ff) = (Rif, g) — (R m f, g) 

is expressed in terms of Stieltjes integrals by the theorems 
of this section and the last, the two integrals on the right 
then being combined and a common factor, l — m, being 
removed from the equation. As a result we obtain 

X +OO - n-yoo . 

.» T=7 d ^ s ^-h 

r* 1 

From Lemma 5.1(8) it follows that the integral I- 

tj —oo y ni 

d (E (y)f, g) is a function of bounded variation in normal 



V. SELF-AD JOINT TRANSFORMATIONS 


175 


form. On introducing this function and applying the result 
of Lemma 5.1 (6), we find that the equation above can be 
thrown into the more convenient form 

= ir -rh d [ L a (E w/ ' »> ]' 

This equation is evidently an identity for every f and g in © 
and every not-real l and m. We now apply the uniqueness 
argument based on Lemma 5.2, finding 

(JE (A) R m f, g) = C — I— d (E (/<)/, cj ). 

t/ — 00 — M2- 

The term on the left is next expressed as a Stieltjes integral 
by the equations 

(JEW JR m f,g) = (R m f,EWfj) 

We are therefore in a position to make a second application 
of the uniqueness argument, this time to the identity 

J-oo g — m t /—co r 

We note that the function £ O) equal to (E(g)f,g), 
and equal to (EWf>g), t 1 22 is a function of bounded 
variation in normal form and that the integral on the right 
of the identity is J(m; £(/*)). We see therefore that 

W) EWf, g) = (27 00/, E W fj) = (aO 

for every / and # in §. On expressing this equation with¬ 
out reference to elements of £>, we find 

EW E([i) = E(gi), g < 2, 

E W EW = 27(A), ** = A, 

JS7(A) JST(^) = 27(A), /b > 2. 
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From the second equation, written E 2 (X) = E(X), the 
self-adjoint transformation E (X) must be a projection, in 
accordance with Theorem 2.36. 

In order to show that the family of projections E{X) is 
a resolution of the identity, we must prove that 

E{X) = E(X + 0) = lim E(X + e), €>0, 

£->0 

E(—cc)= lim E(X) = 0 9 E(+ oc) = lim E(X) = I. 

X —>—oo A—>-(--00 

The first relation follows at once from the equations 

(E (X -)- 0) f g) — lim (E(X -j- *) /, g ) = lim q (X + € ; f ft) 
£-> 0 £ —> 0 

= eO+0; f g) = f, g) = (JE(X)f g). 

The second follows in a similar manner, since 


( E(—oo)f, g ) = lim Q(Mf,g) = 0. 

A —CO 

The third relation depends upon a fundamental property of the 
resolvent. It is evident that the projection F = I — E(fco) 
satisfies the relation E(X)F^ FE(X ) = 0, — oo < X < -f oc; 
hence, if f is an element of the closed linear manifold into 
which F takes £>, q(X; f g) = (E(X)f g) = 0 and {Rif, g) 
— I(1 \q) — 0. The latter equation implies Rif — 0, which 
in turn implies /= 0, as was pointed out in Theorems 4.10 
and 4.19. Consequently F takes every element of § into 
the null element, and we have 

F= 0, E(+cc) ees I, 


as we wished to show. This completes the proof of the 
theorem. 


Theorem 5.7. Between the class K of all self-adjoint trans¬ 
formations H and the class & of all resolutions of the identity E{X) 
there is a one-to-one correspondence such that if H and E(X) 
are corresponding members of these classes the resolvent ofH 
is expressed by the formula 



d(E(l)f,g). 
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In the preceding theorem, we have proved that if H is 
an arbitrary self-adjoint transformation its resolvent Ri de¬ 
termines a unique resolution of the identity E(f) such that 
the formula {Rif, fj) = I(l m , {E(f)f g)) is true. It is thus 
evident that the class of all self-adjoint transformations is 
in one-to-one correspondence with a certain subset of the 
class of all resolutions of the identity. We must show that 
this subset is identical with the entire class. 

Let E(l) be a given resolution of the identity. We first 
show that the function f g) = {E(X)f g) is a function 
of bounded variation in normal form. From the fundamental 
properties of the family E{X) we derive the relations 


eO + O;/; g) = eO;/; g), lim = 0, 

A—>—oo 

so that it remains for us to prove that V(q) is finite. We 
let 3) be a collection of intervals A l} ---,A n , no two of 
which have interior points in common, and introduce the 
notation E{A) for the difference E(ft) — E(a) associated with 
the interval A, a X < fi. By reference to Theorem 2.37 
we see that E{A l ), • ••, E(A n ) are projections such that 
E(A t ) E{Ajc) = 0, if k\ thus, by Theorem 2.39, E = 

E{A 1 )-\ - \-E(A n ) is a projection. It is now a simple matter 

to appraise the sum V&(q) and the related quantity Y(q). 

We have 

Tc(?) = ± k(4«)| = ± (E(A a )f, g)\ 

a =1 a—l 

= 2 I <E{A u )f, E(Aa)fj) \ 

Of — 1 

< 2 \E(A a )f\ \E(A c ,)g\ ^ ( £\E(A a )ff ■ 2 \E{A a )g\f. 

cc = 1 \cc = 1 c: = 1 / 


Since the projections E{A f ) and E(A k ) are orthogonal when 
i f k, we have 


n 


2\E{A a )fY 

ct — 1 






\EfV-£\fV, 


n 

2 I E(A a ) g\ 2 


2 E{Aa) 


\EffV-<yv. 


12 
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From the second equation, written E 2 (2) =E(X), the 
self-adjoint transformation E(f) must be a projection, in 
accordance with Theorem 2.36. 

In order to show that the family of projections E(h) is 
a resolution of the identity, we must prove that 

E(l) = E(l + 0) = lim E(l + e), e>Q, 

£ —^ 0 

E (-—* cc) = lim E(X) = 0 , E(+ oc) = lim E(l) = I. 

A—>■—c/3 A—>+ 

The first relation follows at once from the equations 

(£7(A + 0; )f,g) = lim (^?(A + e)/ g) = lim e (A + «; /. . 7 ) 
£-»0 £->0 

= ?0+0; /, 0 ) = e(A; /, g) = (E{l)f, g). 

The second follows in a similar manner, since 

(JE(—cc)f,g) = lim q(l\f, g) = 0. 

A—>—co 

The third relation depends upon a fundamental property of the 
resolvent. It is evident that the projection F = I — E (-{-&>) 
satisfies the relation E(A)E= FE(X) = 0, — oo<A<4~° c ; 
hence, if f is an element of the closed linear manifold into 
which F takes £>, Q&;f g) — {E(X)f g) = 0 and {Rif g) 
= 1(1; q) ~ 0. The latter equation implies Rif — 0, which 
in turn implies f = 0 , as w r as pointed out in Theorems 4.10 
and 4.19. Consequently F takes every element of § into 
the null element, and we have 

F—O, M+<x) = I, 

as we wfished to show. This completes the proof of the 
theorem. 

Theorem 5.7. Between the class % of all self-adjoint trans¬ 
formations H and the class & of all resolutions of the identity Ef) 
there is a one-to-one correspondence such that if H and E(l) 
are corresponding members of these classes the resolvent ofH 
is expressed by the formula 

(Rif 9) = r T^T d ( E( f)f, 9 )• 

O —oO A 0 
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In the preceding theorem, we have proved that if H is 
an arbitrary self-adjoint transformation its resolvent Bi de¬ 
termines a unique resolution of the identity E{1) such that 
the formula {Rif, g) = 1(1; (E(X) f g)) is true. It is thus 
evident that the class of all self-adjoint transformations is 
in one-to-one correspondence with a certain subset of the 
class of all resolutions of the identity. We must show that 
this subset is identical with the entire class. 

Let E(X) be a given resolution of the identity. We first 
show that the function q{) l; f g) = (E(X)f g) is a function 
of bounded variation in normal form. From the fundamental 
properties of the family E(X) we derive the relations 

e(^ + 0;/; g) = e(A;/; g), lim q(?.- f ,/) = 0, 

K —>—00 

so that it remains for us to prove that F(g) is finite. We 
let 5) be a collection of intervals A x , • • •, A n , no two of 
which have interior points in common, and introduce the 
notation E(A) for the difference E(fi )— E(a) associated with 
the interval A, cc^X^/3. By reference to Theorem 2.37 
we see that E{A X ) } •••, E(A n ) are projections such that 
E(Ai) E(Ajc) = 0, i 4 Tc\ thus, by Theorem 2.39, E = 

-E r (i 1 )H- \-E(A n ) is a projection. It is now a simple matter 

to appraise the sum V $ (q) and the related quantity F(b). 

We have 

T-sG?) = 2 I?(A) | = 2 \ (E(A a ) f, 0 )\ 


= 2 | E{A u )g)\ 

«=1 


n / n n \l/2 

< 2 \m*)f\ \e{a k ) 9 i < (2 mA a )fv ■ 2_ . 

Since the projections E(A£) and E(A k ) are orthogonal when 
i 4 k, we have 


2\E{A a )fr 

Ct = l 
n 

2\E{A a )g\* 


2 EiAa)) f 

K = 1 / 

n \ 

2 E(Aa)\ ^ 


= l^/i 2 <l/I 2 , 

= [EgV<\g\\ 


12 
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Thus V& (q) < |/| ‘\g I independent of the collection ® . We 
conclude that V(q) does not exceed lf\ Igl, as we wished 
to prove. 

We now form the Stieltjes integral 1{1\ q(X; f g))\ by 
Lemma 5.2 it is a single-valued analytic function of l when 
5© + 0. By the properties of the Stieltjes integral and 
those of the function g) we see that 


chfi+chf^g)) 

— g )) + a 2 I{1\ e (X ; f 2 , g)) 

I(l\Q{hf: <h 3i + a*g*i) 

= m *Q-\f 9i ))+^ m Q&;f, 92 )) 

I Itt; <?(*;/, 9 )) I < V(q) /\d(l)\£lfl-\gV 13' © |. 

Hence we can apply Theorem 2.28 and write 1(1; g))< 

= (Xif, g) where Xi is a bounded linear transformation with 
domain § and 3(0 + 0. We note that the bound of Xi does 
not exceed 1 /1 3 (0 |. 

The remainder of the proof consists in showing that the 
family of transformations Xi satisfies the conditions of Theo¬ 
rem 4.19 and can therefore be regarded as the resolvent of 
a uniquely determined self-adjoint transformation H\ The 
first condition is met if we can show that the relation 

(l-m) aU;/+) = (Xtf,g)-(X m f,g) 

holds for every / and g in § as a consequence of the fund¬ 
amental equation E(X)E(ji) = EQ) 1 X < g. In the proof 
of Theorem 5.6 we passed from the functional equation for 
the resolvent to the fundamental equation for the family 
E(X). It is here a question of reversing the procedure. 
Upon examination it turns out that we can accomplish our- 
aim simply by retracing the steps of the proof given in that 
theorem. As a consequence, we do not need to write out. 
the details of a proof here. Having verified in this manner 
that the family Xi has the first property required hy Theo¬ 
rem 4.19 ; we turn to the second. We let m be a fixed. 
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value and show that X m f = 0 Implies / = 0. By means 
of the relation (l — m)XiX m f = Xif — X m f we see that 
X m f — 0 implies Xif = 0 for arbitrary 1. Thus ( Xifg) 
= l(l\ q) = 0 for arbitrary l and g. By applying the 
uniqueness argument drawn from Lemma 5.2, we conclude 
that (E{l)fg) = q f ; f g) — 0. On allowing l to become 
positively infinite we have 

E(l)->f ( fg ) = 0 . 

Hence we have shown that / = 0. Finally we can establish 
the truth of the third condition without difficulty: we have 

- (Xif g) = Id ; *(*;/, g)) = if <g, E(X)f)) 

= W\(E(X)g,f)) = (Xjg,f) = (,/; Ary). 

Since all the conditions of Theorem 4.19 are met, we see 
that there is a unique self-adjoint transformation H whose 
resolvent Bi satisfies the relation 

(Rif 9) = (Rif 9) d(E(L)f, g) 

for every f and g in The proof of the theorem is thus 
complete. 

The expression for the resolvent of a self-adjoint trans¬ 
formation given in the preceding theorems yields an imme¬ 
diate knowledge of properties of reducibility. If we denote 
by 9ft (4) the range of the projection E(A) = E(fi) — E{a) 
where A is a finite or infinite interval (a, ft) and E( — go) = 0, 
E(+ oo) = I, we can state the facts as follows: 

Theorem 5.8. If H is a self-adjoint transformation and 
Ri is its resolvent, then H and Ri are loth reduced by 
9ft (4). 

According to Theorem 4.27, it is sufficient to prove that 
Ri is reduced by 9ft (4); and, by the definition of reducibility, 
it is in turn sufficient to prove that E(A)R Z and RiE(A) 
are identical. This follows at once from the equations 


12’ 
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(E(A)R l f,g) 

= (Rif, E{A) g) = J(Z; (E(T)f, E(A) g)) 

= I(l\ (E(A) E(X)f , </)) = J(Z; JS7(X) JS?(4)/, ,0) 

= (RiE(A)f,g). 

It is to be noted that Theorem 5.8 does not give complete 
information concerning the reducibility of H or of its resolvent. 
The precise characterization of these transformations in terms 
of reducibility can be effected only at a somewhat later stage, 
which we shall reach in Chapter VII. 

§ 4. The Analytical Kepresentation of a Self-Adjoint 
Transformation 

We must now obtain a method for representing a given 
self-adjoint transformation H directly in terms of the corre¬ 
sponding resolution of the identity E(h). The correspondence 
between the classes % and & is rendered more transparent 
by the direct characterization provided in the following 
theorem. 

Theorem 5.9. The correspondence between the classes % and & 

defined in Theorem 5.7 is determined directly as follows: if H 

and E (A) are corresponding elements of the two classes, then 

the domain of E comprises those and only those elements f 

X H -00 9 0 

Eel | EQ)f\* is convergent ; 

ivhen f is in the domain of H, the element Hf is determined 

by the relations 

p~\~oc 

(-H -f,g) = J_ M la{E{X)f,g), \Hff == J y 

where g is an arbitrary element in §>. 

Let A be a finite interval « < l < fi, E(A) the projection 
E(fi) — E(cc) , 9ft (A) the range of this projection, and / an 
arbitrary element of £>. Our first step is to show that E(A) f 
is in the domain of H and that 

(HE{A)f,g) = 
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Since E(l) is a resolution of the identit}q we see that the 
transformation E(X) E(A) coincides with 0, E(l) — E(a), or 
E{A) according as a<h</3, or $<,1. It follows 

immediately that 

f u (E(l) E(A)f, g) = JJ ld{E{).)f, cj). 

We denote the conjugate of this integral by L (g) , observing 
that L is a complex-valued linear function of g which satisfies 
the inequality 

\L{g)\ < MV(iEWf,g)) £ M\fl-\<j\ 

where M is the maximum of the two numbers |«| and . 
Theorem 2.27 shows that there exists an element /* in £> 
such that 

£(</) = O, /*>, JW;<£OW)/,.0 = (/*, i/). 

We next compute Ri(f* — lE(A)f) for ail arbitrary not- 
real value of l. From the proofs of Theorems 5.8 and 5.6 
we recall the equations 

(RiEME(A)f,g) = (E (A) RiE(A) f, g) 

= f Eu d < E( d) E(A )f’d)- 

With this expression at our disposal, we obtain 

( Bi(f*-lE(A)f),g.) 

= (f*-lE(A)f, Btg) 

= 0 — 0 d(B(l) #0)/, ifr </) 

= // 0~ z ) d{RiE{l)E(A)f, g) = JJ d(E(l)E(A)f, g) 

where y is an arbitrary element in §. Thus we see that 
Ri(f* — lE(A)f) = E(A)f .. This equation implies that 
I£(4)/is in the domain of IT and that 
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HE{A)f = H l E(A)f+lE(A)f 

= <J* — lE{A)f) + lE(A)f=f*, 

(HE(A)f,g) = (J*,g) = JL d (.E(X)f, g). 

We calculate |.S.E(4)/| S as follows: 

\HE(.A)jf = (HE(A)f, HE(A)f) = Phd(tf(A)/, HE{A)f) 

tJCC 

- X* iwa) 

Thus the relations indicated above are valid. 

Let us suppose now that f belongs to the domain of H. 
From Theorem 5.8 we know that HE(A)f = E(A)Hf. 
When a and ft tend to — o° and + 00 respectively, we see 
therefore that E(A) -* 7, HE (4) /-> Hf. Hence we can pass 
directly from the results obtained in the preceding paragraph 
to the corresponding integral representations for {Hf, g) 
and \HJV stated in the theorem. 

On the other hand, let f be an element such that the 

X H-00 

Hcl\E{f) f j 2 is convergent. We determine a se- 

- 00 

quence of intervals {4,J expanding so as to cover the interval 
—'Go < 2<-{-oo; we suppose that A n is contained in A n + i, 
n = 1, 2, 3, • • •. The properties of. 77(1) show that 

E(A m )E{A n ) = E(A n ), (E(A m ) — E(A n ))E(A n ) = 0 , 

m n. 

By Theorem 2.37, therefore, E(A m ) — E{A n ) and E{A n ) are 
orthogonal projections with the respective ranges (A m ) © 
9)7 (A n ) and 9Ji (A n .) From Theorems 4.23 and 5.8 we 
see that the elements H(E(A m ) — E(A n ))f and HE(A n )f 
belong to iD7 ( A m ) © TR (4 ;i ) and to $7 (4,0 respectively, and 
are therefore orthogonal. Hence their sum HE (4 m ) f satisfies 
the equation 

lHE(A m )fV = lH{E{A m )—E{A n ))f\*+\HE{A n )f{\ 
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By an obvious rearrangement of terms we obtain 
\HE{A m )f-HE{A n )f [ 2 = \HE{A m )f\* — \HE{A n )f\* 

= f. , Vd\E{X)f\*. 

t) AwT~ An 

Since the last expression tends to zero when m and n become 
infinite, we conclude that HE (A n )/-»/*, E(A n )f-+f. By 
virtue of the fact that H is a closed transformation these 
relations imply that f is in the domain of H and that Hf= /*. 
This result completes the proof of the theorem. 

This theorem gives us a specific method for passing from 
a given resolution of the identity E if) to the corresponding 
transformation H. By reference to Lemma5.2 and Theorem 5.7, 
we may formulate a somewhat indirect but none the less 
specific method for computing E(X) in terms of H. We have 
Theorem 5.10. If H is a given self-adjoint transformation 
and Hi is its resolvent, then the corresponding resolution of 
the identity E (A) can he determined from the relation 


i [{(E^)f,g)+(E(^-0)f,g)} - {(E(v)f g) + (E(y - 0)/ f g)} 


= lim - 
£->0 


j-r f (Rif, a) d I, 

]f€t JC(u,r,a,s) x J J ’ 


where C (y, v, a, e) is the contour described in Lemma 5.2. 

We make particular mention of this theorem because of 
its great practical and historical significance. It is the key 
to many important researches concerning boundary value 
problems for differential equations, including those discussed 
in Chapter III, § 3; we shall indicate the connection in greater 
detail in the following section. It is also the fundamental 
tool in Hellinger’s discussion of the spectrum of bounded 
symmetric transformations.f More precisely, Hellinger uses 
the contour integral to define the family of projections E 
and is thus able to obtain important information concerning 
the transformation H. It should be noted that his method 
cannot be extended directly to the general self-adjoint trans- 


f Hellinger, Journal fur Mathematik, 136 (1909), pp. 210-271. 
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formation; we are able, however, to verify its validity 
a posteriori. Under these circumstances, it is natural to 
inquire whether or not the procedure of Hellinger can be 
so modified as to give a direct treatment of unbounded as 
well as bounded transformations; we have not been able 
to do so. 

§ 5. The Spectrum of a Self-Adjoint Transformation 

The relation between the spectrum of a self-adjoint trans¬ 
formation and the corresponding resolution of the identity 
remains to be considered. A few paragraphs will be sufficient 
to extablish the salient features of the relationship. 

First of all it is necessary to classify the points of the 
real axis in the Z-plane with reference to a given resolution 
of the identity. 

Definition 5.2. IfEQi) is a resolution of the identity, the 
point l = {u is called 

(1) a point of constancy of E(f) when g is interior to some 
interval A such that E(A) = 0; 

(2) a point of continuity of E(X) when g is interior to no 
such interval hut has the property that E(g) = E(g — 0); 

(3) a point of disrontinuity of E (4) ivhen E(jj) =|e E (/./, — 0). 
The set of all points of constancy will he denoted hy Be, that 
of all points of continuity hy Be , and that of all points of 
discontinuity hy Ae. 

It is evident that the three sets A Ef Be, Be are mutually 
exclusive sets whose sum is the entire range — cc < X < 4 - co; 
some of them may be empty, but not all. At every point 
l = fj, of the set Be + Be, E(X) is continuous in the sense 
that E(g — 0) = E(g) = E(g-\- 0); the terminology used in 
the definition to distinguish between points in Be and those 
in Be has been adopted for reasons of convenience. 

Theorem 5.11. If H is a self-adjoint transformation, E(f) 
is the corresponding resolution of the identity, and Ae, Be, 
and Be are the sets introduced in Befinition 5.2, then 

(1) the point-spectrum A{H) coincides with Ae ; 

(2) the continuous spectrum B(H) coincides with Be ; 
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(3) the residual spectrum C(H) is empty ; 

(4) the real points in the resolvent set D (H) coincide 
with De. 

The spectrum S(H) = Ae + Be contains at least one point. 
If l is in the set B(H) -f D(H), then Hf 1 exists ; its domain 
comprises those and only those elements f such that the integral 

n+QQ j 

1ls -d\E(X)JV is convergent, and it is determined 

t_) — 00 I A 1 1 

X -fcc . 

J—— d(E(l)f,g). 


It is convenient to begin with the study of the integral 
representation of Hf 1 • When l is not real, we know that 
Hf 1 = Bi so that this case needs no further discussion. We 
shall therefore suppose that l — y is a point of the set Bx+De 
on the real axis. We then define a transformation T whose 
domain consists of those and only those elements f such that 


—!— oo 


1 


(X-tf 

havior is described by the equation 


exists and whose be- 


(Tf, g ) = jTf jfj; d(E(l)f, g). 

If we make the transformation v = —, we can draw on 

A — (i 

the results of Theorem 5.9 to show that this definition is 
effective and provides us with a transformation T which is 
self-adjoint. In order to introduce the new variable v we 
define a family of transformations F{y) according to the 
identities 

F(v) = E{p — 0) — Eil/vf-y — 0), r <C 0, 

n o) = eq*), 

F(v) = I E(y )— E(l/v-\-y — 0), r>0; 


it is easily verified by direct computation that F 0) is a re¬ 
solution of the identity. The introduction of the variable v 
leads to the equations 
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icr+x^^^® 71 ' 

- LC.+n —' >0 - 

=[£,. + ri-<^/.^ 

When f tends to zero we find 

IT <* i «»/p = r: -■ * i *w/r- 

X + 00 1 P +-00 

-T») “ J_„ >' <!(«-)/ »). 

where the existence of either of 0 the two integrals in the 
first equation entails the existence of the remaining three. 
Thus the transformation T may be defined as indicated and 
is a self-adjoint transformation corresponding to the resolution 
of the identity Fiy) . It is notv a matter of simple manipulations 
to show that in the domain of H the transformation TH u 
exists and reduces to the identity. By reference to Theorems 5.8 
and 5.9 we can write 

I E(l)H^f\* = \H Ll E(X)/f 

X -j-00 

_ x O' ~ d[E(y) E (A)/P = J_ M (V - M) 2 d | E(v) f[\ 

(.E(l)Huf, g) = O'-/*) d{E(v)f, g), 

whenever H u f exists. Thus, for *>0, 

X us -j /H-oo . 

X u—£ /^-f-oo p+oo 

d\E{X) /l 2 +J u+e d\E{l) d\ EU) /| 2 = |/1 2 , 

so that TH^f exists. Furthermore, we can evaluate TH^f 
by means of the relations 
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X V-s w /*+oo 1 

-r-i— d (E{X)Eafg) 

= J!7/, o +J^“ g) ■ <* W)/, 

= (/, 3), 

which imply that (TH u f,g) = (f,g), TH^f = f. From 
these facts it appears immediately that H u takes its domain 
in a one-to-one manner into its range, and thus possesses 
an inverse H^ 1 of which T is a self-adjoint extension. Since? 
as we have already proved in Theorem 4.18, the inverse 
is self-adjoint, it must coincide with T. The desired integral 
representation for H^ 1 is thus established, and is seen to be 
valid whenever X = ^ is not a point of discontinuity of 
JEW. 

There is no further difficulty in proving the assertions of 
the theorem. In Theorem 4.18 we have already proved (3). 
From what has just been demonstrated, the point spectrum .4 {H) 
must be a subset of Ae. In order to show that A(H) and Ae 
are identical, we have to prove that every point of the second 
set belongs to the first. That the latter assertion is true 
we see as follows: X = ^ is a point of discontinuity of E{X) 
if and only if there exists an element f such that 
(E (fi) — E(p — 0■))/ = /, |/|=1; such an element / i s 
obviously a characteristic element of H for l — p, in view 
of the relations 

E{X)f = 0, X < fi ; E(X)f = f, X s 
J_ +M l*d\E{X)f¥ = g 2 -, 

(Hf, g) = J_ + “ 1 = /"(/. g). 

In order to complete the proof of the theorem, we must 
still show that every point of constancy of E{X) is a real 
point of the resolvent set D{H), and conversely. If X = p 
is a point of constancy of E(X) f then e can be chosen so 
small that E{X) = E(p) for ^ — e <; X < Thus 

H^ 1 has § as its domain since the integral 
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f + ” 1 

(A-#*)*' 


U-EW/P 


r- £ _i_ 

J -00 (A -,«) 2 


r -f 00 


1 


(*—/*)* 




is always convergent; by Theorem 4.18, l = y is inZ)(H). 
On the other hand, if l = g is in B(H), ( Rifg ) is defined 
and analytic in a sufficiently small circle 1 1 — p | < e ; if i?U) 
be computed by means of the contour integral of Theorem 5.10, 
it is evident from Cauchy’s theorem that E(X) = E{p) for 
fi — e < X < p-{- e, so that X — p is a point of constancy 
of E(X). Thus the real part of the set B(H) coincides 
with Be . Since we have already shown that A(H) = Ae, 
it must now follow that B(H) = Be> 

From the fact that the spectrum of H can be empty only 
when E(X) is everywhere constant, we conclude that the 
spectrum of H must contain at least one point; for we know 
that E( —oc) = 0, = I • In the case of the 

identity I , the spectrum consists of just one point l — 1. 

Theorem 5.12. If H is a self-acljoint transformation satis¬ 
fying one of the inequalities 

( Hff ) C\fl\ < Hff ) 2: CUV, I I <: C\JV 


where C is a real number, then the points l = X of the 
spectrum of H satisfy the corresponding inequality 

X<LC, X^c, \x\ <c r ; 

and conversely. 

We shall discuss the first pair of inequalities alone, the 
second pair being subject to analogous treatment, and the 
third pair being a combination of the first two. If 
{Hff) C\f\~ we can conclude that every point l = X 
in the spectrum of H satisfies the inequality X <! C; that is, 
that every point X > C is a point of constancy of E(X), the 
resolution of the identity for H. For, if X = p > (7is a point of 
the spectrum of H , we can find a positive € such that g — e > C 
and an element / such that E(g + £ ) — E(g — e)) f = /, 
i/i + 0; and we can then obtain the inequality 
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= I ui(EWff) 

-oo t' u—£ 

<#/,/) ^ G*-«) j„__ £ d(EWf,f) = (^-*)i/I 2 > Cl/I 2 , 

which is contrary to our hypothesis. On the other hand, 
if every point of the spectrum satisfies the inequality C, 
we have E(j L) = I, l > (7, so that 

X -j-oo p>C 

_ m ld(E(X)f,f) =J_ m ld{EQ.)f,f) 

S cjf ^(-£(>■)/,/> = c-l/l*. 

This completes our discussion. 

By reference to Theorem 2.38 we see that the expression 
| .27(A)/| 2 is a real monotone-increasing function of /. It is 
of considerable interest to determine how the properties of 
this function are connected with the mutual relations be¬ 
tween the element f and the self-adjoint transformation H 
associated with E(fi). 

Theorem 5.13. Let H be a self-adjoint transformation , 
E(f) the corresponding resolution of the identity, and E the 
set of all characteristic elements of R; let 9)1 he the closed linear 
manifold determined by E + 0, m its dimension number ; and 
let 91 be the orthogonal complement of 9ft, n its dimension 
number . Then one of the three following cases must occur: 
(1) E is empty ; 9ft = 0, ft = §; m = 0, n = fc? 0 ; 

(2) E contains an incomplete orthonormal set {cpk\ which 
determines the closed linear manifold 9ft; the manifolds 9ft and 
ft are both proper subsets o/§; and m = 1, • • s* 07 n — ^ 0 ; 

(3) E contains a complete orthonormal set {spa*}; 9ft = §9 
ft = 0; and m = n = 0. 

In each of the three cases, the closed linear manifolds 9ft and ft 
reduce R. A necessary and sufficient condition that the 
element f be a characteristic element of R corresponding to 
the characteristic value l is that 


\E{l)fV = 0, l<h |EWJf = I/I 2 =(= 0, ^ ^ l. 
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A necessary and sufficient condition that f^ 0 be an element 
of dJl (in cases (2) and (3)) is that 

oo oo 

/ = (la fa, Clk = if, 9k), l/P = 2 I I 2 + 0; 

a = 1 a = 1 

/or such an element f we have 
i a ^x 

im)/r = z i««i 3 , H9k = hn- 
(«) 

j4. necessary and sufficient condition that ff 0 fro cm element 
of 91 is that \ E (/) f\ 2 be a continuous function not identically 
zero . If f is cm arbitrary element of § and if g and h are 
its projections on Dl and It respectively, then the equation 

\E(l)ff = \E(l)gf + \E{l)hf 

is valid and provides the standard resolution of the monotone 
function on the left into its discontinuous and continuous 
monotone components . 

We first consider under what circumstances an element 
ff 0 is a characteristic element of H for the characteristic 
value l. We see at once that a necessary and sufficient 
condition is the vanishing of the expression | Hf — Iff. If 
we expand this quantity in the form J Hff — 2 1 {Hf /) + 1 2 1 / j 2 
and apply Theorem 5.9, we obtain the equivalent condition 

f (2 — If d | E (f) ff = 0. This integral vanishes if and 

t/ — oo 

onl} 7 if the function \E(h)ff is constant on each of the open 
intervals —co < X < l and l < X < -f co, a condition which 
is evidently equivalent to the one stated in the theorem. 
We can show also that, for 0 to be a characteristic 
element, it is necessary and sufficient that f belong to the 
range of the projection E{T )— E{1 —0)^0 or, in other 
words, that f= (E(l) — E(l — 0))fi The condition given 
in the theorem requires 

lEWff = 0, E(l)f = 0, h<l : 

= \.ff-VE().)f¥ = 0, EO)f = f, 

and hence E(l)f=f E(l — 0)f=0, (E(t)-E(l-0))f=f. 
On the other hand, the last relation enables us to show that 
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E(l)f= E{X) (E (Z) — E(l — 0)) f = 0, X<1 , 

E(X)f = E(X)(E(I) — E(l — 0))f = f X>1; 

thus \E(X)ff has the properties described in the theorem 
and / is a characteristic element. The range of the projection 
E(l) — E(l —0)^0 is a closed linear manifold which reduces#, 
since it can be shown that the projection is permutable with 
the resolvent and hence with H, by the argument used in 
Theorem 5.8. Obviously, this manifold is in the domain 
of H , and is a characteristic manifold of H corresponding 
to the characteristic value I. 

When £ is empty, it is evident that the various conditions 
stated under case ( 1 ) are fulfilled; the fact that 9ft = D 
and ft = § reduce H is trivial. When £ is not empty we 
construct all the characteristic manifolds of H and arrange 
them in a finite or denumerably infinite sequence {9ft?), 
Clearly we have 

6 + D = 2 Wcc, SR = 3Ri © % © © 

a — 1 

Since each of the manifolds 9ft* reduces H we can apply 
Theorem 4.26 to show that 9ft reduces H; hence, by Theorem 4.23, 
ft reduces H. The construction of the orthonormal set {$p/ £ } 
now offers little difficulty. In 9ft z - we can select an every¬ 
where dense sequence, by Theorem 1.18, and can then replace 
this sequence, according to Theorem 1.13, by an orthonormal 
set which determines the same closed linear manifold as the 
sequence itself. The orthonormal sets in the different mani¬ 
folds 9ft; are then arranged in a simple sequence. Since the 
manifolds 9ft; are mutually orthogonal, {<?/■} is an orthonormal 
set. It is evident that { 5 p/ c } is contained in £ and that it 
determines the closed linear manifold 9ft. In the case where 
9ft = §, ft = £), the set {<?&} is complete; but there is no 
reason in general why it should be complete. 

According to Theorem 1.8 a necessary and sufficient condition 
that 0 belong to 9ft (in case ( 2 ) and (3)) is the one stated 
in the theorem. To compute \E(X)ff when / ^ 0 is in 9ft, we 
make use of the continuity of the projection EQ l). We have 
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)2 

iewjt = 

n—> oo 

= lim 

n~> oo 


E (A) ( Cla <pcc 
\« = 1 
n 

^ Cla E{l)(pa 


oo 

« = 1 


Since 9 ^ is a normalized characteristic element for the 
characteristic value h, we know that \E{X)(fu\ 2 has the 
value 0 or 1 according as A <4 or A > 4; the expression 
for |i£(A)/| 2 thus reduces to the form given in the theorem. 

If / 4 1 0 is an element of 31 (in cases (1) and (2)) the 
function \E{fyf\ 2 is continuous and not identically zero. If 
the function were discontinuous at A = l we should put 
cp = ( E(l) — E(l —0))/ and then find that 

— J57(2—0))SP - <jp, 

(/, y) = IspI* - |S(0/P-|JE?0-0)/|* + o. 

These relations show that cp is a characteristic element of Tl 
to which / is not orthogonal. Since <p and / lie in the 
orthogonal manifolds 3)1 and 31 respectively, this result is 
in contradiction with the facts, and our hypothesis must be 
rejected. A sufficient condition that 0 belong to 31 is 
of interest only in case (2). Then/has the desired properties 
if |i?(Aj/|- is continuous and not identically zero. If <p k is 
an arbitrary element of the set {<?4 we have 

I (f, 9k> I 2 = I (f, mk) — E(! k -0))<p$\* 

= \m k )—n(f k —o))f, cp k )\* 

£ l(E(i k )-L\i k -0))f\ 2 \nF 
= I E(lic) fV — I E(h — 0) ff = 0 

so that (fcpk) = 0. Hence / is orthogonal to every ele¬ 
ment of the set {spa} and must belong to 31. Since 
|/| 2 = |i£(+ o' 3 )/! 2 + 0, we see that // 0. On the basis 
of these conditions it is easy to show that in case (2) 31 
has the dimension number s 0 * We select ail arbitrary ele¬ 
ment /=j= 0 in 31 and an arbitrary integer J\ r . We can then 
choose JST closed intervals A l9 • ■ A no two of which have 
a point in common, on each of which the function \E(JC)f[* 
increases and does not remain constant. Since the projections 
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E{A t ), *•■, E (iiv) are mutually orthogonal, we find that the 
set {ipic} where ipu = E(A k )f/{ E(A k )f\ is an orthonormal set. 
It is easily verified that this set is contained in 9c. Hence 
we must have n N and conclude that 7 1 — • 

Theorem 5.14. A set of necessary and sufficient conditions 
that the self-adjoint transformation H have finite norm N is 
the following: 

(1) the points of the spectrum ofH other than 1 = 0 are char¬ 
acteristic values of finite multiplicity and can accordingly be de¬ 
noted as a sequence Z 1; Z 2 , Z 3 , •**, with corresponding multiplicities 
oil} n- 2 , n s , • • •; they cdl lie on a finite interval of the reed axis: 

(2) the point 1 = 0 is a characteristic value of finite or infinite 
multiplicity , or is a point of the continuous spectrum of H; 

(3) the set of cdl characteristic elements of H contains a 
complete orthonormal set; 

00 0 

(4) the equation N 2 = ^ n a la is redid and implies that 

a = l 

the sequence {Z«} is finite or is convergent to zero. 

The necessity of these conditions is less readil}- proved 
than the sufficiency and will be taken up first. The key to 
the behavior of H is found in the following assertion: if H 
is a self-adjoint transformation of finite norm, E(l) the cor¬ 
responding resolution of the identity, and A an arbitrary 
interval on the real axis at positive distance A from the 
origin, then the range of E(A) must have a finite dimension 
number. To prove this result, we assume that the range of 
E{A) has the dimension number N 0 and derive a contra¬ 
diction. Under this assumption, the range of E[A) contains 
an infinite orthonormal set { 9 ^}. Making use of the equation 
E(A)cp n = (p nj we can derive the inequalities 

X 4 00 

Xd(E{X)<f n> y„) 

= d(E&)<r„,tp„) = <U$p, t I 2 = <?, 

m 

Ah 2 > 2 \ SP«) I 2 2 mA 2 ; m = 1, 2, 3, * * *, 

a = l 

the second of which is evidently false when m is large. 


f Zcl(E(h)cp nj y n ) 


13 
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If i = f.i is a point of the continuous spectrum of H and 
A is any interval containing /a as an interior point, then the 
range of the projection E(A) must have the dimension 
number fc5 0 . To prove this assertion we must assume that 
the range has a finite dimension number n(A) and establish 
a contradiction. If the interval A be contracted about the 
point l = (a so that its length tends to zero, then E (A)0 
and n(A) decreases and tends to zero. Since n(A) can as¬ 
sume only a finite number of integral values, it must vanish 
for a sufficiently small interval A and the identity E(A) = Q 
must then be satisfied. According to Theorem 5.11, the 
point l = i* belongs to the resolvent set of H, contrary to 
hypothesis. Thus the range of E(A) cannot have a finite 
dimension number. 

By combining the results of the preceding paragraphs we 
see that the continuous spectrum of a self-adjoint trans¬ 
formation of finite norm can contain no point other than 
l = 0; all points of the spectrum other than l = 0 are 
characteristic values. An analogous but somewhat simpler 
argument shows that each characteristic value different from 
zero must have finite multiplicity. As to the point l = 0, 
it may belong either to the point spectrum or to the con¬ 
tinuous spectrum; we shall distinguish various cases below. 
Since H has finite norm, it is bounded, and its entire spectrum 
is confined to a finite interval of the real axis, by Theorem 5.12. 

The first two conditions having been derived, we turn to 
an investigation of the third. By a slight further refinement 
of the argument used above, we find that the number of 
characteristic values of H at positive distance e from l = 0 
must be finite, so that the range of the projection I — E(e —0) 
-\-E {—s + 0) has a finite dimension number and is actually 
the closed linear manifold determined by the characteristic 
elements of H corresponding to such characteristic values. 
In a similar way, it is verified that l = 0 is a characteristic 
value if and only if the range of the projection i£(0 + 0) 
— Eifi — 0) is different from D, and that when 1 = 0 is 
a characteristic value the range of the projection is the 
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corresponding characteristic manifold. The two projections 
so determined are evidently mutually orthogonal, so that them 
sum F(e) = I — E(*s —0)— E{ —* + 0)+j£(0 + 0) —J57(0—0) 
is also a projection in accordance with Theorem 2.37. When 
s tends to zero, F(i) -> I. We conclude therefore that the 
closed linear manifold determined by the set of all character¬ 
istic elements of H is the entire space §. By Theorem 5.13, 
we can select a complete orthonormal set {y> n } of characteristic 
elements. 

The fourth condition of the theorem follows at once. We 
have merely to compute the norm of H by means of the 
set {cp n } and obtain at once the equation 

N* = 2 <f[i) j 2 = 2 Ola ll. 

a, jS = l « = 1 

We can employ these facts to analyze in somewhat greater 
detail the nature of the point 1 = 0. When the characteristic 
values of H other than l = 0 are finite in number, l = 0 
must be a characteristic value of infinite multiplicity, in 
order that the set {y> n } be complete. When the characteristic 
values of H other than 1 = 0 are infinite in number and 
every element of the set {<p n } corresponds to one of them, 
then 1 = 0 cannot be a characteristic value; since, by the 
fourth condition, it is a limit point of the point spectrum 
it belongs to the spectrum and, more precisely, lies in the 
continuous spectrum. Finally there are intermediate cases 
where the spectrum of H reduces to the point spectrum alone 
and consists of infinitely many characteristic values, among 
which is the value 1 = 0 wfith finite or infinite multiplicity. 

The sufficiency of our conditions is almost immediately 
clear. With the given transformation H v 7 e associate 
a matrix A(cp) by the use of the orthonormal set {</> n } of 
condition (3). The only elements of A(y>) different from 
zero are evidently along the principal diagonal; in the 
diagonal each characteristic value & will appear nk times. 
The norm of H is thus precisely the number determined by 
the equation 


13* 
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N 2 = £ na il, 

a = 1 

Since the series converges by condition (4), PThas finite norm. 

We shall apply the theorem just proved to the various 
operators or transformations of finite norm which were dis¬ 
cussed in Chapter III. In the case of a bounded symmetric 
matrix A of finite norm, we infer the existence of a unitary 
matrix U such that B — UAU* is a diagonal matrix: we 
begin by introducing the self-adjoint transformation H as¬ 
sociated with A by an arbitrary complete orthonormal set 
{ty n }] then.we compute B as the matrix associated with H 
by the complete orthonormal set {<?«} of condition (4). For 
a symmetric kernel of Hilbert-Schmidt type and the related 
integral operator, the theorem informs us that 

(1) the integral equation(P, Q) f(Q) clQ — lf{P) = g (P) 

has a unique solution /(P), when / and g are to be in S 3 , 
unless l takes on one of a finite or denumerably infinite set 
of values; 

(2) the integral equation J^PT(P, Q)J\Q) dQ = lf(P) has 

a solution different from 0 if and only if l is one of the 
exceptional values in (1) and for each such value other than 
l = 0 possesses only a finite number of linearly independent 
solutions; 

(3) an arbitrary function /(P) in S 2 can be represented 
in the sense of the Riesz-Fischer theorem (convergence in 
the mean) by a series whose terms are solutions of the 
homogeneous equation of (2). 

In connection with the self-adjoint differential systems dis¬ 
cussed in Chapter III, we must proceed indirectly. If T is 
the transformation or operator defined by such a differential 
system, we can select a real number p such that T^ 1 exists 
and is an integral operator of Hilbert-Schmidt type. Since 
T~ 1 f= 0 implies that /= 0, it is clear that 1 = 0 is not 
a characteristic value for T^ 1 . Now a necessary and suffi¬ 
cient condition that an element / be a characteristic element 
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of Tu 1 for a characteristic value 1 4 0 is that it be a charac¬ 
teristic value of T for the characteristic value /< -f y: we 
prove this statement by observing that the three equations 

T?f = If, Taf = jf, Tf = (/<■ + y)/ 

are equivalent when l =j= 0. It is at once evident that the 
demonstrated properties of the spectrum of Tf 1 require that 
the spectrum of T consist of infinitely many characteristic 
values with no limit-point on the finite real axis. We can 
state the following facts for the operator or transformation T, 
the first of which we had to use in the construction of T 
and had already recognized as true: 

(1) the differential system Tf — If = g has at most one 
solution f(P) in 8 2 unless l takes on one of a denumerably 
infinite set of real values; 

(2) the differential system Tf —If has a solution different 
from zero if and only if l is one of the exceptional values 
of (1) and for each such value has only a finite number of 
linearly independent solutions; 

(3) an arbitrary function f(P) in £» can be represented in 
the sense of the Riesz-Fischer theorem by a series whose 
terms are solutions of the homogeneous equation in (2). 

If E (/) is the resolution of the identity corresponding to 
the transformation T and / is an arbitrary element of , 
then (E(o) — E( — q))f, p>0, is a finite sum of character¬ 
istic elements of T which converges “in the mean” to / when q 
tends to infinity. For the purpose of examining the behavior 
of this sum in greater detail the representation of Eio) — E( — q) 
in terms of the contour integral of Theorem 5.10 has proved 
itself of great value. 



CHAPTER VI 


THE OPERATIONAL CALCULUS 

§ 1. The Radon-Stieltjes Integral 

The formulas of the preceding chapter, especially those 
concerning the resolvent, suggest the construction of a general 
operational calculus applicable to an arbitrary self-adjoint 
transformation or operator H. We base our development of 
such a calculus upon the Radon-Stieltjes integral: if E(X) is 
the resolution of the identity corresponding to H and if P’(A) 
is a complex-valued function, we define a transformation T(F) 
by means of the equation 

(T(F)f,g)= F{X)d(E(X)f,g) 

where the integral is a Radon-Stieltjes integral. In this 
section we shall discuss the theory of integration which is 
to he used, in the next we shall develop the operational 
calculus. An important application is immediately made in 
Chapter VII, and an explicit illustration of the general theory 
by means of the Heaviside operational calculus is pointed out 
in Chapter X, § 2. 

It will be convenient to summarize at the outset a few 

general facts of algebraic nature concerning the theory of 

point sets. We denote by I an arbitrary fixed set and by 

E an arbitrary subset of I. We define the sum, intersection 

(or product), difference, complement, inner and outer limit 

sets, and limit sets in the usual manner, and assume the 

rules for reckoning with the operations involved. The symbols 

+ and will be used to indicate the formation of sums, 

00 

with our usual convention of applying the symbol both to 

a — l 
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infinite and to finite sums; the symbols • and fj will be used 
to indicate the formation of intersections; and the symbol — 
will be used to denote the formation of the difference. The 
complement of a set E with respect to I will be denoted 
by E. We can now proceed to describe some of the proper¬ 
ties which a family 3 of sets E may enjoy with respect to 
the various operations introduced. The family §r which con¬ 
sists of the complements of the sets belonging* to W is called 
the complementary family of SF; a family gr is said to be 
self-complementary if gr = gr. It should be observed that 
the dash plays quite different roles in the s} r mbols E and gr. 
A family SF is said to be additive (multiplicative) if it con¬ 
tains the sum (intersection) of every pair of its members; 
and is said to be completely additive (completely multi¬ 
plicative) if it contains the sum (intersection) of the sets of 
every denumerable subfamily of SF. By virtue of the relation 

”oo~' op — 

^Ea==WEa, a family & is additive (completely additive) 

ct — 1 u = 1 

if and only if the complementary family gr is multiplicative 
(completely multiplicative). In particular, a necessary and 
sufficient condition that a self-complementary family be ad¬ 
ditive (completely additive) is that it be multiplicative (com¬ 
pletely multiplicative). A family which is completely additive 
and completely multiplicative contains the outer and inner 
limit sets of any sequence of its members, the limit set 
of any convergent sequence of its members. A complex- 
valued function f (E) defined for every set E in an additive 
family is said to be additive if f (E x + i£>) = f (E Y ) + f (FV) 
whenever E 1 and E 2 are disjoint sets belonging to the family; 
and a complex-valued function f (E) defined for every set E 

in a completely additive family is said to be completely 

( 00 \ 00 

'Z, Ect) = 2 f (Ea) whenever {E n } is a sequence 

0=1 / 0=1 

of mutually disjoint sets belonging to the family. Finally, 
a complex-valued function f (E) is said to be continuous when¬ 
ever f (lim En) — lim f {E n ) for every convergent sequence {E n } 

n—> oo n—> oo 

such that f (E n ) and f (lim E n ) exist. 
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Here we shall take I as the set of all real numbers X, 
— co<A < -fee, the improper value + oo being’ included 
.for formal reasons. The interval a<X<ft will be denoted 
by the symbol *A , where the asterisk indicates by its position 
that the interval is open at the left; we retain the earlier 
notation A for the closed interval a X <; ft. The improper 
values a = —co, $ = 4-00 will be admitted; and the case 
where a = ft will also be admitted so that we may con¬ 
sider the empty set as included among the intervals *A. The 
family consisting of every set representable as the sum of a 
finite number of mutually disjoint intervals *4 will be denoted 
by <9, any set belonging to fit by A. Similarly, the family 
consisting of every set representable as the sum of a denumer¬ 
able collection of mutually disjoint intervals *A will be de¬ 
noted by SB. any set belonging to IB by B. The properties 
of the family & are used only ^establishing the properties 
of IB; but the families IB and IB are basic in subsequent 
developments. Every interval *4 belongs to <9; the family <9 
is self-complementary, multiplicative, and, in consequence, 
additive; and, furthermore, £1 contains A t — A 2 whenever it 
contains A 1 and A 2 . <9 is contained in IB and IB. The 

family IB is completely additive and multiplicative, the com¬ 
plementary family IB is therefore additive and completely 
multiplicative. If B x and B 2 are sets belonging to IB such 
that B 2 ^B 1 , then B 1 — B 2 belongs^ to IB. Every open set 
belongs to IB, every closed set to IB. 

If q (X) is a function in the class 53* defined in Chapter V, 
§ 1 , we introduce the complex number m(*4) = g(ft) — p(«) 
as the weight or measure of the interval a<zX < ft. The 
measure of a more general set E is then defined by a con¬ 
structive process which starts from the interval as a found¬ 
ation. In outline the theory is parallel to the Lebesgue 
theory of measure, where the weight assigned to an interval 
is its length. The fact that m(*d) is a complex number 
necessitates certain deviations from the procedure of Lebesgue. 
A further variation is introduced for reasons of convenience 
by using the families IB and IB in place of the families of 
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open and of closed sets which play dominating roles in the 
Lebesgue theory. Our development is thus a slightly modified 
form of that due to Radon.t It should be noted that Radon 
uses a different normal form for the function ^(A) in his 
treatment, preferring to have functions continuous on the left; 
the difference is unessential. 

For an arbitrary set B we define m (B) as follows: we 

oo 

determine a representation of B in the form and set 

ce = l 
oo 

nt(R) = This infinite series is absolutely con- 

a = 1 

vergent by virtue of the fact that q{1) is a function of bounded 
variation; and it can be shown that the sum of the series 
depends only upon the set B and not upon the particular 
representation of B which has been chosen. A few remarks 
about the proof of the latter fact are in order. First, we 
may consider the special case where q{1) is real and mono¬ 
tone-increasing, so that m (*A) is real and not-negative. In 
the discussion of this case it is found that the normal form 
of (>(A) and the covering theorem of Heine-Borel are essential 
to a proof. The general case is easily reduced to this by 
writing 

e « = fc w - (2)] + i [<> s (A) - (A)], 

where Qk{ A) is a real monotone-increasing function in SB* 

for k = 1 ? 2, 3, 4. We also define t ){B) as the least upper 

00 

bound of the set of numbers ^ |m(*i«)| formed for all 

«=i 
00 

possible representations B = The numbers m(B) 

a — \ 

and 0 (B) will be called respectively the ^-measure of B and 
the variation of q{1) over the set B. The functions m and fc> 
are both completely additive in the completely additive 

f For the Lebesgue theory, see de la Vallee Poussin, Integrates de 
Lebesgue, Paris, 1916, pp. 1-27. Radon’s discussion is found in Sitzungs- 
herichte der Akademie der Wissenschaften zu Wien, 122 2a ' (1913), 
pp. 1298-1322. The reader will be able to supply the proofs which we 
omit by consulting these references. Further important aspects of the 
theory will be found in articles by Frechet, Fundamenta Mathematieae, 
4 (1923), pp. 329-365; 5 (1924), pp. 206-251. 
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family cB; and tit and b are both continuous in cB. The 
relations 

! m (B) | < b ( B) < b (I) = F(p) , b (#>) < b (JBO when B 2 QE L , 

( 00 \ 00 

b(.B„) 

a = 1 / a = 1 

are easily established. An important property of b is ex¬ 
pressed by the equation b(*4) = 7(p; i), where the right- 
hand term is the variation of p(A) over A according to the 
definition given in Chapter V, § 1. Thus we are here using 
the word “variation” in a slightly modified sense. If we 
define a'(A) as the variation of p(A) over the interval *A with 
extremities — oo and A, then cr(A) is a real monotone-increasing 
function in 33* and b(Z?) is the tf-measure of the set B. 
When p(A) is a real monotone-increasing function, we have 

If p(A) is in 33*, the functions cftp(A) and 3p(A) are both 
in 33*. Hence we can define p 4 (A) and p s (A) as the respective 
variations of Dip (A) and 3q( A) over the interval *A with 
extremities —co and A; we know that pi (A) and p 3 (A) are 
real monotone-increasing functions in 33*. It is now easily 
verified that the functions p 2 ( A) — pi (A)— Sip (A) and 
p 4 (A) = p 3 (A)—oJp(A) are also real monotone-increasing 
functions in 33*. The equation p = (q 1 — p 2 ) + i(p 3 — p 4 ) is 
evidently true. The resolution of p(A) into its real monotone- 
increasing components obtained by this particular method 
will be referred to as the canonical resolution. Using 
subscripts to distinguish between measures and variations 
associated with different functions, we have 

nt*= Jc = 1,2,3, 4, 

m — (p t — p 2 ) -f i (b 3 — b 4 ) ? 
b bi - }— b 2 -■}— b 3 “j - b 4 , 

for every set B. On the other hand, the relations 

t>i < b, b 2 = b 4 — Sim 2b, 

b 3 <1 b, b 4 = b 3 — 3 m <1 2b 
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hold for every set B, by virtue of the definition of 
k = 1, 2, 3, 4. Thus we find the inequality l (hi + b 2 + b 3 +b 4 ) 
<S b (bi+t >2 + t >3 + t) 4 ) ? holding for every set B . This 
inequality is important in the sequel. 

The final steps in constructing the theory of measure can 
now be taken. If E is an arbitrary subset of 7, we define 
b* (E) as the greatest lower bound of the set of numbers 'o(B) 
where B 2 E, and we call this number the outer variation 
of q(X) over the set E. The properties 

b*(7) = b(.B), b*(J E) < b*CO = b(7), 

b*(77 2 ) < b*(7Ji) when E s £ E 1} 

OO V CO 

Z Ea < 2 **(-&<), 

« = 1 / « = 1 

are readily established. We define a second number b* (E) 
as the least upper bound of the set of numbers b* (7>) where 
BC^E\ and we call this number the inner variation of q{1) 
over the set E. We can then verify the relations 
b*(2?) = b*(5), ^(E) < 
b* (74) <S b*(7V) when E 2 Q E u 

( 00 \ CO 

^ 7h) > ^ b*(77 a ) when the sets E k are mutually 

a=1 J a —1 

disjoint, k = 1, 2, 3, • • •. 

We shall now restrict our attention to the family 017 defined 
by the equation b*(77) = t>*(E). A set E belonging to 017 
will be called ^-measurable or measurable with respect to 
q (k ); and the common value of b*( E) and b*(E) for such 
a set will be denoted by b (E) and will be called the variation 
of q(X) over the set E. Since b* (B) = b (B), this termino¬ 
logy cannot conflict with that introduced above. It can be 
shown that 017 is self-complementary, completely additive 
and completely multiplicative and that 017 contains SB and SB. 
Consequently 017 contains the inner and outer limit sets 
of any sequence of its members, the limit set of any con¬ 
vergent sequence of its members. In particular, every Borel 
set—every set which can be constructed by applying addition, 
subtraction, multiplication, and limiting operations in any 
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order to a denumerable collection of intervals *J—belongs 
to 91c. It is important to state various criteria which will 
enable us to test whether or not a given set E belongs to 91 L. 
We have: 

(1) E belongs to 91 L if and only if to arbitrary positive s 

there corresponds a pair of sets B x and B 2 such that 

B 2 QEQB U btBi — 

(2) E belongs to 91c if and only if_ to arbitrary positive s 
there corresponds a set B such that B C E< b* (E — B)<e; 

(3) E belongs to 91c if and only if to arbitrary positive £ 

there correponds a pair of sets E x and E 2 , respectively open 

and closed, such that E 2 ( EE ( EE L , b(E x — E$)<e\ 

(4) E belongs to 9TC if and only if to arbitrary positive e 
there corresponds a closed set E x such that E x Cl E . 
b *(E — E l )<*\ 

(5) E belongs to 9Tc if and only if there exist Bor el sets 
Ex and E 2 such that E X QEQE 2 , b(-£7i) = b(E 2 ). 

It can be shown that b(E) is a completely additive continuous 
function over the family 91c. A ^-measurable set E such 
that b(E) = 0 will be called a null set with respect to qO 0; 
and a property which holds for every l, —oo</l +°°» 
with the exception of values belonging to a null set with 
respect to q(X) will be said to hold almost everywhere with 
respect to q{X). 

It is now possible to define the ^-measure of an arbitrary 
set E belonging to the family 91c. We make use of the 
canonical resolution of q (X) into its real monotone-increasing 
components given by the equation q = (q i — q 2 ) + i fe — Q*), 
employing subscripts to distinguish between the symbols 
associated with the various functions q( l) , qj c (X), 1c = 1, 2, 3, 4. 
We first show that the family 91c contains those and only 
those sets E which belong simultaneously to the families 91c 1; 
91c 2 , 911*, and 91c 4 . If E is _an arbitrary set, and if B x 
and B 2 are_ sets such that B 2 £ E C B x , we have for 
B — Bi — B 2 the inequality 

i (Pi (B) + b 2 (B) + b 3 (B) + b 4 ( B )) 

£b(B) < (b x (B) -f b 2 (B) + b, (JB) + b 4 (B )). 
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Thus t> ( B ) is small if and only if t> 4 (. B), b 2 (B), b 3 (B), t> 4 (B) 
are simultaneously small. Our first criterion for measurability 
shows us that E belongs to 91£ if and only if it belongs 
simultaneously to 91Ci, 91c 2 , 91o 3 , 9Tc 4 , as we wished to 
prove. We define nt {E), the ^-measure of a set E belonging 
to 91C, by the equation 

m (E) = [nt! (E) — m 2 (E)) + i [m 3 (E) — m 4 (E)] 

= [bi (E) - b 2 (E)] + i [b s (E) - b 4 (E)l 

It is evident that this definition includes the earlier definition 
of m (B) ; and it is clear that nt is a completely additive con¬ 
tinuous function in the family 91c. The various relations 
which hold between nt, t>, t>i, b 2 , b 8 , b 4 in c6 can be extended 
directly to the family 91c. 

The theory of integration founded upon the theory of 
measure which has been described is essentially the same 
as the Lebesgue theory, even in detail. A complex-valued 
function F{1) is said to be ^-measurable if the set of numbers A 
specified by the inequalities Ui<cRi'\A) ct 2 , a 8 <3F(k) <! 
is always a ^-measurable set. The class of ^-measurable 
functions is closed under addition, subtraction, multiplication 
by a complex constant, multiplication, and limiting operations; 
it contains all Borel measurable functions. We shall consider 
^-measurable functions which are defined almost everywhere 
with respect to ^ (A). Two such functions are said to be equi¬ 
valent if they are equal almost everywhere with respect to 
q (A). The integral of a bounded function F (A) of this type may 
be defined as follows: we choose a positive number M such 
that — M< Si F (A) <! M, — M<3F (A) < M almost every¬ 
where with respect to q (A) and set . 

cf = ^ n M, = cj l) + i , j, k = 0 f •••, n; 

we then construct the set Eju specified by the inequalities 

<f <&F( A) < c^ 17 <£><9F{ A) < 

n —1 

for y, k — 0, • • •, n —1; we find that lim 2J c al m 

n-^oo a,p = 0 p p 

and depends only upon Fil ) and ^(A); we therefore denote 
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this limit by J F{1)cIq{1) and call it the Radon-Stieltjes 

integral of F(l) with respect to q (A) over the set I. We 

n—l 

note that the limit lim b (^i?) a l so exists and is 

n—>oo «,= 0 “ ^ 

equal to IP (A) d a (2), where o'(A) is the function described 
above, equal to the variation of q (2) over the interval *4 
with extremities —- go and 2; it is customary to denote this 

limit by J>w d|$(2)|. When F (2) is an arbitrary ^-meas¬ 
urable function defined almost everywhere with respect to 
q (2), we form the truncated function Fm (2), equal to F (2) 
or to zero according as the inequalities — M<C Si F (2) <; M> 
— M<3 F (l) < M are satisfied or not. The integral 

JPjr(2) | d | q (2) | then exists and depends upon M\ if it 
is bounded with respect to M, the function F(X) is said to 
be ^-integrable. The Radon-Stieltjes integral of F(l) with 

respect to o (2) is then defined as lim I T Fm (2) do (2) and is 

3/—>oo 

denoted by J* F(tydg (2); we also set 

C^(2) d I « (2) I - lim f Fm W d \q (2) |. 

These definitions are found to be effective, and are found to 
be in accord with the earlier definitions when F{X) is bounded. 

The integrals F (2) cIq (2) and F{ 2) d | q (2) | where 
F( 2) is g-integrable and E is ^-measurable are defined in 
a similar manner. Two ^-integrable functions which are 
^-equivalent have equal Radon-Stieltjes integrals with respect 
to q (2) over every ^-measurable set. It is convenient to write 

JJ in place of for an arbitrary interval *A:a< 

With this notation we find that whenever F (2) is abounded 
continuous function the Radon-Stieltjes integral F(X)dQ(F) 

exists and is equal to the Stieltjes integral JJJF(2) d q (2) de- 
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fined in Chapter Y, § 1. The main properties of the Radon- 
Stieltjes integral which will be required later will be form¬ 
ulated in a series of lemmas. 

Lemma 6.1. In its dependence on F(X), q(I), and E, the 
JRadon-Btieltjes integral has the following properties: 


(1) § E F{l)dQW 




(2) if | F(l) j < M, then F(l) \d \ <? (X) | ^ Mb (F); 

00 

(3) if E = ^ Fa toilere the sets E n are mutually disjoint, 

a = l 


then tF(X)d Q il)=± f F(f)dQ(X)i 

(4) J E FmdQ(X)+f js G(X)dQW =J E [FW + G(l)]dQ(h), 

where the existence of the integrals on the left implies the 
existence of the integral on the right; 

(5) a ^ E F(l)dQ{l) = a F(f)dQ{f) ivhere the existence 

of the integral on the left implies the existence of the integral 
on the right ; 

(6) if {^W} is a sequence such that lim F n (f) = F{f) 

n—>ca 

and | F n (l) | 0{l), ivhere <& (X) is Q-integrable and both re¬ 

lations hold almost every whe**e with respect to q (Z ), then 


lim 

n —> oc 


j E F n {X)d Q {X) =j F F(l)d Q {l), 


where the existence of the integral on the left for n = 1,2,3,- — 
implies the existence of that on the right; 

(7) if Q (X) = w + Q -2 (X), then 

j E F{l)d Ql (2) +j E F(X)d Qi (X) = j E F(l)dQ{l ), 

where the existence of the integrals on the left implies the 
existence of that on the right; 

(8) if (?2 W = ci q x (1 ), then 

aj E F{X)d Ql {X) = j E F(l)d Q ff), 
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where the existence of the integral on the left implies the 
existence of that on the right; 

(9) if q = (s>i — £> 2 ) + i G?s — £ 4 ) is the canonical resolution 
of o (f) into its real monotone-increasing components, then 

X.j’Wdfew] 

+ i [ JL« clQ S W -£^w d 0) ], 

ivhere the existence of the integral on the left implies and is 
implied by the existence of those on the right. 

The properties (l)-(6) follow without difficulty from the 
definition of the Badon-Stieltjes integral; with minor exceptions 
the methods for proving them are identical with the methods 
used in establishing the corresponding properties of the 
Lebesgue integral. Property (7) is also an immediate con¬ 
sequence of the definition of the integral, once we have shown 
that every set or function measurable with respect to both 
Qi and q 2 is also measurable with respect to q = ^ + 
The inequality b (I?) < bi (B) + b 2 (B) is readily proved; in 
conjunction with the first criterion for measurability, it yields 
the desired result. We treat (8) in a similar manner, starting 
from the inequality b 2 (B) | a | b t (B), Finally, property (9) 

follows directly from (7), (8) and the known properties of the 
canonical resolution.i 

We shall require the following generalization of Theorem 1.24 
to the case of the Badon-Stieltjes integral: 

Lemma 6.2. Let q (A) be a reed monotone-increasing function 
in the class SB* and let £ 2 (q) be the class of all complex-valued, 
q-measurable functions F(I) such that \F{h) | 2 is q-integrahle, 
two functions F(f) and Gif) being regarded as identical if 
and only if they are q- equivalent. If the operations + and • 
are defined as ordinary addition and multiplication, the null 

fFor the Lebesgue theory, see de la Vallee Poussin, Integrates de 
Lebesgue, Paris 1916, pp. 27-50; Radon’s treatment appears in Sitzungs- 
berichteder AkademiederWissenschaften,Wien, 122 2a2 (1913), pp. 1322-1342. 
A recent discussion is due to 0. Nikodym, Fundamenta Mathematicae, 
15 (1930), pp. 131-179. 
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element is defined as the function F(X) = 0, and the function 
(F, G) is defined by the equation 

(F, G) = F{1) GO) d«W, 

then S 2 fe) is either a Hilbert space or an n-dimensional unitary 
space for some n, n = 0, 1, 2, • • *. The tioo cases are 
distinguished as folloivs: 

(1) is a Hilbert space if and only if q(X) assumes in¬ 
finitely many different values; 

(2) S 2 fe) is an n-dimensional unitary space if and only if 
q (X) assumes exactly n + 1 distinct values. 

We leave the discussion to the reader, since the proof 
given for Theorem 1.24 applies with little change. 

Lemma 6.3. If q x (X) is a real monotone-increasing function 
in the class % 3* and F{X) is a real not-negative Qi-integrable 
function, then ^ 

(1) q 2 (X) = I F (g) d Qi (g) is a real monotone-increasing 

function in 33*; 

(2) every qi-measurable set E is ^-measurable; and for such 
a set E we have tn 2 (. E) = t> 2 (E) = J^-FfeO dq t (f ); 

(3) a necessary and sufficient condition that a set E be 
Qt-measurable is that E — E L -\- E 2 where E t and E 2 are dis¬ 
joint, Ei is Qi-measurable, and E 2 is contained in the set 
specified by the equation F(X) = 0; when this condition is 
.satisfied, m 2 (E 2 ) = 0 and m 2 (E) = i n 2 (.E\); 

(4) if G fe) is q 2 -me astir able and if F(X) o G(X) is equal to 
the product F(X) • G (A) ivhenever both factors are defined and 
.equal to zero elsewhere, then 

G(X) dg 2 (A) = FQj) ° (?0) do t <>) 

where the existence of the integral on the left implies and is 
implied by the existence of that on the right. 

It is obvious that q 2 (X) is a real monotone-increasing function 

X +co 

F(p) dqfp). If we set Fi(f) equal 

-CO 

To F{f) or to zero according as ^ ^ or we see 


14 
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X 4-00 

Fxfa)dq x fa)\ and if {l n } is a sequence 
such that where —co < X, we can apply 

Lemma 6.1 (6) to show that q 2 fa), Qz (~ 00 ) = 0. Thus 

q 2 fa) belongs to 58*. 

To prove (2) we first note that 

b 2 (2?) = J b Ffa) dq i fa), b 2 (B) = J s F(ji) dq x fa): 

00 

for if B = 2 *A a , we have 

a = l 

oo 

t>*(. B) = trt.(-B) = 2 nt*(*4„) 

a = 1 

= 2 f F(i*)dei(ft) = j J\/<) dojfi) 

and, therefore, 


b 2 (JS) = b2 (T—J9) — b 2 (jT) — b 2 (25) 

= J] F (ft) d Qi (ft) F(jt) d Qx (ft) 



dQi (ft). 


It will be noted that we have here made use of Lemma 6.1, 
(3)-(5). Now if the set E is ^-measurable and e is an 
arbitrary positive number, we choose M > 0 and sets B x 
and B 2 so that 

X +oo fH-oo 

-oo ^V) dQi fa) — J _ o0 F M fa)dq iW<f/2, 

B 2 C E £ B lt b x (B x ~B 2 )<e/2M, 

where Fjzfa) is the truncated function equal to Ffa) or to 
zero according as Ffa)<M or not. Since B x — B 2 belongs 
to cB, we have 

bsC^i B 2 ) [Ffa)—FM(f*)]dQ 1 fa)+J B ^ F M fa)dq x fa) 

<e/2+M-s/2M = s . 


Out first criterion for measurability shows that E is 
(^-measurable. By virtue of the further inequalities 
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ft2 ^ t)y (E) (-Z?i) j ^2 (-Z?i) ^2 (-£> 9 ) t>2 (JB X jBg) ^ f ? 

Ji-FO) d<?i(,«) < J^O) <^ftW ^ ^iW, 

we see that b 2 CE 1 ) and EY.u.) (Iq^ (,«) differ by an amount 
less than £ and must therefore be equal. 

To prove (3), let E be ^-measurable; and let E 0 , E {0) , 
E (n) , and E u denote respectively the (q-measurable sets where 

F(l) = 0, F{X) > 1, —- < F{1) < —, and F(l) is un- 
n~t 1 n 

defined, n = 1, 2, 3, • • •. We then set 

E 1 = EE» + jt EE«\ E, = EE 0 , 


so that E x and E 2 are disjoint sets with sum E and so that 
F(X) — 0 on E 2 ^=E 0 . We shall prove that E x is q x -measur¬ 
able by showing that each term of the sum which defines it is 
^-measurable. First, we have t>* (EE U ) < b* (E u ) — tq (E u ) = 0 
so that EE U is q x -measurable and is a null set with respect 
to q x (A). Next, we observe that E {n) , being (q-measurable, 
is ^-measurable, and that EE (n) , as the intersection of two 
^-measurable sets, is itself g 2 -measurable. If £ is an arbi¬ 
trary positive number, we can therefore choose sets Bi l) and 

B £ l) such that B™ ^ E E™ Q B[ n) , t> 2 (M' J> —-B2”) <— ^-r, 

- — — M + 1 

for n = 0, 1, 2, • • •. The set Z><"> = E M (Bf — Bf) is 
q x -measurable and satisfies the relations 

EE (H) — W £ D Cl Bi l> — £ 3 °, X» (,1) £ E w) . 
Hence the inequalities 

M't {EE'^ — Bf') < bi 
-~Y > b ziB^—Bf) > b s (Z* B >) 

are valid and in conjunction yield the inequality 


bf C EE {n) —B D < e. 


14* 
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The second criterion for measurability shows that EE (n) is 
^-measurable for n — 0, 1, 2, *• •. Thus Ex is ^-measur¬ 
able, as we were to prove. By virtue of the relations 
EiQEt+E* QEl + Eo we have t> 2 (E x )^ b 2 (E) <: [E L + E 0 ) 

and hence b 2 (E) = = L , On 

the other hand, the sufficiency of the condition given in (3) 
is evident. 

To prove (4) we commence by showing that the function 
JF(l) °G(X) is ^-measurable. If we put F 0 (l) equal to F(X) 
wherever the latter function is defined and equal to zero 
elsewhere, then F 0 {F) is ^-measurable. If we put G 0 (A) 
equal to GO l) wherever the latter function is defined and 
F(l) + 0, equal to zero elsewhere, then G 0 (l) is ^-measur- 
able: for if we consider the ^-measurable set E where 
a L < St G q (2) < a s , a s < 9G 0 (X) < a± and represent it in the 
form E — E x + E a by (3), we see that E s is empty or is 
the ^-measurable set defined by the equation F{1) = 0 
according as the inequalities a x < 0 <; a 2 , a 8 < 0 <; a A are 
false or simultaneously true; and in either case, E is ^-meas¬ 
urable. Since F (2) o G (A) = F 0 (2) . G 0 (X) ? we see that 
F(X)°G(X) is ^-measurable. To establish the integral re¬ 
lation in (4), we first treat the case where GQ) is real, not- 
negative, and bounded. If G (l) if, we form the set El n> 

, kM ^ nn . , Qc+1)M . 7 , 

where - < G{X) < -— 1 -for Jc = 0, • • •, n— 1, and 

n ~ n ? 

put G n {X) equal to ~~~ on ET and equal to zero elsewhere. 

00 n ~ 1 rv M 

It is clear that J ^ G n (A) d q 2 W = 2 b 2 (!?«). Applying 
(3) to the ^-measurable set Ek\ we have 


a M 
n 


a = 0 /i e'Ax.i 


an expression readily identified with the integral 


X +co 


o 


Gn O) d,Qi 
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We let n become infinite in the equation 

f +00 Gn « dg 2 (2) = f + °° FQ*) o G n (p) fo), 

tj —00 iJ —00 

observing that the left-hand side tends to the integral of 
G(l) as its limit, by definition. On the right, we apply 
Lemma 6.1 (6), noting that 

lim F(p)oG n (jp) = F (p) o G ({*) , 

n —>oo 

Fill) O On <» ^ F{ii)oGiii) <; Mo Fill). 


Hence, we find that the equation 


X +OO 

G(l) dq 2 W = F(p)oG(tt) clQifti) 


is significant and true in this case. Next we consider the 
case where G(l) is a real not-negative ^-measurable function. 
We form the truncated function GmQ 0 equal to 6? (A) or to 
zero according as G (A) M or G (it) > ILL In the equation 



G 2 


/H-oo 

- (A) d q 2 W = F(fi) o Gm (p) d q ± O) 
«/—00 


we allow M to become infinite. The integral on the left has 
a finite limit if and only if G(l) is ^-integrable, that on the 
right if and only if F(fi) o G(p) is ^-integrable; and, when 

X -f-00 

G (A) d (A) and 

-00 


X +OO 

F(fi) o G (/*) clQi (/*) respectively. Thus (4) is established 

-oo 


for this case. When 6? (A) is an unrestricted ^-measurable 
function defined almost everywhere with respect to 
we study the functions G l = \£HG\, G 2 = \<&G\ — SiG 0, 
G z = \go\ 9 g± = \3G\ — 3G ^ 0 separately. By the 
aid of the relations G — (6?i — G 2 ) + i(G$ — 6r 4 ) and 
FoG = (FoG 1 ~~FoG 2 ) + i(FoG s — FoG i ) and of the 
facts stated in Lemma 6.1, (4) and (5), we bring the proof 
of (4) to a close. 

In order to express symbolically the existence of a relation 
(A) = F(fn) dQx (^) connecting two real monotone-in- 

t /—00 
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creasing functions in SB*, where Fiji) is real and not-negative, 
we shall write or Since the function F[X) 

in this relation is uniquely determined by q x and q 2 in the 
sense that two such functions must he ^-equivalent, we write 

F(l) = The use of the ordinary notation of the 

dQi 

differential calculus for this purpose is partially justified 
below and can he further supported by facts which we do 
not need to discuss in the present eonnection.t To indicate 
that the relations q x q 2 , £2 ]>- £1 both hold, we write Q t ~ q 2 
Or 

Lemma 6.4. If 9 l if), q 2 {X), and q 3 W are real monotone- 
increasing functions in 8* and if the symbols j>- and ~ have 
the meanings described above, then 

(1) token every Q x -measurable set is Qz-measnrable; 

and if E is Qi-measurdble, 

tn 5 (E) = b % (E) 


(2) token Qif~Q 2 , a necessary and sufficient condition that 
a set E be Q 2 -measurable is that E — E x -\- E% where E x and E 2 
are disjoint, E x is Q x -measurable, and E 2 is contained in the 


set specified by the equation 

a q 1 

satisfied m%(E) — m 2 (Ej)\ 


0; when this condition is 


(3) if Qi Q 2 and q 2 q 3 , then q l g 3 and 


dQs dq s dQ 2 

—— o 

cl Q x dQ 2 cl Q x 


almost everywhere with respect to q x (!); 

(4) if q x ~ q 2 then o = 1 almost everywhere with 

clq 2 a Q x 

respect to q x and with respect to ; 

(5) if (h 00 92 and ~ p 3 , then q 3 . 

Statements (1) and (2) are mere paraphrases of Lemma 6.3 
(2) and (3). The property (3) follows immediately from 


f Compare Banach, Pundamenta Mathematicae, 6 (1924), pp. 170-188. 
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Lemma 6.3 (4). 

be equal to c \^ 
CtQz 

We then have 


We put FQ l) = and define Gx(j*) to 
dQ i 

or to zero according as ^ ^ A or /*>A. 


*?3 W 


f a o ^ W = /r ftW (A), 

e* 0*) = -FM (0, 

W = J_tT F(v)oGx(v) d Ql (V) = f* 


so that 
Qs 


d(> 3 cIq -2 ■, / \ 

-r- ° cl q x (y ). 
d Q2 d Qi 


Hence q x y~Q$ and is ^-equivalent to o Proper- 

* dQl dg 2 

ty (4) is a special case of (3); and (5) follows directly from 
the first part of (3). 

In order to test whether the relation £1 )>• q 2 is satisfied, 
we may appeal to the following criteria: 

Lemma 6.5. If q±(I) and q 2 (A) are real monotone-increasing 
functions in 23*, then 

(1) a necessary and sufficient condition that q x ^>q 2 is that 
every set of Q x -measure zero have Q^-measure zero; 

(2) a necessary and sufficient condition that o x q 2 is that 
every Borel set of Q Y -measure ze)’o have Q^-measure zero; 

(3) a sufficient condition that q x ^ q 2 is that 'Oi(F) P L > (E) 
for every Qi-measurdble set E; 

(4) a sufficient condition that Qi^q 2 is that tq(J5) b 2 (B) 

for every set in cB; 

(5) a sufficient condition that q x ^q 2 is that t>i(*4) P 2 (*4) 
for every interval *4. 

co 

If q (I) = 2 a (x Qa W where a n is a positive constant and 

a = 1 

q and Q n are real mono ton e-incr easing functions in 23*, 
n = 1, 2, 3 , * * •, then Q^-Qn for every n . 

The condition in (5) implies that in (4), the condition in (4) 
implies that in (3), by arguments already suggested above. 
We may note that the condition in (5) can be stated in the 
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form: Q 1 (fi)—Qi(a) j> ?*(£) —&(«) for every pair of numbers 
a , /S such that /$;>«. The condition in (3) implies the 
condition in (1). By virtue of our fifth criterion for measura¬ 
bility the conditions in (1) and (2) are equivalent. The as¬ 
sertion (1) is a well-known analogue of one of the fundamental 
criteria for determining whether or not a given function is an 
indefinite integral in the sense of Lebesgue.t Since, in the 
final statement of the lemma, a n Qn(I) is a real monotone- 
increasing function in $8* which obviously satisfies the suf¬ 
ficient condition of (5), relative to q( T), we have q a n Qn . 
The fact that a n >0 enables us to conclude that 

With the aid of Lemmas 6.4 and 6.5 we proceed to remove 
some of the hypotheses used in Lemma 6.3. 

Lemma 6.6. If q x (1) is a function in S3* and F(f) is 
a complex-valued Qx-integrable function , then 

( 1 ) g 2 (X) = f F(f) d Ql (p) is in 33*; 

itJ —CO 

(2) if 0(f) is a g^-measurable function defined almost every¬ 
where with respect to then 

X -j-oo qq 

^ Q{X) d Q fil) = F{f)oG(f) d Ql {f), 

tollere the existence of the integral on the left implies and is 
implied by the existence of that on the right. 

We commence with the special case where (A) is still 
assumed to be real and monotone-increasing. If we put 

F\ = \81F\, F 2 = \&F\—SiF^ 0, 

= \3F\, Ft = \3F\ — 3 F > 0, 

Qrk if) — F fe if 4 ) d Qi if ), k = 1, 2, 3, 4, 

then each of the four functions q^jcQ) is a real monotone- 
increasing function in 33* by Lemma 6.3. Thus 

Q 2 — ig 21 £ 22 )+ ^((>23 — £ 24 ) 

tThe proof is given by Radon, Sitzungsberichte der Akademie der 
Wissenscliaften, Wien, 1222 a 2 (1913), pp. 1342-1351; 0. Nikodym, Funda- 
menta Atathematieae, 15 (1930), pp. 166-179; Wilenski, Fundamenta Matlie- 
matieae, 16 (1930), pp. 399-400. 
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is a function in 33*. Furthermore, this resolution of g 2 W 
into real monotone-increasing components is the canonical 
resolution: for it can he shownt that the variations of 

eitMA) = f & F([i) d 0 l ( } i) and 3 o, (/.) = f 3 F(fi) d o l fr) 

over the interval *4 with extremities —oo and X are equal 
respectively to and £ 23 (2). By making appropriate 

use of Lemma 6.1, (4), (5), and (9), and Lemma 6.3, (4), 
we obtain the result asserted in (2) for the case in hand. 
We shall give the details when 0(X) is assumed to be q 2 - 
integrable, leaving the case where F(X) o G(X) is ^-integrable 
to the reader. By Lemma 6.1 (9) we can express the integral 

X -f-oo 

0(1) cl p 2 (X) as a linear combination of the integrals 

-00 

X -f-oo 

0(1) clQzktf), k = 1,2, 3, 4; by Lemma 6.3 (4) we 

-00 

can write each of the latter integrals in the form 


£ 


Fk(j*)°G(j*) dQtiii), k = 1, 2, 3, 4; 


and finally we can write the appropriate linear combination 

p-f-oo 

of these four integrals in the form F({f)oG(y) cIq 1 (/h) 

by Lemma 6.1, (4) and (5). 

We can now extend our result to the case of an arbitrary 
function (X) in 33*. We define q s W as the variation of (X) 
over the interval *4 with extremities —cc and X; and we 
form the canonical resolution Qi (X) = (q u — £ 12 )+ 2 (£ 13 — £ 14 )- 
We know that p 3 (T) is a real monotone-increasing function 
in 33*. Thus, by noting the relations tn k(B) <, )o 1 (B) = b 3 (B) 
and making use of Lemma 6.5 (4), we see that Qs^Qik for 
k — 1, 2, 3, 4. Consequently there exist functions Hk(X), 
H(X) such that 

H = (Si—J3T a ) + f(J2i—-a;), 

eikW = dQ sW, ?iW = H(jj) dQa(jt). 

eJ —oo —oo 


f The proof of the corresponding theorem for the Lebesgne integral is 
typical; see, for example, Hobson, The Theory of Functions of a Real 
Variable, third edition, Cambridge, 1927, yoI. I, pp. 605-606. 
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Since o 3 (A) is a real monotone-increasing function in iB* we 
can apply the results of the preceding paragraph. We have first 

(2) = § ^ Fiji) dq x O) = F 0) ° H (v) dg 3 (v) 

and, in consequence, 

f +OO 0(A)rf^(A) = F" F(v)oQ(v)oH(v)dQ t {v). 

(J —00 tj —00 

On the other hand we have also 

X -f- /^4-oo 

^ F(}*) o G(f) d Ql 0») = J ^ F(y) o G (v) o H(v) d Q , 0). 

In each of these three equations, the existence of the integral 
on the left implies and is implied by the existence of that on 
the right. Thus the last two equations imply the truth of 
(2) and our proof is complete. 

In applying the preceding lemmas to the construction of 
the operational calculus, we shall have to deal exclusively 
with functions in 93* of the form $ (2) = (E (X) /, g) where 
E(X) is a resolution of the identity; the case where f—g, 
q(X) — \E{X)f\* is particularly important. We find the 
following extension of the inequality of Schwarz indispensable 
in treating such functions. 

Lemma 6.7. If E{X) is a resolution of the identity , if 

Qi W = \EWJ¥, Qz W = \F(X)gf, e*W = (Fmf,g), 

and if Fif) and Gif) are functions in S 2 (qi) and S s (Qs) 
respectively, then F (X) G (X) is Q^integrable and 

< 1^0)1 |(?0)|d|e»0)| 

I ^ j —oa zj —co 

<ff I F W I 2 W • J_ + “ I G W I 2 d e* W- 

If B is an arbitrary set in gB and s is an arbitrary positive 

number, then there exists a representation of B as a sum of 
00 00 
intervals, 2^*A a , such that t> 3 (B) — e <f I m s (*4«) |. Since 

we have also 



VI. THE OPERATIONAL CALCULUS 


219 


OO 00 

jL I (*^a) I = | (E | 

«=1 a =1 

oo 

a = l 

[ oo oo 1/2 

a—l d—1 J 

where the transformation E (*4) associated with the interval 
*A : a<ih</3 is the projection E(fi) — E(a), we see that 
ul(l?)<t)i (B) • b 2 (B). Let E be a ^-measurable set, € an 
arbitrary positive number, and B x and B 2 sets such that 
BsC^ECZBi, t» x ( B ) < f 2 , where B = B± — B 2 . Then the 
inequality just proved shows that b 3 (B) <ie [b 2 (jB)] 1/2 < e[b 2 (2)] 1/2 
= E \g\ and, by virtue of our first criterion for measurability, 
enables us to assert that E is -measurable. A similar discussion 
shows that every ^-measurable set is ^-measurable. Obviously 
a set which is a null set with respect to Qi (A) or (A) is 
also a null set with respect to q s (A). Furthermore the 
inequality b| (E) < hi (E) • b 2 {E) holds for every set E which 
is both ^-measurable and ^-measurable. For an arbitrary 
set E, we have similarly (b* (E)) 2 <1 bf (E) • b* (E) and 
(b 3 * (E)) 2 < bi* (E) • ba* (E). 

If F(l) is in then it is evidently a ^-measurable 

function defined almost everywhere with respect to £ 3 (A), 
by the facts established in the preceding paragraph; and 
similar remarks apply to a function G{X) in 8 2 fe>). Thus 
F(X)G(X) is a -measurable function defined almost every¬ 
where with respect to £ 3 (A) under the hypotheses admitted. 

X -foo 

_F(A) 67(A) (A) exists if and 

-00 

only if the integral f |jF(A)67(A)| d|e s (A)| exists. By 
—00 

reference to Lemma 6.1 (1), we see that the present lemma 
is established as soon as we can prove that 

[CVwi i iifcWi]* 

< jr i f{ ~ x) i 2 d «» w jr 1 ° w ,2 dQ * w • 
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Hence it is sufficient to consider the case of real not-negative 
functions F(l) and G (A). 

First, let us suppose that F(l) and G{X) are, in addition, 
bounded. Since FQ) G(l) is also bounded, the integral 

X -j-00 

Fil) G{X) d |^ 3 (A) | exists. If we choose M so that 

-00 

F(l) <: M, G{1) <: M and define the sets and End specified 
by the inequalities —<- F(h) -—-and —< G (A) 

^ 'll— respectively, for h = 0, ••*, n — 1 and 

n — 1, 2, 3, • • •, then the functions F n {X) and G n Q) equal 

to on the sets Enil and E^ respectively and equal to 
n 

zero elsewhere are both ^-measurable functions. Clearly 
we have 


r 


F n {X)G n {X)cl\Q,{}.)\ 


a/32\P 


71 — l 

< 2 


- ^ 

a, (3 = 0 H 


b 8 c eSHe§) 


u/3M* 


Lb bo* (Em, EnJ)] 


(1) 7~t( 2)\ il/2 


< 


< 


a, (3 = 0 71 

v l “ "Ml 


r n— 1 2 71 f 2 ii/2 r n— x 

'• 2 

L « = 0 w -I L/S = 0 


bi.WS^’) 


1/2 


2 (2^2$)] 


/*= 
/O r —1 


/S = 0 w 




1/2 


The last expression reduces to 




CC 2 i¥ 2 


/$ 3 i¥ 3 


11/2 


[ n —i 

= [XT 

When we allow n to become infinite we obtain the desired 
inequality 

X +oo r /^-hoo 11/2 

_ K JWffWdlfcWI < [J_ M 


X 


r r*+°o 11/2 
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We can now treat the case where F(l) and Gtt) are not 
required to be bounded. We form the truncated functions 
F M (f) and GmW in the usual manner and then allow M to 
become infinite in the inequality which, as bounded functions, 
they satisfy. The inequality 


< 


lt: 


F 


X +oo 

Fa)G(X)d\Qs(X)\ 

11/2 r p+cc 1 

, 2 WdQ xWj .[J_ w G’Wde,WJ 


11/2 


is obtained without difficulty, the existence of the integral 
on the left being established at the same time. With this 
result the proof of the lemma is complete. 

It is convenient to apply some of the notations introduced 
above directly to elements in §, when we are discussing the 
properties of a fixed self-adjoint transformation H with the 
corresponding resolution of the identity E (1). We make the 
following formal definitions: 

Definition 6 .1. If q( 1) = \F(h)f\ 2 , then S 2 (/) is the 
space S 2 (q). 

Definition 6.2 . If QiW = I-E'W/il 2 and q 2 W = [E{l)f 2 [ 2 , 
ive write f >-/ 2 in place of q 1 ^q 2 , fi in place of q x ~ q. 2 . 

The reader will have no difficulty in establishing such 
relations as the following: 2 %{af) = S s (/) when a + 0, 
f \ f 2 implies a x ff^a 2 f 2 when a x ^ 0. We shall use such 
simple properties without further comment and without proof. 


§ 2. The Operational Calculus 

In all the theorems of this section, save the last, we shall 
consider a fixed self-adjoint transformation H with the corre¬ 
sponding resolution of the identity Ett). 

Theorem 6.1. If Fif) is an arbitrary complex-valued func¬ 
tion of l and if S) (F) is the class of all elements f in § 
such that F if) belongs to 2 2 {f), then ® (F) is a linear mani¬ 
fold and there exists a linear transformation T{F) with domain 
3)(. F) defined in terms of the Radon-Stieltjes integral by the 
relations 
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(T(F)f, g ) = J_ m F(X) d{E{X)f, g), 

X -f-oo 

_ w \F{l)\*d\E{X)f\\ 

holding for every fin 2) (F) and every g in §. In its de¬ 
pendence on F(l), the transformation T(F ) has the properties 
(1) T(aF) = aT(F) in ®(F) £ $( aF ); 

(2) TCF+C?) = £ ®(^+<3); 

(3) T(F) and T(F) are adjoint to each other; 

(4) if f is an element in 2) {F), then Eif)f is also in ®(F) 
and T(F) E(X)f = EQ) T(jF)f\ in case the linear trans¬ 
formation T (F) is closed it is reduced by the range of the 
projection E(l)\ 

(5) if f and g are elements of © (F) and S (G) respectively , 
then 

X -f*> _ 

F{X)G{l)d{E(X)f,g) ] 

(6) if f is an element of c £)(F), the element T (F) f belongs 
to $)((?) if and only if f is an element of ©(jFo G)\ token 
this condition is satisfied 

T(G) T(F) f == T(FoG)f; 

(7) if f is an element of Sj such that T(G) T(F)f and T(G)f 
exist , then T{F) T(G)f exists and 

T{F) T{G) f - T(G) T(F) f=T(Fo G) f; 

similarly , if T (.F) f exists and G (A) is a bounded function 
in S 2 (/), then T{F) T(G)f and T(G) T{F)f exist and are 
equal. 

First we shall prove that ©(F 1 ) is a linear manifold. Ob¬ 
viously, 5D(F) contains the null element. If / belongs to 
2) ( F ) and a is complex number different from zero, then 
af belongs to %{F) since S 2 0/) is equal to £ 2 (/) and 
therefore contains Fifi). If f and g both belong to %{F), 
we write 

IFWif+c/W = yE{X)f\*+{E(X)f,g)+{E{X)g,f) + \E{l)gr 
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and refer to Lemma 6.7 and Lemma 6.1 (7) to show that 
whenever F(h) belongs to S 2 (/) and S 2 (g) it also belongs 
S 2 (/+ g ); we conclude that f+g is in 2) (F ). Thus 2) (F) 
is a linear manifold, as we wished to prove. 

Next we shall define the transformation T(F). By 
Lemma 6.7, we have 

\^F{l)d{E{X)f,g)\ 

X +OO /»-j- GO 

\Fa)\*d\E(m 2 -J_ x d\E{X)rjf 
for every / in 25 (F) and every g in $ • Hence the expression 

X +OQ 

F(k) g) is a numerically-valued 

function of the pair /, g defined for / in 2) (F) and g in §, 
bounded for each / according to the inequality 

X -J-oo 

\F(.X)\*d\E{X)JV. 

Furthermore, by virtue of Lemma 6.1, (7), (8), we find that 

B (a x /i + a 2 f 2 ? g) = g) + ct 2 B(f 2 , g) 

whenever f x and are in 2) ( F ), and that 

B (/, a x g l + g%) — aiB {/, gi) + a 2 B (/, g % ) 

whenever g x and g 2 are arbitrary elements in §. By 
Theorem 2.28 there exists a linear transformation T(F) with 
domain 2)CF) such that B(f, g) = (T(F)f, g), \T{F)j\ 
< C(f). In the latter relation the equality always holds, as 
we prove below in connection with (5). 

If 0, then 2)(aF) and 2) (F) are identical since S 2 (/) 
contains both functions aFQ) and F{1) or neither; and if 
a = 0, then 2 ){aF) 3 2 )(F). When f is in 2 ){F) we see 
by Lemma 6.1 (5) that 

P+OO P+OO 

aF(l) d(E(l)f, g) = a F(l) d{E(X)f ; g) 

t) —00 U — 00 

for every g in §. Thus T(aF)f = aT(F)f, and (1) is 
established. A similar argument based on Lemma 6.1 (4) 
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yields a proof of (2). In order to show that T(F) ^ T(F), 
we select arbitrary elements f and g in 2) (F) and 
respectively and then write 

X -}-00 

F(X)d<E(X)f, ff )= J x F(l) d(f ; E{X)g) 

tj - 00 

= ( T{j?)gJ) = (f, T(F)g). 

We may note that ^)(F) is identical with 2 )(jF). To prove 
(4), we first observe that is equal to \E{£)f\ 2 

or to \E(X)ff according as g X or g > l. If F{1) is in 

X -f-OO 

| j F{p) \ 2 d\ E{p) E(X) f\* therefore 

-00 

exists and is equal to f | F(g) \ 2 d\E{g)f[ 2 \ thus F{X) be- 

ft/ — 00 

longs to £ s (E(l)f), E{X)f is in 2 )(jP) together with /. 
We now verify directly that 

(T(F)E(X)f,g) = £2 F(p)d(E(p)E(l)f,g ) 

=£2 F(f*)d(E(g)f, E(l)g) 

= ( T(F)f, EWg )> = (EW T(F)f, g) 

for every / in $ ( F) and every g in §. This suffices to 
establish (4). The proof of (5) is founded on (4). By 
Lemma 6.7 we know that whene ver f is in 2) ( F ) and g is 
in ®(6r) the function F{1)G(1) is integrable with respect 
to (F(A)f, g). We can therefore proceed as follows: 


(T(F)f, T(G)g) F(X')d(E(X)f, T(0)g) 

= £2 F(l)d{f, E(X) T(G)g) 


F(l)d(T(G)E(l)g,f) 


■ £2 FWd (£2 G (g) d (E(g) E(X) g, f) 
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= J „ 00 md(J^G(M)d(g 9 EWf) 

= JT F(X > d {fi x G&)d(E(ji)f g)) 

= £tT J’Wff(2)d(2?w/, <?), 

where the last equation follows from Lemma 6.6. We shall 
also use (4) in the proof of (6). We must show that, when 
T(F)f exists, T(G) • T(F)f exists if and only if T(FoG)f 
exists — in other words, that, when the integral 


exists, the integral 

L 


»+oo 


GW\*d\E{l)T[F)f[* 


■exists if and only if the integral 

p+oo 


\FQ.) O 0{X)\^cl\EQ.)fV 

fj —00 


exists. If we interchange EQ.) and T(F) by means of (4) 
and then make use of (5) we have 

X -I-OQ 

G(X) | 2 f?| T(F)EQ.)f[- 

= Xt : G W r d (XtT I i 2 ' d I E{ ^ E W/l 2 

= r G ^\* d (x» i f w i 21 d i e ^)A 

1 —TOO 

= \F(f*)\*o\G( P )\*a\E(g)fY- 

eJ — oo 

=X; I F(i)o g w y ay e w/p, 


where the next to the last equation depends on Lemma 6.3; 
and the existence of the first integral implies and is implied 
by the existence of the last. To complete the proof of (6) 
we note the equations 

(T(G) T(F) f , g) =XX G(2) d( - E(l) T Wf>9) 

= XT G W d (IL f, g\ 

15 
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X +oo 

F(p)oG{ P ) cl(E(p) f , (j) 

-00 

= (T(FoG)f, g y, 

in deriving them we make use of Lemma 6.6. Finally, (7) is 
merely a specialization of (6) and does not require discussion. 

Theorem 6.2. If 9)7 (/) is the set of all elements f* = T(F)f 
where F(X) belongs to S 2 (/), then the correspondence f* ~ F(l) 
defines an isomorphism between 937 (/) and 2 2 (/) in the sense 
that 

( 1 ) f* = g* if and only if the corresponding functions F(l) 
and G (A) are identical in S 2 (/)—that is, are equivalent with 
respect to \E{f)ff; 

(2) af*^ciF(h) if f*~F(X)\ 

(3)/*+#*~F(/t)4-£(A) iff*~F(X) and 

(4) if*, 9*) = (F, G ) = XT-PC) eoi cl\E(l)f\\ 

937(/) is therefore a closed linear manifold. A sequence of 
elements f* = T(F n )f converges and has the limit f* = T(F)f 
in 2)7(/) if and only if the sequence of functions F n {X) is 
convergent in S 2 (/) 7<>a$ the limit F(f) in 2 2 (/). 

The symbol which is used to express the fact that ail 
element in 9)7 (/) and an element in S 2 (/) are in corre¬ 
spondence, here plays a different role from that assigned to 
it in Definition 6.2. The various properties of the corre¬ 
spondence between 2)7 (/) and & 2 (/) are merely properties (1),. 
(2), and (5) of the preceding theorem phrased in different 
form: this is obvious save in the case of property (1) of the 
correspondence; and in that case we have only to remark 
that /* ~ F(I) , g*~G (2) imply 

X -J-00 

-00 \F(fi-G(X)\*d\m)fV 

by virtue of Theorem 6.1, (1), (2), and (5). The existence- 
of such a correspondence between 907 (/) and S 2 (/) shows 
at once that 937 (/) must be a closed linear manifold. The 
facts about corresponding sequences in 937 (f) and& 2 (/) are= 
obvious implications of the isomorphism. 
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In order to make further progress in the study of the 
transformation T(F) defined above we shall lay certain re¬ 
strictions on the function F(X) which so far has been entirely 
arbitrary. 

Definition 6.3. If H is a self-acljoint transformation and 
Eif) is the corresponding resolution of the identity, the terms 
“H-measurable" f “null set with respect to “almost every¬ 
where with respect to H”, and “H-equivalent” shell mean 
respectively Q-measurable”, “nidi set with respect to o f'fj 
“almost everywhere with respect to q(Z)”, and “ Q-equivalent”, 
for o {X) = | E (Z) f\ 2 and every element f in §. 

We find the following criterion useful in testing for measur¬ 
ability with respect to H. 

Theorem 6.3. Let {<?,*} be a complete orthonormal set and 
write Qn(Z) = \E{Z) (p n \ 2 . A necessary and sufficient condition 
that a set (or, a function) be H-measurable is that it be Un¬ 
measurable for every n. A necessary and sufficient condition 
that a set be a null set with respect to H is that it be a null 
set with respect to Q n (Z) for every n. 

Since the necessity of the conditions stated is trivial, we 
turn at once to a proof of their sufficiency. 

Let E be ^-measurable. It is at once obvious that E is 
measurable with respect to | E (A) a y n | 2 = | a | 2 \E(Z) (pnl 2 > 
If E is measurable with respect to \E(Z)f\ 2 and \E{Z)g\ 2 , 
it is measurable also with respect to j E{Z) (/+ g)\~ = \E{Z)f\ 2 
+ {E{l)fig) + {E{l)g,f) + \E(l)g\\ In fact, by the aid 
of results obtained in the course of the proof of Lemma 6.7, 
we see that on setting 

QM = \mi)(f+9)Y, QiW = W)ff, Q^) = \E{l)gf, 

QsW = <m)f,ff) 

we have 

Q = (?i + £3 + qb + ^2 ? t> t>i + 21>3 4* b 2 ^ (bi /w + b2*T. 

The final inequality here holds for every set B in 18 and 
leads at once to the result we wish. The inequality can 
then be extended to hold for every set E measurable with 


15* 
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respect to both q x (i) and l). Combining the results so 
far obtained, we see that E is measurable with respect to 
\E{X)ff for every element / in the linear manifold deter¬ 
mined by the set {g^}. We now make use of the fact that 
this manifold is everywhere dense in If/is an arbitrary 
element in § and e is an arbitrary positive number, we select 
an element g in this manifold such that |/—g |<£. We set 
q 1 ( l ) = | E(l) gf, Qz W = \E(l)ff. Since E is e L -measurable, 
we can select sets B x and B 2 such that B 2 £ E C B x , 
hi (I?i — B 2 ) < Writing B — B x — B 2 and applying 
Lemma 6.1 (7), we have 

d.(b) =J B <nm)fV 

= § B af-g)+§ B a (®W (f-g), g) +J/\EQ .) f ,|*. 

By Lemma 6.1 (1) and Lemma 6.7, we obtain the inequalities 


^I{E{l)f,f-g) 


< J_ m d\(E(X)f,f-g)\ 

<1/1 -\f-g\&*\f\. 


§ B d(EQ)(J—g), g) 


d K E W(f~ g)>g)\ 
<\f-g\\g\ 

<\f-g\ (l/-?l+l/IXH/l+* 3 . 


We have also |_E7(2)^| 2 = Combining these 

inequalities, we find that h 2 {B) < £ (1 + 2 |/|) + * 2 . Our first 
criterion for measurability shows that E is measurable with 
respect to q 2 (X) = \E(X)f \ 2 . Since / is arbitrary, E is 
immeasurable, as we wished to prove. 

If E is a null set with respect to for every n, we 

have only to follow the argument of the preceding paragraph 
to show that E is a null set with respect to [E(h)f[ 2 for 
every f and, therefore, with respect to H . By specializing 
the earlier steps of the proof given above, we see that E is 
a null set with respect to \E{l)f[ 2 for every element / in 
the linear manifold determined by the set { y n }. It is only 
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in the final step, where / is allowed to be arbitrary, that 
we need to make any modification. We select g as before. 
We can then take B 2 = I, so that B = E. We find 
that b* {E) b 2 (Bj) = b 2 (B) can be made as small as w r e 
please by an appropriate initial choice of e . Hence b* (E) = 0 
and t> 2 (E) = 0, as we wished to prove. 

Theorem 6.4. If F(X) is an H-mectsurable function defined 
almost everywhere with respect to H, then T (F) is a dosed 
linear transformation with domain 2) (F) everywhere dense 
in !q. The adjoint transformation T* (F) exists and is 
identical with T(F). 

Since F{f) is an immeasurable function defined almost 
everywhere with respect to H , the functions | F | + a and 
2 ^(| i^ 7 1 + a) _1 , where a is a positive real constant, have the 
same properties. Evidently, 2)(|-F| + a) = S)(-F); and, since 
mdmi + a ) -1 is bounded, S)(jP(|F| + tf) -1 ) = By Theo¬ 
rem 6.1 (7) we see that 

T(F) = T (| F | + a) T(F(\ F\ + a)- 1 ) 

= T(F(\ F | + a)- 1 ) T (| F | + a) 

throughout S)(F). We_ can show without difficulty that 
T( J E(|m r |+ a )“ 1 ) and T(F(\ F\ + a)~ l ) are two bounded linear 
transformations with domain §; and, by reference to Theo¬ 
rem 6.1 (3), we see that each is the adjoint of the other. 
Next we shall show that T(\F\-\~a) is a self-adjoint trans¬ 
formation; we can then conclude that its domain 2}(|m| + «) 
= 25 (jF) is everywhere dense in £>. By Theorem 6.1 (6) 
we have 

f= T(\F\ + a ) T((\F | + «)~ 1 ) /for every / in §, 

/ = T{{ | F\ + a)” 1 ) T(\ F\ + a) f for every / in ® (F\ 

Hence TQFlfa) and T((|jF| + a) -1 ) are inverse to each 
other. The latter transformation is defined throughout § and, 
by Theorem 6.1 (3), is symmetric; it is therefore a self-adjoint 
transformation. According to Theorem 2.18 its inverse 
T(\F\-\-a) is also self-adjoint. 

Since the linear transformation T(F) has domain 
everywhere dense in §, we can construct the adjoint trans- 
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formation T*(F). Whenever g and g* are elements of $ 
such that (T(F)fig) = ( fig *) for every / in 2D(. F), we 
have T* (F) g = g*\ we wish to prove that g is in ®(F) 
= $ (F) and that T(F) g = g*. Using some of the trans¬ 
formations discussed in the preceding paragraph; we find that 

(T(F) f, g) = (: T(F(\ F\ + a)- 1 ) T{\ F\ + a)f, g) 

= (T(\F\ + a)f, T(F(\F\ + a)-')g ) 
for every f in ®(jP). Since the equation 

(T(\F\ + a)fi T(F(\F\ + a)-')g) = {fig*) 

holds for every / in the domain &(F) of the self-adjoint 
transformation T{ | F | + a)> we conclude that T(jF(| F | + a)™ 1 ) <7 
is in the domain of this transformation and that 

T(\F\ + a)-T(F(\F\ + a)-i)g = g*. 

By Theorem 6.1 (6) we infer_that T(F) g exists and is equal 
to g*. Thus T*(F) = T{F) as w_e wished .to prove. In 
view of the fact that T{F) = T*(F), we see that T(F) is 
a closed linear transformation in accordance with Theorem 2.8. 
This completes the proof of the present theorem. 

Theorem 6.5. If F(h) is an H-measarable function defined 
almost everywhere with respect to H, then a necessary and 
sufficient condition that T(F) have § as its domain is that 
it be a bounded linear transformation, satisfying the inequality 
\T(F)f\ C\f\ for some constant C and every f in 
a necessary and sufficient condition that the transformation 
T{F) satisfy such an inequality for a given value of C is 
that F(X) satisfy the inequality \F{h) | C almost everywhere 
ivith respect to II. 

If T(F) is bounded, then its domain &(F) must coincide 
with § since, by the preceding theorem, T(F) is a closed 
linear transformation and ®(jF) is everywhere dense in 
On the other hand, if <£)(F) = §, then T(F) and its adjoint 
T*(F) = T{F) have § as their common domain; hence 
T{F) is bounded in accordance with Theorem 2.26. 
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If |-F(A)| < C almost everywhere with respect to H , it is 
evident that T(F) is defined throughout § and is therefore 
bounded; we have furthermore the inequality 

| T{F) f | 2 = // | F(l) \*d\E(l)f\- 

< C*£2i\E{X)fV = C 2 I/T 

or 

\T{F)f\ < C\fl 

On the other hand, if the latter inequality is satisfied for 
a given value of C, we introduce the ^-measurable set E e 
defined by the inequality |F(A)| 2> C+e. We wish to show 
that E e is a null set with respect to H for every £>0. 
We let Gs( T) denote the bounded 7i r -measurable_function 
equal to 1 or to 0 according as l is in E s or E £ . The 
transformation T(G e ) is a bounded linear transformation with 
domain §; and the identities T(F) T(G S ) = T(G S ) T(F) 
= T(FoG s ) hold throughout § by Theorem 6.1 (7). If f is 
an arbitrary element of § and q(X) = \E{l)f\ 2 then 

•o(Ee) = § E dQ a) = GlW d\E(l) ft = \T(G s )ft. 

In the inequality satisfied by T(F) we replace /by T(G e )f . 
obtaining \T(FoG s )f\ < C\T(G S )/|= 6V' 2 (^); but we 
also have 

X -t-00 

_ M IJFWoG.wpiisw/p 
= /l-*W d\E(i)f\* > (C’+^/do ( ;. ) 
= (£7+«) s b(i? s ). 

Hence the inequality C 2 t)(Ee) > (C-^-s) 2 \){E e ) is true and 
implies that t> ( E e ) = 0 whenever f > 0. Since / is arbitrary, 
Ee is a null set with respect to H and the inequality \FQ) \ < C 
holds almost everywhere with respect to H. 
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We can now characterize the transformation T(F) by 
means of the properties of the function Fi) l) in some simple 
and important cases. 

Theorem 6.6. If FQ) and GQ L) are H-measurable functions 
defined almost everywhere with respect to F, then T(F) = T{G) 
in ©(JF) •©(£?) if and only if F(f) and Gif) are H-equivalent. 
If Fif) has the properties described above , then the trans¬ 
formation T{F ) is _ 

(1) self-adjoint if and only if F if) andFifi) are H-equivalent; 

(2) unitary if and only if \Fif^~F(l)Fif) is equal 
to 1 almost everywhere with respect to H; 

(3) a projection if and only if Fifi) assumes the values 0 
and 1 except on a null set ivith respect to H. 

Since the sufficiency of these conditions is obvious, we 
do not consider it here, but pass directly to the discussion 
of the necessity. When Fifi) and G(X) have the properties 
described, we see that F — G, |F|, |Cr|, |F| +|C?| are all 
H- measurable functions defined almost everywhere with 
respect to H. We note the relations 

= Wl), ®«?) - ®(l<?l), 

= ©(i^i + iffi) g ®(f— G), 
which show that the linear manifold ©(F) • 2) (GO is every¬ 
where dense in §. If T(F) = T(G) in this manifold, we have 
T(F — G) = T(F) — T{G) = 0 in © (F) • © (G ). Since 
T(F — G) is a closed linear transformation, the identity 
T(F — G) = 0 must hold throughout §. The relation 
| T(F — G)f\<,C\f\ holds therefore for C = 0 and every/ 
in §. The preceding theorem shows that F(X) = G{X) 
almost everywhere with respect to H. When F(f) has the 
properties described in the theorem, /he transformation T(F) 
is self-adjoint only if ©/F) = ®( F ) and T{F) = T(F); 
that is, only if F(X) = F(l) almost everywhere with respect 
to H. Similarly, T(F) is unitary only if T(F) T*(jF) 
= T{F) T(F) = I throughout £>: that is, only if F(I)F(f) 
is equal to 1 almost everywhere with respect to H . Finally 
T(F) is a projection only if it is self-adjoint and T 2 (F) 
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= T{F 2 ) = T{F) throughout §: that is, only if F(X) — FQ.) 
and F 2 (fi) = F{1) almost everywhere with respect to H, 
a pair of conditions equivalent to the one stated in (3). 

We are now in a position to characterize the spectrum of 
the transformation T(F) when F(f) is an il-measurable 
function defined almost everywhere with respect to H. Boughly 
speaking, we can assert that the spectrum of T(JF) is the 
smallest closed set which contains the map of the spectrum 
of H on the Z-plane hy means of the relation l = F(/S). 
More precisely, we have: 

Theorem 6.7. Let F{X) be an H-measnrahle function defined 
almost everywhere ivith respect to H. Then l belongs to the 
resolvent set of T{F) if and only if there exists a positive 

real number C such that l-F'(A)— l\ !> — almost everywhere 

with respect to H; and l is a characteristic value ofT{F) if 
and only if there exists an element f in § such that \Ef)j\ 2 
has positive variation over the set of points where F(h) = l. 
The transformation T(fF —Z)” 1 ) is defined except when l is 
a characteristic value ofT(F) and is the inverse of T(F —Z) 
= T(F) — II; it is bounded if and only if l is a point of 
the resolvent set of T(F). 

We begin by considering the function (F(l) — If 1 ; this 
function is JT-measurable, and is defined almost everywhere 
with respect to H whenever the set specified by the equation 
F{f) — l is a null set with respect to H. When the latter 
condition is satisfied, the transformation T{{F—l)~~ l ) exists 
and has a domain everywhere dense in §; by reference to 
Theorem 6.1 (6) we verify easily that the transformations 
T{F —Z) = T(F) — II and T((F — If 1 ) are inverse to 
each other. By Theorem 6.5 we know that T((F —Z)" 1 ) is 
defined throughout § if and only if there exists a positive 
constant C such that | F(f) — Z| —1 < C almost everywhere 
with respect to H\ in other -words, Z is a point of the re¬ 
solvent set of T{F) if and only if there is a positive constant C 

such that |jF(T) — 1\ 2> almost everywhere with respect 
to H. 
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We have thus disposed of all values l except those for 
which there is some element f in with the property that 
\E(X) /| 2 has positive variation over the set where F{X) = l. 
We denote this set hy E and define G(X) as the function 
which is equal to 1 or to 0 according as X is in E or in E. 
Since F(X) G(X) ===== F(X)oG(X) = l G(X), we conclude that 
T(G) g is an element belonging to $ (F) for every g in © 
and that 

T(F) T{G) g = T{FoG)g = T(IG) g = lT(G)g . 

If in particular we choose g as the element/described above, 
we have also 

\T(G)ff =/_tVl 2 d\E(l)f\ 2 =§ E d\E{X)f? = b(#)>0. 

Thus T(G) f is a characteristic element, l a characteristic 
value of T(F). On the other hand, if Z is a characteristic value 
of T(F), the inverse of T(F — T) cannot exist and l must be 
a point of the type described at the opening of the paragraph. 

The theorems which we have established show that we 
can perform algebraic manipulations with the transformations 
T{F) just as we do with the functions F{X). That the 
isomorphism between the calculus of transformations or operators 
and the calculus of functions is not confined to the algebraic 
operations alone, has been pointed out by J. v. Neumann*. 
We shall extend his results to the case of unbounded functions. 
In order to carry out this extension we shall employ the 
following theorem: 

Theorem 6.8. If F(X) is an H-measurable function defined 
almost everywhere with respect to II, then there exists an Hi- 
equivalent function which is defined everyivhere and tvhich is 
in the kth class of Baire, for k = 0, 1, 2 or 3. In 
particular , if F{X) is real, then there exist two real functions 
F 1 (X) and F 2 ( X ) luhich, in addition to the properties described, 
have the property F x (A) < F(X) ^ F 2 (X ); and if F(X) is cdso 
bounded, then F x {X) and F$(X) may be taken as bounded . 

* J. v. Neumann, Annals of Mathematics, (2) 32 (1931), pp. 191-226, 
especially pp. 205-207. 



VI. THE OPERATIONAL CALCULUS 


235 


We commence with the case of a real bounded function 
F(X). If F (2) fails to he defined on a null set with respect 
to H , we shall, for the sake of convenience, supply the 
missing values by setting F(l) = 0 on this set. We determine 
a number M> 0 such that — M<F(l) < M and form the 
iJ-measurable set E km specified by the inequality 

2k ~ m M<F(l) < 2(fc+1) ~ w M 
m — m 

for k = 0, •••, m —1 and m = 1, 2, 3, Next we 

choose a complete orthonormal set {cp n } and introduce the 
functions Q 7i (X) = \E(l) 5 p n | 2 . Since E km is ^-measurable 
for every n, we can apply our fourth criterion for measur¬ 
ability and select a closed set E k m C E km such that 
'On(E km — Ej£) < 'On(Ekm)/ 2 m . We now define a function 

FmW equal to ——— M on the set E k m, k = 0, 
m 

m— 1 

m — 1, and equal to —M on the open set 2 fi. It is 

a — o 

immediately obvious that Fm(l) is in the first class of Baire, 
unless it happens to be a constant and belong to the Oth class.* 
We see furthermore that F^{X) < F(X). 

Our next step is to define the function F {n) (X) equal to the 
least upper bound of the set of numbers FmQ), m = 1,2,3, • • •. 
The function F in) (X) belongs to a class of Baire not higher 
than the second.t It is evident that F (n) (X) < F(X), Further¬ 
more we can show that F 0l) and F are equivalent. If E n 
is the ^-measurable set defined by the inequality F {n) (X) < F(X), 
we see that a point X in E n can belong to only a finite 
number of the sets Eum for fixed n, and must therefore belong 

to infinitely many sets of the sequence \ ^ {E am — Eam)\; 

'a — 0 > 

in other words, E n £ E (n \ where E 0l) is the outer limit 
set of this sequence. By virtue of the relation 


* de la Vallee Poussin, Integrates de Lelesgne, Paris, 1916, pp. 117-118. 
f Caratheodory, Vorlesungen iiber reelle Funktionen, second edition, 
Leipzig 1927, Chapter VII, Theorem 10, p. 398. 
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E™ = lim 2 ^2 — -E$) 

2-$* 00 yS = Z+l « —0 


we have 

to»(S») ^ M# (n) ) 


lim 

3—»oo \/3 = m 


fi—1 

2 &«?—$!$) 

« = 0 


< lim 

3->oo 

< lim 

Z-f-oo 


( t *2»»&a0-E$) 

V = z-fi«=o 
/ (Eccp) \ 

V^tfi «=o 2^ / 


— lim - 

2 —^ go ^ = 2 - 4*1 


bn(J) 

2^ 


= 0. 


Our contention is thus established. 

The last step consists in defining F 1 (2) as the least upper 
bound of the numbers F^^X) for w = 1, 2, 3, •••. Since 
F in) (k) <Fi(k) <F(ty for every n, we see that F ± and F 
are ^-equivalent for every n\ by Theorem 6.3 it follows that 
Ft and F are H- equivalent. Finally F 1 (2) belongs to a class 
of Baire not higher than the third. 

We define F S (X) indirectly. Setting G(X) = — F(X) we 
construct the corresponding function 6h(2) 6r(2) by the 

method just described. We then put F 2 (X) = — G 1 (X) and 
find that this function has the various properties desired. 

Next let us consider a real function F(X), not necessarily 
bounded, which is defined everywhere and satisfies the in¬ 
equality F(X) i> 1. We set F {n \X) equal to F{1) or to n 
according as F(X) < n or F(X) >n, n — 1, 2, 3, • • •. We 
then apply our preceding results to the function F {n) {l ), ob¬ 
taining the two functions Fi l) (2) and F 2 l) (l ). We put 
F x (l) = lim Fi n) (2), F 2 (2) = lim F§* (2). It is evident that 

n —> go n—> oo 

F 1 (2) <; F( 2) ^ F 2 (2) and that these three functions are 

j?-equivalent. If we consider the function -Tfrrv — lim 

F 1 ( 2) n-+oo F?\X) 

we see that the defining sequence converges uniformly by 

1 i i 

virtue of the inequality 0 <—^-< —. Hence 

~ Ff>(2) F x {X) = n 
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^T 7 r\ aM -^i W belong to a class of Baire no higher than 

Hi ( a ; 

the third.* Similar arguments apply to jF 2 (A). 

We can now take up the case of a real function F(X) } 
not necessarily hounded. We begin by setting F{1) = 0 
wherever the function happens to be undefined. We then 
form the functions F a) = |F| -f 1 aud F i2) = |F] — Ff 1, 
noting the relations 

F — F {1) — F i2) , F a) > 1, F (2) > 1. 

By the preceding paragraph, we construct functions Fp, Fp, 
F±\ FP. The functions F x (2) and F 2 (A) are then given by 
the equations 

Fi = fP fP, f 2 = fP—fP 

and are easily shown to have all the desired properties. 

Finally, we may consider the general case of a complex¬ 
valued function F(l) by treating its real and imaginary parts 
separately. We conclude by the preceding results that the 
given function Fiji) is ^"-equivalent to a function which 
belongs to a class of Baire no higher than the third. 

Theorem 6.9. Let H be a self-adjoint transformation, Fiji) 
a real H-measurable function defined almost everywhere with 
respect to H, and T(F) the transformation associated with 
Fiji) and H. Then T(F) is a self-adjoint transformation, 
which ivill be denoted by H (1) , Now let G a) (A) be a complex¬ 
valued H a) -measurable function defined almost everywhere with 
respect to H (1) , and let T (1) (Cx (1) ) be the transformation asso¬ 
ciated with C2 (1) (A) and H (1 >. If CP (A) = G a) (F( A)), then 
(P (A) is an H-measurable function defined almost everywhere 
with respect to H; and the transformation T( CP) associated 
with CD (A) and H is identical with T a) (G (1) ). 

By Theorem 6.6 (1) the transformation H a) = TiF) is 
self-adjoint; we can therefore construct the transformation 
T (1) (G (1) ) introduced in the statement of the theorem. 

* Caratheodory, Vorlesungen iiber reelle Funktionen , second edition, 
Leipzig 1927, Chapter VII, Theorems 8 and 10, pp. 398-399. 
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When G (1) (X) = 


1 


l—l 


for arbitrary not-real l, the as¬ 


sertion of the theorem reduces, by reference to Theorem 5.11, 
to the following statement: the resolvent of H {1) is identical 

1 


with the transformation T 


[fw — i)-- 


for arbitrary not-real l. 


\ F(X) — l) 

The latter statement has already been established in Theorem 6.7. 

Let us consider what class of functions we can build by 
the use of linear combinations and of limiting processes if 

we start with the class of all functions -=■- 7 , where l is 


not real. 


We observe first that the infinite series 


1 

2c 


00 _ 

2 ; 

« = 0 L J 


1 


• ([* -f i (« + i) njc) l - 

_ NT 1 c(2 — fi) 


■ip — + i)n/c) 


0. 


« = 0 C‘ 


'(A-,*)*+(a+ *)»*■ 


converges boundedly to the function Jtanhc(A — ju). Next 
we let c become positively infinite, finding that i tanh c(X — p) 
converges boundedly to the function 9 ^ (X) which assumes 
the value 0, or — \ according as X > p, X — or X < p. 
If a , fi, and e are arbitrary real numbers such that a<.fi, 
€ > 0 , we form the function 9 «+e {X) — 9 ^+s ( X ) and allow e 
to tend to zero; the function converges boundedly to the 
limit function ty«p(X) which is equal to 1 or to 0 according 
as X belongs to the interval *A with extremities a and fi, 
or not. With the aid of the functions tyap (X) it is possible 
to construct every bounded complex-valued continuous func¬ 
tion F(X), — 00 < X < 4- co; and we may suppose that in any 
limiting process employed we have bounded convergence. It 
is now clear that we can obtain every bounded function F(X) 
in every class of Baire, by repeated applications of limiting 
processes; in fact, we may restrict ourselves to limiting pro¬ 
cesses in which we have bounded convergence. - !' 

In order to apply the results of the preceding paragraph, 
we establish a few preliminary facts. First, let Gk\X), 

f Caratheodory, Vorlesungen itber reelle FunMionen , second edition, 
Leipzig 1927, Chapter VII, Theorem 5, p. 396. 
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k = 1, • • *, n, be bounded jH (1) -measurable functions defined 
everywhere, and let us suppose that the theorem has been 
proved for each of them. We prove that the theorem is 

n 

true for the function Cx (1) (2) = ^ a a G { a (2). We introduce 

Ci = 1 

the functions d> k (2) = G ( k k = 1, * • •, n, and CZ> (2) 

= Q™ (jF(2)) = ^ a a <£« (2). By Theorem 6.1, (1) and (2), 

«=i 

we have 

n n 

T m ( G m ) = Oa 2 10 ’ (G^) = Z «« T(©«) = T(©) 

« = 1 C( = 1 

throughout §. Next, let the theorem be true for each of 
the iJ (1) -measurable functions Gn } (2) defined everywhere, 
n = 1,2,3, • • •; and let the relations 

I ffn” W I <i M, lim G-% W = (? (1) (A) 

71—>00 

hold for every 2. We show that the theorem is true for 
6 I(1) (2). Obviously 6r (1) (2) is a bounded i7 (1) -measurable 
function defined everywhere. Furthermore, we see that 
T a) (G^)f->T a) (G {1) )f for every / in §>: to prove this 
assertion, we note that G ( n 6r a) in S 2 (/) and then apply 
Theorem 6.2. By hypothesis O n (2) = G { n CF(2)) is an 
immeasurable function defined wherever _F(2) is defined. 
Obviously, |<Z> n (2)| < J/ and lim CP^(2) = 6? (1) (JT (2)) = O (2) 

71—*-00 

wherever _F(2) is defined. Hence CZ) (2) is a bounded 2T- 
measurable function defined almost everywhere with respect 
to FT. Clearly we must have T(Q> n )f-> T(<D)f for every 
/ in §, by the reasoning used above. Our hypothesis that 
T (1) (CrSi 1) ) and T(O n ) are identical for every n now shows 
that T (1) (6r tl} ) = T( CP), as we wished to prove. 

Combining the facts deduced in the two preceding para¬ 
graphs, we see that the theorem is true for every bounded 
function G a) (2) defined everywhere which belongs to one of 
Baire’s classes. Thus we can appeal for further progress 
to Theorem 6.8. 
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Let C? (1) W be a bounded real il (1) -measurable function 
defined almost everywhere with respect to H a) ; and let 
O'i (A) and G tx (A) be the two equivalent functions of Baire 
described in Theorem 6.8. By Theorem 6.6 we have T a> (Gi 1 ) 
= T m (G w ) = T m (G™). If we write <0 1 (A.) = G™ {F(l)), 
O (A) = G w (F(l)), 0. 2 (X) = G? (F(A)), we have 

0 l W£(d{X)£0 2 (A), 

by virtue of the identities T m (G?) = T(0 t ), T m (G?) = r(©,). 
Theorem 6.6 shows that tf>i and CD 2 are IT-equivalent; hence 
(D must be H-equivalent to them both. Thus we must have 
T(CD) = T(d>i) = T(CD 2 ) ss T a) (O a) ), as we wished to prove. 

If 6r (1) (2) is not real, we consider its real and imaginary 
parts separately and combine them to obtain the desired 
result. We leave the details to the reader, since they differ 
only slightly from those given in the discussion of linear 
combinations above. 

Finally we take up the general case of a complex-valued 
function <7 C1) (1) which may not be bounded. We introduce 
the bounded function GmW equal to G {1 \X) or to zero 
according as the inequalities — M<.8iG a) (ty < M, 
— M < SJ G a \l) M are true or not; and we put 
= Gm(FW), ©(A) = G a \F( A)). Clearly lira <?$(A) 

31 —> oo 

= (t ( 1) (A), lim O m {X) = G {1) {F(l)) = (D{1 ). We know 

If—>00 

that T {1 ) (Gm) = Now it is easily verified that 

Gm converges in S 2 (/) if and only if G a) is in S 2 (/); and 
then Gm->G {1 \ Hence T {1 ) (Gm)/ converges in § if and 
only if / is in the domain of T a) (G (1) ), in accordance with 
Theorem 6.2; and when this condition is satisfied, T cl) (6?Sf)/ 
-»T (1) (G a) ) /. This means that converges in § if 

and only if / is in the domain of T iVl (G a) ). By Theorem 6.2, 
&> 3 f converges in S 2 (/) if and only if / is in the domain 
of T a) (G a) ) ; and hence O is in S 2 (/) if and only if the 
same condition is satisfied. Thus d>{X) is a ^-measurable 
function defined almost everywhere with respect to q (A), 
for q(1) = I-E'W/p and every / in the domain of T a) (G {1) ). 
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Since the admissible elements f constitute a linear manifold 
everywhere dense in § by Theorem 6.4, we see that & is 
an immeasurable function defined almost everywhere with 
respect to H , by virtue of Theorem 6.3. Thus T(Q>) exists 
and has the same domain as T (1) (# (1) ). Finally, the relation 
CD) holds throughout this domain, and we conclude 
that T (1) (6r (1) ) = T(<b), This completes the proof of the 
theorem. 

It is now convenient to revise our notation so that it 
reflects more fully the established isomorphism between the 
operational calculus with the transformations or operators 
T{F) and the functional calculus with the functions F(l). 
We have used a less colorful notation in stating our 
theorems in order to avoid giving them a specious appearance 
of simplicit} 7 . 

Definition 6.4. If K is a self-adjoint transformation and 
F(X) is an arbitrary complex-valued function , the trans¬ 
formation T(F) ivill be de?ioted by the neiv symbol F(H). 

We leave to the reader the task of interpreting the pre¬ 
ceding theorems by means of the new notation and that of 
calculating the transformation F{H) for special choices of F{1) 
such as F(f) == 0, 1,2, % n . We shall use this notation 
without further comment; such symbols as e iH , H, \H\ are 
to be interpreted in terms of it whenever they occur. 
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CHAPTEE VII 


THE UNITARY EQUIVALENCE OF SELF-ADJOINT 
TRANSFORMATIONS 

§ l. Preparatory Theorems 

On the basis of the operational calculus to which the 
preceding chapter was devoted, it is possible to solve the 
problem of the unitary equivalence of self-adjoint trans¬ 
formations, formulated in the last section of Chapter II: 
the problem of determining what conditions enable us to 
connect two self-adjoint transformations H x and H 2 by the 
relation UH j TJ~ l = H s , where Z7 is a unitary transformation.. 
Our solution differs in no essential respect from that which 
Hellinger and Hahn have given in the case of bounded self- 
adjoint transformations.* Because of our geometrical approach,, 
the solution assumes a form more transparent than theirs. 

We first show that the problem of unitary equivalence for 
two self-adjoint transformations reduces to the corresponding 
problem for the associated resolutions of the identity. 

Theorem 7.1. If Hi and H s are self-adjoint transformations 
and if £i(/) and E* (/.) are the corresponding resolutions of 
the identity, then the relation TJH X t/ _1 = H, where U is- 
a unitary transformation, implies and is implied ly the relation 
UEiQjU -1 = .Ej(a), —x<A<-j-oo. 

It is easily verified that UE X (/.) E~ l is a resolution of the 
identity whenever U is a unitary transformation independent, 
of l. The corresponding self-adjoint transformation can be 
calculated by means of Theorem 5.9 and is found to be the 

* Hellinger, Journal fur Mathematik, 136 (1909), pp. 210-271; Hahn,. 
Houatsheite fur Mathematik trnd Physih, 23 (1912), pp. 161-224. 
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transformation UH l 7J- 1 . Evidently, an element / is in the 
domain of the self-adjoint transformation determined by 
UE t W U- 1 if and only if 

X +°0 

XEl\UEAO u-ijf 

/s-f-oo 

= j _ O0 Vdl&wu-'fr = I HtU-ifl* = | UH X u^ff- 

and the transformation in question is determined from the 
equation 

JT mu El (/.) U~'f, g) = J'f U(& (/.) U~'f, 

= (Hi. Z7- 1 /, tf- 1 <7> = <HHi f7 -1 /) <7>, 

holding for every / in its domain and every g in §. The 
present theorem now follows directly. 

Theorem 7.2. Let H be a self-adjoint transformation . .ERA) 
the corresponding resolution of the identity, f an arbitrary 
element of §, 221 (/) the closed linear manifold of Theorem 6.2, 
and E the projection of § on 2)1 (/). Then 921 (/) /s the 
closed linear manifold determmecl by the set of elements E{f)f 
— oo < X < + co; it reduces both E(T) and H. The projection E 
is permutable with E(X) and with H. 

Let us denote by 21 the closed linear manifold determined 
by the set of elements E(f)f . By virtue of the fact that 
E(l) = Fi (.H ) where Fi (y) is equal to 1 or to 0 according 
as y < l or ^>2, it is evident that 21 Cl 2)1 (/). In order 
to prove that 21 = 2ft (/) it is therefore sufficient to prove 
that the orthogonal complement of 2J1(/) contains that of 21. 
We can do so, as follows: if (E(h)f, g) = 0 for every value 
of A, Then we have 

(F(H)f, g) = F{X)d{E(X)f, g) = 0 

for every function F(T) in (/), and conclude that g is 
orthogonal to 2)1 (/) whenever it is orthogonal to 21. 

We can show that the projection E(l) transforms 221 (/) 
into a subset of itself: for if F(jH)f is a given element of 
2J1(/) and Fi(f) is the function defined in the preceding 
paragraph, we set Oi O) = F(f) o Fx if) and obtain the equation 


16* 
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EO.)FiH)f = F(H) E (A)/* = F(H) • Fi ( H)f = Gi (. H)f , 
by the help of Theorem 6.1, (4) and (7). Since F/(A) is 
a self-adjoint transformation, we can apply Theorem 4.24 and 
thus show that 2J7 (/) reduces jE(A). This means that E is 
permutable with J57(/-). 

Finally, since E is permutable with E(l), it is also per¬ 
mutable with Ei , the resolvent of H , as can be verified with 
the aid of Theorem 5.7; this means that 937 (/) reduces Ri. 
Theorem 4.27 shows that 237 (/) reduces H and that H and E 
are permutable. 

This theorem suggests the fundamental role which will be 
played by manifolds of the type of 307 (/) in the further study 
of self-adjoint transformations and their reducibility. If we 
have two self-adjoint transformations H x and H 2 with the 
corresponding resolutions of the identity E x (A) and E 2 (A), 
we construct the closed linear manifolds 937i (/i) and 937 2 (f 2 ) 
associated with H x ,fi and H 2 ,f 2 respectively. The question 
of the unitary equivalence of Hi and H 2 then hinges upon 
the following problem: to determine whether or not there 
exists an isometric transformation Y with domain 937i(/x) and 
range 237 2 (/ 2 ) such that YE ± (A) F —1 = E* (A) in 937 2 (f) • If 
we take H x = H* = H. a solution of the specialized problem 
so obtained affords us a criterion for determining when 
T37 (ft) = 937 (/ 2 ) for two elements f and / 2 in §. We shall 
answer the questions raised, in the following theorem. 

Theorem 7.3. Let H u H 2} E x (A), E 2 (A), 237 x (f), and 937 2 (/ 2 ) 
have the meanings stated above; and let o x (l) = | E x (A) f x | 2 , 
Q-j (A) = | I? 2 (A) f 2 J 2 . There exists an isometric transformation V 
with domain 937! (f) and range 937 2 (f>), such that YE t (A) Y~ x 
= Ei (A) in 237* (/;), if and only if Qt~Q 2 ■ TFSew FLi=H,= EL, 
a necessary and sufficient condition that 937 (Ji) = 937 (/ 2 ) 

/ 2 u-w demerit of 937 (jfi) the property f 2 <-^f. 

First, let us consider the necessity of the condition for 
the existence of F. If we put g x = Y~ x f 2 , we have 

I Ei (A) g x | s = | Ei (A) V~ x f 2 1 2 = | YE t (A) F” 1 f 2 1 2 
= I E 2 (A)/ 2 J 2 
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so that g 2 (X) = \%i W gi I 2 . Now g 1 is an element of 50l t (ft) 
and can therefore be expressed in the form F 1 (H l )f 1 where 
Ft (X) is in S 2 1 } (/i). By reference to Theorem 6 . 1 , we find 

= 1-^iW 9i I 3 - \E x a)F x (JTO/il 2 

= Xj-FiGOI* 

and conclude that £i^>£ 2 * In the same manner we show 
that Thus as we wished to prove. 

Next we consider the sufficiency of the condition for the 
existence of F. We suppose that Qi~q 2 ' Then the functions 

4 ^ and exist and are respectively ^-integrable and 

ClQi C 1 Q 2 

^ 2 -integrable functions which assume real not-negative values. 

Hence (4^"j is a real not-negative function in 8 2 (gt) 
\ d Qi 1 

= S^C/i) which we shall denote by F 1 2 (2) . The element 
F L2 (JKi)fi = #1 thus exists and belongs to TM/i); clearly, 
it has the property that 

I -Ei 0) gi P = X« 1 ^ « I 2 ^ 0*) A I 2 = W ■ 

We introduce the closed linear manifold (y x ). By reference 
to Theorem 6 . 2 , we see that the space 82 ° (# 1 ) = 8 * (gs) = 82 2 ) (f 2 ) 
is in one-to-one isometric correspondence with ThCyO on 
one hand and with 9ft g (/ a ) on the other. By eliminating 
82 (^ 2 ) we obtain a direct isometric correspondence between 
Wit (gi) and Wl 2 (/ 2 ) and thus define an isometric transformation V 
w r ith domain and range SKaC/i)- If h 2 = F(H 2 ) fz, 

where F(X) is in 82 (^ 2 ), is an arbitrary element of 9ft 2 (/ 2 ) 
its correspondent V'~ 1 h 2 in Wl L (gt) is Jit — F(Ht)gt . If 
Fx(g) is the function equal to 1 or to 0 according as g X 
or ^Z>X, we have 

E 2 (X) h 2 = F 2 (X) F(H 2 ) / 2 = Fx (E 2 ) F(H 2 ) /, = Gx (fli)/, 
where = Fx(f)°F(g), and 

— Et{X)F{Ht) gi = Fx{Bt)F{Et)gt = Gx(Ht)g x . 
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These relations can be written in the form 
Fi (A) = Y-'UzWh. 

Since lu is an arbitrary element in 9Jl 3 (/ 2 ), this means that 
YEx (A) Y* 1 — E 2 (A) in SOh>(/ 2 ). To complete the discussion, 
we show that TM 3 O = Since g x is an element in 

Tic. (/I), it is evident by reference to Theorem 7.2 that 
?Tci ((ji) £ 2% (/O. On the other hand. f x is an element of 
Mi (c/i) so that M x (/i) £ 9Ki (#0 and (#) = SOlj. (/i). In 

fact, if we put F 2l (A) = , we have /i = F 2 i(H 1 )g l : 


fact, if we put F 2i (A) = ? we have /i = F 21 (H 1 )gi: 

for, by Theorem 6.1 ( 6 ), F 21 {H X ) g x — .F 2l (R x ) Ji* (Si) /i 
= 0{E x )f x where 6 s (A) = F,i(I)oP 12 (A) = (—^ ° 

and by Lemma 6.4 (5) the last expression has the value 1 
almost everywhere with respect to $>i(A). 

We may now consider the special case H x = JS 2 = H. 
If 2HC/1) = SKf/ s ), we may take T r = Jin STOOi); it follows 
that . Furthermore / 2 must evidently be an element 

of Wc(fi). If we write f x <^f 2 in place of the neces¬ 

sary conditions assume the form given in the statement of 
the theorem. When these conditions are satisfied, we can 
writer = F{H)fi for some function F{7*) in S 2 (/i) = S 2 (^i). 
By virtue of the relations 

<?*('-) = seo.)/^ = // m^dSEip)/^ 

= f_ ! Fin)'? dQtin) 

we see that (~~) = j F{ A) j almost everywhere with respect 

to o x (A). The function \FU) \/F(X) is a bounded ^-measurable 
function defined almost everywhere with respect to ^(A); 
by virtue of the relation o l ')>-o 2 , it is ^-measurable and is 
defined almost everywhere with respect to q 2 ( A). The function 

^“ (ttw) ° E(l)\/F( A), as the product of a bounded 


function and the function 


in So (q 2 ) , is itself a function 


in So (oo) — So (/*). Furthermore 
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0(1) = F{X)oG{1) = fi£io4^) 12 = 1 
\ cl Q ± cl 0 2 I 

almost everywhere with respect to q x (X ). We find therefore 
that G(H)f 2 = G{H)F{H)f - ©(#)/* =/ l5 thus / t 
belongs to 501 (/ 2 ) and 501(A) £ 2Ji(/ s ). On the other hand 
the fact that f 2 is in 507 (/O implies 997 (/ 2 ) £ 507 (/i) and 
hence 507 C/i) = 507 (/ 2 ), as we wished to prove. 

§ 2. Unitary Equivalence 

From the three theorems just established, it is plain that 
we can solve the problem of unitary equivalence by con¬ 
structing a canonical set of manifolds of the type of 501 (/) 
for a given self-adjoint transformation H, and by comparing 
the canonical sets corresponding to two given transformations 
Hi and H 2 . Hahn introduced such canonical sets and called 
them “ordered sets” because the relation )>-, which we have 
defined in Chapter VI, § 1, serves to arrange them in a definite 
sequence.* We find it convenient to carry through our dis¬ 
cussion in two parts, embodied in the two theorems which 
follow. The first theorem is equivalent to one due to Hellinger, 
who stated and proved it in terms of “orthogonal differential 
forms ”.t 

Theorem 7.4, Let H be ct self-adjoint transformation , Fiji) 
the corresponding resolution of the identity, 997 and 97 the two 
closed linear manifolds defined in Theorem 5.13; and , when 
507 f £), let {cpk} be the orthonormal set introduced in that 
theorem. Then the following three cases arise: 

(1) when 507 = O, 97 = §, there exists cm orthonormal set 
{gjc } in 97 such that the closed linear manifolds 507 (gi) are 
mutually orthogonal and together determine 97 = § according 
to the relation 

5)7 = 507 ( gi ) 0 997 (g 2 ) 0 507 (g 3 ) 0 • • •; 

(2) ivhen 507 and 5)7 are both proper subsets of then there 
exists an orthonormal set {gu } in 5)7; the closed linear manifolds 

* Hahn, Monatshefte fiir Mathematik und Physik, 23 (191*2), pp. 161-206. 

f Hellinger, Journal fiir Mathematik, 136 (1909), pp. 210-271. 
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9 ft (>/;.), 9 ft (gis) are mutually orthogonal and together determine 
© according to the relations 

9ft == 3R(spi) © 9ft (gp 2 ) © sKfos) © • • ■, 
ft = aR(^)©aR(^)©2tt(^) 

§ = 5m ©91; 

( 3 ) 9m = ©, ft = D, the closed linear manifolds 9ft (y/ c ) 
rtre mutually orthogonal and together determine 9ft = © accord¬ 
ing to the relation 

9m = aR(g»i)©aR(sP*)©aK(yB) •••• 

J« cases (1) and ( 2 ) the functions \E(X)g k \* are continuous. 

In cases (2) and (3), where 9ft ^ O, we show that 3ft (y/c) 
is the one-dimensional linear manifold determined by the 
characteristic element cp k . According to Theorem 5.13 the 
function o k (/) = | E (2) cp k \ 2 takes on just two distinct values, 
zero and one. By Lemma 6 . 2 , the space S 2 (Qk) is a one¬ 
dimensional unitary space. Theorem 6.2 shows therefore that 
3R(SPft) is a one-dimensional linear manifold. Since 9ft ( 9 ^) 
contains <f k the assertion that 9ft (g>u) is the linear manifold 
determined by is established. In consequence the closed 
linear manifolds 9R(<jpfc) are mutually orthogonal and together 
determine 3 )l according to the relation stated under cases 
(2) and (3). 

In cases (1) and (2), we commence by selecting an ortho¬ 
normal set {fin} which determines the closed linear manifold ft. 
By a process described below, we then construct successive 
sequences [f mn } in ft, n = m, m +1, m+2, • • •, m = 1,2,3, • • *, 
such that the closed linear manifolds 9ft (f mm ), m — 1 ,2, 3 , ■ • •, 
are mutually orthogonal and together determine ft according 
to the relation ft = 9ft(/u) ® 9ft(/ 22 ) © 9ft (/„) © - - In 
effecting the details of this construction, we must use the 
following assertion: if f is an arbitrary element of ft, then 
33t(/jgft. To prove this assertion, it is sufficient to show 
that E{X)f belongs to ft for every as we see by reference 
to Theorem 4 . 2 ; and for this it is in turn sufficient to show 
that \E( P )E{X)ff is a continuous function of ^ for each 



VII. SELF-ADJOINT TRANSFORMATIONS 249 

value of A, as we see by reference to Theorem 5.13. Since 
\E(f) E(fyfl 2 is equal to \E(f)ff when g A and equal 
to \E(k)ff when /*>A and since / is in 9i, this function 
has the desired properties. We now suppose that the 
sequences {/m}, •••, {fmn} have been constructed so that 
9ftOu), • • 9K(/m) are mutually orthogonal closed linear 
manifolds and so that every element fkn, A* = 1 , * • nu 
n = k, &+1? ft+ 2, is in 97. We then define f m -+\,n 
for n = m+ 1 , m-f -2 , m-\- 3, • •• as the projection of 
fmn on the closed linear manifold 

9Wi = 5R © im/u) ® ■ • * ©9ft (/«*)]. 

It is clear from the remarks made above that the new 
sequence {f m +i,n} exists and is contained in 97. We must 
show that 90i(/«i+i t m+i) is orthogonal to 9)7(/u), • ••, 9R(/ m »i). 
By construction f m +i, m-\-i is orthogonal to each of the latter 
manifolds. Hence if we let v be the lesser of A and ,u. 
we have 

(E (A) /^-j-i, ^ 4.1 , E (fi) f nn ) = (/m+i, w+i? E(y) fw!) = 0 

for all values of A and p and for n = 1, • • •, m . By 
Theorem 7.2, this equation implies that 937(/m+i, m-fi) is ortho¬ 
gonal to each of the closed linear manifolds 937 (fu), • * •, 937 (fmm) • 
The principle of mathematical induction now permits us to 
carry out the construction for m = 1, 2, S, • • • and to obtain 
in this manner the succession of sequences {fmn} desired. We 
have still to show that 97 = 937 (/u) © 937 (/ 22 ) 0 9)7 (/ a8 ) 0 • ■ * • 
Let/ be an element of 97 orthogonal to 9J7 (fmm) , m = 1.2, 3. • • •; 
we have to prove that /= 0. Now the element is con¬ 
tained in the closed linear manifold 917On) 0 * • • 0 937 (f m ) 
by the manner in which the sequences {fmn} were constructed. 
Hence / is orthogonal to f n for n = 1, 2 ? 3, •« • and must 
reduce to the null element by virtue of our choice of the 
orthonormal set {fm}- Our construction therefore yields all 
that we required of it. The desired orthonormal set {gk} is 
formed by casting out of the sequence {fmm} every element 
such that f mm = 0, normalizing each of the elements which 
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remain, and numbering the new sequence in a suitable 
manner. Of the manifolds 2K (fmm) we have discarded only 
those of the form s Jft(0) = £5 and the rest are unaltered, since 

9R (fmm) == (fmririf\ fmm |) ==:: Wl (j)k) 

whenever f mm 4 0, and gu — fmml\fmm\* In case (2) the 
relations W(n) £ 9JI, WKgf) £ 9i show that every manifold 
Tc O/vc) is orthogonal to every manifold (gf ). In both 
cases (1) and (2), is continuous by virtue of 

Theorem 5.13. It should be noted that the orthonormal 
set { gk\ does not necessarily determine the closed linear 
manifold Sft; in fact, it may contain a single element. 

Theorem 7.5. If H is a self-adjoint transformation for 
which case (1) or case (2) of Theorem 7.4 occurs , then the 
set {<jk\ can he replaced hy an orthonormal set {ipk} with the 
foiloi c ing proper ties: 

(1) = srcoft) 0 e © • • s 

(2) I Eu) xi’k | 2 is a continuous function of 2; 

(3) U\ > > U> s >-. 

The symbol has the meaning stated in Definition 6.2. 
The construction of the set {t"*} from the set {gu} of the 
preceding theorem is accomplished by repeated internal adjust¬ 
ments which we shall first isolate and analyze independently. 

We start with an arbitrary sequence {f n } in dl such that 
the manifolds s 2R(/i), 9ftC/s), fflt(/ 3 ), • • • are mutually ortho¬ 
gonal. We may suppose without loss of generality that 
those elements of the sequence which do not coincide with 
the null element have been normalized; thus \f n \ = 0 or 
I/J= 1 for every n. By a process which we call a reg¬ 
ularizing transposition, we replace the given sequence by 
a new sequence {fm} in Tc which has the following properties: 

(1) m/n) contains 9R(/i) and certain subsets of 2Ji(/ 2 ), 

m muin) £ S»UW< n = 2, 3, 4, .. 

(3) Wifi) 0 m(f 2 ) © W(f 3 ) 0... = m(f n ) ® m(f 12 ) 

0 (fis) 0 * * ■; 

(4) fn >/m ? « = 2, 3, 4, . • - . 
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The validity of this process depends primarily upon the last 
part of Lemma 6.5. In detail, the regularizing transposition 
can be described as follows. Each element of the sequence 
{fn} is to be resolved into two components g ln and g 2n such 
that fn = gm+gm, the closed linear manifolds lift (gm) and 
SO l(g 2 n) are orthogonal to each other, and 


m/n) = mgudQWigto). 

This resolution is accomplished by induction. We first set 
g n =fi, gm — 0. When the mutually orthogonal elements 
git, g*i, • • * 7 gi,n-h $2,71-1 have been defined, w T e put 

ew Sw«|"= 

a = 1 1 a = 1 

W = I EWfnVIn*, Cn (A) = <> H (A) + T n (A) . 

Since the set of points specified by the 

equation ~ 0 exists and is ^-measurable; by Lemma 6.4 
(1) this set is also ^-measurable. We introduce the function 

Gm (A) which is equal to 1 or to 0 according as = 0 

(l $n 

or not; since Gm(fy is bounded and ^-measurable, it belongs 
to S*(r n ) = S a (/»). We define = G ln (H)fn, gm =fn—gm 
= [1— (?m (JT)]/». Thus gm and g 2n are elements of Wi(fn), 
and Wl(gm), 9ft (g^n) are subsets of 2ft (/ n ). It is easily shown 
that 3ft (gm) and 9ft(#2») are orthogonal: for if F x (H) gm and 
F 2 (JT) gm are arbitrary elements of these two linear manifolds 
respectively, we have 

(-Ei ( H)gmj F% (H) g-iii) 

= (F± (H) G ln (jS)fn t F 2 (H)(l~G ln (H))fn) 

X -j— oo _ _ 

F, (2) o G ln (2) • F t (2) o (1 — Gm (2)) d\EQ.)f :l \- = 0. 

-00 

Finally, if F(H)f n is an arbitrary element of 9ft(/«) we can 
express it as the sum of elements in s M(gm) and 9 Tt(gsn) 
respectively, by virtue of the equation 
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F{H)fn = J F(H)G ln (H)fn + F(E)a-0 ln m)f n 

It follows that 9 R(/h) — 2K(^iw) © 2R(^2«)' Thus we can 
suppose that every element of the sequence {/«} has been 
resolved into components of the type described. The desired 
sequence {f ln } is defined by the equations 

sc 

/u — 2 i ,/lw “ J 72 = 2, 3, 4, • • • . 

c: = 1 

Since the elements ^ are mutually orthogonal and satisfy 
the inequality I#i?J 2 < |/ M | a where |/,J is equal to zero or 
to one, there is no difficulty in showing that the series 
defining f n converges in §. It is evident that the sequence 
j fm} is a subset of 5ft. 

In order to verify that the sequence {fm} has the properties 
demanded above, we need a few preliminary facts. In addition 
to the functions o n (A), a n (A), r n (A) of the preceding paragraph, 
we introduce the functions 

= |£’ i / i /„| 2 = >,’| E&)guW**, 

a = 1 

rlli = \eO.) Z/<'.“¥ = Z lEu)frV/«- = Z r, (X), 

■ r: = 1 1 c:=l a — 1 

- | E{X)g lu ¥, VnW = I E(l)go n \K 

By means of Lemma 6.5 we show that 

The relations 

r(A) =r 0(A)—Z t’e(X)/a a , 

C' — 1 

00 

r u) = G n (A) — ^ (A) / or -f 2 (A) 

r: — 1 « = 7i—i~l 

are easily verified, and show that r>o. o n . The relations 

ac n—\ 

q('-) = <?«(/)- Z »«(*)/«*, «,(A) =Z »«a)/« 2 

» a = i 


I p !>■ £>,? )>- «i, •••, 0>n- I- 

i ?»• 


I <0i> 


r«>-< 
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show similarly that »n-i. We have already 

noted that Vn^Qn, *n by virtue of the defining equation 
G n (l) = ^(A) + r n (A). Finally, we have 


Tn (l) — C0 n (?.)/n* + t> n (A)/« 2 

and conclude that r n v n . By virtue of the equations 


*nW = \m)fnVhl * 9 

= \E(l)g ln f = d\EQ.)M, 


we find that ~j-~ = n‘ * = «*<? ln (A) almost every- 

where with respect to ^(A). With the aid of this result we 
show that $n+i ~ Qr . The relation a n (A) = q,^ 1 (A) -f v n (A),' m 2 
implies so that we can shift our attention immediately 

to the proof of the relation We appeal for this 

purpose to Lemma 6.5 (2). Let E be a Borel set over which 
the variation of ^-h(A) is zero. Then E is ^-measurable, 
and we have 

ClCnQ.) = f dQ, l+1 {l) = 0. 
a <Jji Je 



This equation requires that the not-negative <r, r integrable 
function — vanish almost everywhere in E< with respect 

to (A). It is possible, however, to prove that - . C - ^~~ l ~ 

(t ti n 

can vanish only on a null set with respect to o n (A). Using the 
equations £>n+i(A) = + ti n (A) = Q n (A) + r n (A), 

fl^n (A) o c \ Qn 0, we obtain 

d tiji 


d ti n 


dQn 

dti n 


dco n 

dr n 

dr n 

■ 0- 

d<J n 

= ■ 

d Qn 

da n 


dq n 

i- Cl. 

n)o 

d ti n 

d Qn 

1 


dti n 

r vri n 

W° [ 

d ti n 

d ti n 

J 



d Qn 
d tin 


f Em (A), 
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an expression which, by the definition of GmW, is positive 
wherever it is defined. Consequently, E must be a null set 
with respect to <r w (A). This result shows that 
The relations 

Q > Qn-r 1 ~ > v n , Q > V n 

are therefore satisfied. 

We shall now take up the proof that the regularizing* trans¬ 
position supplies us with a sequence {fm} enjoying the 
four properties enumerated above. Since fm — g% n the relation 
3R(/m) = £ 2 )l(fn) of (2) holds when n — 2, 3, 4, • ■ 

The properties (1) and (3) are consequences of a relation 
proved below, namely, 

fflK/n) = mgn) © 2»(y«) © mgis) ® • * * ? 


as we see at once: for (1) is satisfied by virtue of the fact 
that f = g n . (3) by virtue of the relations 

y m (.fir ): ®] = 2 [fi ($u ); ©] © z [TO (.ff-ia ); ®] 

<: = 1 c' — l a = i 

= hm(gu)®m(g,m ®] 

a =1 

= 5 [9W (/„);©]. . 

c:=l 

The element f u has the property that EQS)f^ = ^E(f)g\Ja 

a = 1 

3C 

is an element of [2ft (^io); ©] for every X ; and in con- 

C — 1 

sequence, 9ft (/n) £ [2R(^ic); ©]• We shall now show that 

e —1 

the only element in the closed linear manifold ^[2K(gr 10 ); ©] 

a = l 

orthogonal to every element of 3ft(/ n ) is the null element, 
and thus conclude that the two manifolds are identical. Let 

where h n — F n [H)g ln is an element of 9ft (gm) 

and let h be orthogonal to every element of 9ft On). We 
then have 
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F a {X)\ s cl\E{X)g ln \* 


d (*)(t 
dr 


d*W, 


with the aid of the relations established in the preceding' 
paragraph. Let 0P w (A) be the ^--measurable function which 


is equal to one or to zero according as 


d ar n 
clr 


is positive or 


zero, n = 1,2, 3, • • • 
^-measurable, k = 1 


. Then is also ^-measurable and 

2, 3, • ••; being a bounded function as 


well, it belongs to S 3 (q) = S 3 (fu) and to S 2 («&) — 2* (fjik) 
for k = 1, 2, 3, • • •. Hence we have 


(h, Q n (H)EWfn) = 2 {ha, ® n (H)E(/.)f n ) 

Ci — 1 

= 2 (EU) ©JI (H) ha, /n) 

cc = l 

CO 

= 2 (ffW ©»(#) ;<«, flr la )/« 

Ci = 1 

= 1 - f d\E0:)gu:V 

« = 1 & U— oo 

= 2 — P ©» (>.) o (A) o 4“ 
cc = i u tJ —oo cl r 

We show next that & n (l)o —= o whenever m 4 «. 

This equation is implied by the relation ~~ ~ o = 0 

which holds almost everywhere with respect to r (/) , as we 
can prove directly. Without loss of generality, we may 
confine ourselves to the case m<n , We have 


d Wyii 

dr 


^ 2 1 dcOa 

< m 2 2 j —~ 7 — 

— " dr 


C~1 


dQn 

dr 


mr 


dQn 

dG n 


d@n 

~d^ 7 


d COyi 
dr 


d(*) n dr n 

- o - 

dr n dr 


n 2 GmW o 


dr n 
dr 7 
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and therefore 


0 < 


cl COjfi cl M)i 
- O --- 

dr dr 


< m* n 2 G Vl (I) o 


cl Qn_ 
cl Gil 


d &n 
dr 


o 


dr n 

dr 


= 0 


by the manner in which G ln {l) was defined. Hence the 
equation given above assumes the simplified form 

(A, Qn{E)E{l)f lx ) = i- J_ M W° F n .Wo a r (X) 

= 1 ( Fn(l)° clv(X). 

n J-o o dr 

Since h is orthogonal to every element of 9tt(/n), this 
expression must vanish for every value of 2. It follows 

that F n (A)® —y— = 0 for all values of 2 except for a null 

set with respect to and also that |-FhW| 2 ° - .—-. = 0 

almost everywhere with respect to r (A). If we now calculate 

the integral C * | F n (l) | 2 ° -—l-dr (A) = 0 and substitute 
<•/—-co cl r 

its value in the expression for |/z| 2 , we find |7^| 2 = 0, h = 0, 
as we wished to prove. With this conclusion, we have 
established that the sequence {fm} enjoys properties (1) 
and (3). To show that (4) is also satisfied, w r e use the 
relation q v n derived in the preceding paragraph. We 
have merely to write it in the form 


lE(l)f n \*>[E(X)g 2n \* = I F(X)f ln f, n 2, 

to conclude that n d> 2. The regularizing trans¬ 

position therefore has all the properties predicted. 

Before applying the regularizing transposition to the proof 
of the theorem under consideration, let us examine the effect 
of two successive applications to a sequence {f n }, carried 
out as follows: from {/»} we construct the sequence {/m} 
exactly as described above; from the latter sequence we 
drop the first term and then apply the regularizing trans¬ 
formation to the sequence which remains, thus obtaining a 
new sequence {fm} where the index n assumes the values 
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2, 3 , 4, • • - . We wish, to show that/ u >/ 22 . In the second 
application of the regularizing transformation we resolve fm 

into components gun and g 2 m and put / S2 = .2 £ii«/(a — 1 ). 
We consider the functions 


<? (1) W = I E w/u | 3 , <>© W = I £(i)/„ I 2 , 

= I^W^lnP, 

= I-EW/ ln p, «®(i) = |-EJW^o ln p, 
for n = 2, 3, 4, • • •. We have = w ©(A)-f- v ©(;.) so 

that v© y* m®. As we proved above, o (1) n© so that we 
obtain q { v > y- «©. We now write 


00 

e (2) W = \E(l)f,,Y = 2 |JS?W5ii«P/(« —D* 

cc = 2 


= 2 ;«® (*)/(«-!)' 


s r 


1 


d«<?) 


<* = 2 J-oo (« — l) 2 dQ a) 


d^(X). 


This means that the positive-term series yj -7 -— 7 — 7 - 7 ^- 

a=2 ( a — 1 )“ dg (1) 

yields, by integration with respect to £ C 1 ) (T) over the inter¬ 
val *A with extremities —00 and A, a convergent positive 
term series. This can occur if and only if the series itself 
converges almost everywhere with respect to £> (1) (^) and has 
as its sum a £ (1) -integrable function FQS) such that the 

equation £ C 2 ) (T) = J* dQ a \l) is valid.* Thus we have 

C (1) ]>“ q ( 2 \ fn ]>- 2 as we were to prove. 

There is now no difficulty in constructing the set 
We start from the sequence {gu} already introduced in 
Theorem 7.4 and apply the regularizing transposition successively 
to form the sequences { g mn }, n = m , m + l 3 wi + 2 , ***, 
■m — 1, 2, 3, • • the sequence {gm} is obtained by a direct 


* The proof is like that of a theorem of B. Levi for Lebesgue integrals; 
■compare de la YaU6e Poussin, Integrates de Lebesgue , Paris 1916, pp. 49-50. 
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application from the sequence {$-»}; when the sequence {g mn } 
has been obtained, its first term is dropped and the regularizing- 
transposition is then applied to yield the sequence {g m+ 1 ,„}. 
By the properties of the regularizing transposition, we see 
that the closed linear manifolds 9J1 (gmm) are mutually ortho¬ 
gonal, that they satisfy the relations 

n . n oo 

2 m(g a ): ©] C 2 m(ffc'a); ffiigZ (</«); ©], 

C- = 1 a = 1 

OC OC 

[9K (#««); 0] = 2 [2ft(#«); 01 — 

Ci = 1 « —1 

and that the elements g mm satisfy the relations 


#11 >#22 >#33 > 

If for some value of m we find that #w = 0, then the 
relation # wl m>#nn, n > »i, implies that = 0, n^>m. 
We now cast from the sequence {#w} every term "which 
reduces to the null element and then normalize the remaining 1 
terms to obtain the sequence {^}, ipk = #^/|#^d, with 
the properties stated in the theorem. 

Theorem 7.6. If H is a self-adjoint transformation for 
which case (1) or case (2) of Theorem 7.4 occurs , and if 
{#'/*} and {xk) are associated orthonormal sets of the type 
described in Theorem 7.5, then 

(1) the sets {*/>&} and {xk} have the same number of elements; 

(2) U>k~Xk for fc =1,2,3,... . 

At the outset we must envisage several possibilities: the- 
two sets {ipk} and {xk} may contain the same number of 
elements or different numbers; each set may be either finite 
or infinite. By an artifice we modify each set so that we 
do not need to classify and examine special cases. If the 
set >4 is finite, we augment it by the introduction of 
a denumerable infinity of new terms, each equal to the null 
element; and if the set {/&} is finite, we treat it in the same, 
way. We thus obtain two infinite sets {ipk} and {xu} with, 
the properties: 
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(1) l^fcl = 1 llfrl = 0, \u\ = 1 or \xkl = 0; 

(2) W = 2m(ipa); ©] =j£w(x«); ©]; 

(3) >^2>^S>-, Xl>X2>X3>-• 

We shall prove immediately that the augmented sets satisfy 
the relations ft — 1, 2, 3, •• - . If the original set 

{ ipk} contains exactly n elements, then in the augmented set 
ipk = 0 for ft > n +1; it follows that in the augmented set 
{Xfc} we have 0 and hence y k = 0 for ft > w + 1. 
Similarly, if the original set {#*:} contains exactly m elements 
we find that in the augmented set {xpjc} we have = 0 
for ft m +1. Thus we conclude that the original sets 
are both infinite or both finite, containing the same number 
of elements. The entire theorem depends therefore on the 
truth of the indicated relation between the augmented sets. 

First we shall show that xp i~Xi- We introduce the func¬ 
tions g k (X) = |F7(ft) ipkl 2 , c k (X) = \E(X)xn\ 2 for ft = 1, 2, 3, •••, 
and note the relations q 1 )>-]>-)>- • • • and a x cr 3 )>- - •.. 
We let tpnc — Fik(H)ipk be the projection of yj on dJt(ipk), 
i,k = 1, 2, 3, • • We then have 

=== ^ |-EV-)-Fi« (H)lpctl 2 

^ a = 1 «= l 

= Z f \F la m\ s dlJ3(X)ifj a \> 

= 2 f [FiaW^o^-deiW. 

ft = l J-00 «£>i 

By the argument used in the next to the last paragraph of 
the proof of Theorem 7.5, we see that the positive term series 

\Ficc (ft)| 2 ° converges almost everywhere with respect 

«=i 

to and has as its sum a ^-integrable function F(X) 

such that <r ± (2) = J* ^ 2^(2) (2). Consequently, we have 

4^- = F(X). In a similar manner we conclude 

aQi 

that ^ and hence obtain the desired relations £i~oi, 


17 ! 
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Next we shall show that if xpi ~ xi, ■ • •> R>n ~ Xn, the 
relation V'n+i ~ z#+i is also true. Our proof hinges upon the 
equations 


dCj 
do i 


= !^V-Wl*° 


d Qg 
dQ 1 ? 


i — 1 ? 2 ; 3, • • •, 


0 


= Z Fi* W 


Qa 

J<h’ 


i 4- h k 1 ? 2, 3 ? 


The relation shows that Qi^Gi and that 

exists. We calculate this function exactly as we calculated 
d (S\ 


dQ 


in the preceding paragraph: we haye only to replace 


the subscript 1 by the subscript i. By virtue of the inequality 


! F im (A) F km [| F lm (A)I s +1 F km (A)|] 2 o ^ 

and of the facts stated in Lemma 6.1 (6), we see that the 
series E ia (/) Fka U) ° 4^- converges absolutely, has a q x - 

ci = 1 ct Qi 

integrable sum, and can be integrated term by term. When i 
and k are different we calculate its sum by the use of the 
equation %k) ~ 0. We have 


(E (X) Xi, Xk> = 2 (E{X) Ipfo, ipkd) 

ct =1 

= ZiE(l) Fia(II) xfj a , F k a(H) Ipa) 


a: 

= Z Fiu (A) F ka (A) d | E (A) 

a=l tJ —oo 

= Z f Fic, (A) I\JT) O ARsl d Q (A) 

a —i J—zq UQi 

Hence the sum of this series vanishes almost everywhere with 
respect to £i(a). After these preliminaries, we turn to the 
problem in hand. By using the equations just established and 
Lemma 6.5(2), we show that Let E be a Borel 
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set which is a null set with respect to (2); we must show 
that E is also a null set with respect to cr ?l+1 (2). In other 
words, we must prove that the relations 

It? = ■ 

are incompatible. We suppose that E can he chosen so that 
these relations are satisfied, with a view to establishing 


a contradiction. The equation 




0 implies 


that — : — 0 everywhere in E except possibly for a null set 
with respect to q x (2). In view of the relations q x y-Q n j rl ^o k . 
— ———— c holding for k n+1, we see that 

d/Q i ClQi 

= 0, Ar^n+l, everywhere on E except possibly for 
a null set with respect to ^ (2). On the other hand, the 


inequality 


J d<s n -\ 7 
— r 1 dQi 

E (IQi 


(2)>0 implies that E contains a sub¬ 


set E 0 over which p x (2) has positive variation and on 
which >0. In view of the relations Qi^^k^^n-ri, 

CLQi 

d °, n+1 = d(f 7 n+1 o holding for k < n+ 1, we see that 

cIq i clc k dQ! ° ~ 

>0, 1, everywhere on except possibly for 

Pi 

a null set with respect to q x (2). In consequence of these 
facts, we can choose a point 2— jn in E 0 such that 


— 0, k ^ 7i -f-1 ] 


Tv ^ 71 1, 


at 2 = while the equations discussed in our preliminary 
remarks are valid at 2 = ^. Thus for i = 1, * * *, ra+1, 
Jc — 1, - - •, n and 2 = we have 
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dQa 

dQi 


dCj 

dQx 


> 0 , 


2 = o» 

«=i i 

By means of the abbreviations = -Fa M 1 

, L/2 

= jFn-j-l.fcW ° 

system of equations reduces to the system 


i ^ k. 
dQk / dot \^ 2 


/ dQk 

j dtin-r -1 

\cIqJ 

clQ\ . 


dQi / dQi 


AiaAua — $ik) AiaCCec 0 , \%a\ 

« = 1 « = 1 «==! 


where k = 1, •••, n, after suitable manipulations. If 
we interpret (a,, - #») as a point in n-dimensional uni¬ 

tary space and {Aik} as the matrix of a linear trans¬ 
formation T in this space, then the system of equations 
above signifies that the point (x l7 • • •, x n ) is at unit distance 
from ( 0 , 0 ), that the transformation Tis isometric, and 

that T carries (a? 1? * • x n ) into ( 0 , • 0 ). Obviously, this 

result is the contradiction which we sought. Thus the re¬ 
lation Qn+i >- Gh+i is valid. We prove in the same way 
that c^ 4 .! and therefore conclude that £n+i~o»-fi, 

U'n~l ~ Xn+l- 

By mathematical induction the relation ipk ~ Xk must now 
hold for every k\ and the proof of the theorem is complete. 

We are now prepared to prove the fundamental theorem 
of the present section, giving the solution of the problem 
of unitary equivalence for self-adjoint transformations. 

Theorem T.T. If Hi and H 2 are self-adjoint transformations 
with the corresponding resolutions of the identity E x ( 2 ) and 
E± (>-) respectively and if the symbols {y ( f} 7 {yjjf} and {f ( f}, 
{ l rf j denote associated sets of the types described in Theo¬ 
rems 7.4 and 7.5 respectively, then for the unitary equivalence 
of Hi and H it is necessary and sufficient that 

(1) Hi and H fall under the same case in Theorems 5.13 
and 7.4: 
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(2) in cases (2) and (3), the sets {c/^} and {yj®} can he put 
in one-to-one correspondence in such a way that corresponding 
elements are characteristic elements for H t and II 2 respectively, 
corresponding to the same characteristic value; 

(3) in cases (1) and (2), the sets {ip™} and {ipf} have the 

same number of elements and the functions (2) = | E x (2) | 2 

and Qf{X) — | H (2) | 2 satisfy the relation o ( f ~ of , 

k = 1, 2, 3, 

We shall denote by 9Ji 1? 9Jl 2 , 92 1} %, the manifolds 
associated with H t and H 2 in the manner indicated in 
Theorem 5.13. 

Let Hi and H> be connected by the relation H 2 = UH t U ~~ 1 
where U is a unitary transformation. If f is a character¬ 
istic element of H x corresponding to the characteristic value 
l, then f 2 — TJfi is a characteristic element of H> corre¬ 
sponding to the same characteristic value, since 

Hf = UHiU-'-Ufi - UHifi = IVfi = Z/ 2 . 

Hence U takes the characteristic manifold of H L corre¬ 
sponding to the characteristic value l into a subset of the 
characteristic manifold of H 2 corresponding to the same cha¬ 
racteristic value. By considering the relation U~ l H 2 1 7= ZT 1? 
we see that U ~ 1 takes the characteristic manifold of H 2 
corresponding to the characteristic value l into a subset of 
the characteristic manifold of H t corresponding to the same 
characteristic value. We see therefore that Hi and H 2 have 
the same characteristic values with the same multiplicities, 
and that characteristic manifolds of H x and H 2 corresponding 
to the same characteristic value are in isometric correspon¬ 
dence with each other by the unitary transformation U . It 
follows that and Wl 2 are in isometric correspondence 
with each other by the unitary transformation Z7, even in 
the special cases = D, % = £)• Since -DIi and 5ft 2 
are the orthogonal complements of 9Ki and respectively, 
the unitary transformation TJ must take into %». We 
conclude therefore that Hi and H 2 fall under the same one 
of the three cases distinguished in Theorems 5.13 and 7,4. If 
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R 1 and H 2 both fall under case (2) or case (8), then the 
remarks made above show immediately that the sets {5P& 1 '} and 
{y®} can be put in one-to-one correspondence in the manner 
described in the present theorem. Indeed, we can number 
the two sets in such a way that and yjj® correspond to 
each other and to the same characteristic value l n . By 
Theorem 5.13 we then have 

where k = 1, 2, 3, • • and n depends upon k. If H x and H 2 
both fall under case (1) or case (2), we consider the elements 
= Uipp, k = 1, 2, 3, • • •. Evidently {xff} is an ortho- 
normal set in 97 2 . By Theorem 7.1 we have 

£ 2 Waj? = UE^u-^uy* = 

= I E ± a) 

The first line here shows that U carries the set of elements 
E l (2) into the set of elements E 2 {X) for each value 

of k ; hence U takes into 9Ji 2 (x^), by Theorem 7.2 

and the unitary character of the transformation U . Con¬ 
sequently 9t 2 = 9fc 2 (xf } ) 0 9J1 2 (xfp 0 9010^ 2) ) 0 ■ • •. The second 
line shows that the relations tyf) )>- ipw ^>- •. * (with 

respect to E ± ) go over into the relations x^ )>■ xf ] ^ ^ * * * 

(with respect to i? 2 ). Thus we can apply Theorem 7.6 to 
the sets {t/'j?} and {xjP}, finding that they have the same 
number of elements and that for every k. Writing 

the last result in the form 

= |^(2) yg>|* 

we see that we must have QjP^QjP as asserted in the theorem. 
Hence the three conditions are necessary. 

To prove their sufficiency, we use Theorem 7.3 to construct 
isometric transformations Y ± and Y 2 taking 9% into m 2 and 
into 9k respectively, and enjoying the properties 

& (2) = Y t E 1 (2) YT 1 in , E, (2) = V 2 E 1 (2) 7T 1 in Six. 
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If SDli = £>, then 93/ = O by condition (1), and we let Ti 
be the transformation which takes the null element into it¬ 
self. If 93/ + £>, we can apply (1) and (2), supposing that 
the two sets {yj. 1 / and {spjf} are put in correspondence with 
each other in the specific manner described in the preceding 
paragraph. Since [E^X) = \E 2 (l) <pf\ 2 , we can apply 

Theorem 7.3 and determine an isometric transformation Y lk 
with domain 93/and range S H1 2 (^ 2) ) such that E 0 (A) = 
V^E, (A) Y- 1 in for ft = 1 , 2, 3, .... If / is an 

arbitrary element of 93/ and f k is its projection on 93/CyJp), 
we define Ti by means of the equations 

/ = fi +/a +/3 H 3 I \f= IIi/i + Ti 2 /> + I"i3 fs H- 

From the definition it is evident that Ti is a linear trans¬ 
formation with the closed linear manifold 9t}c L as its domain 
and that (Ti/, T^) = (/,#). Hence Y x is a closed isometric 
transformation. Its range is a closed linear manifold con¬ 
taining 93/(yjf) for every Jc, contained in 93/; and must there¬ 
fore coincide with 93/ = 93/Of) © 93/ Of) 0 93/ Of) © • * •. 
We must show also that E 2 (l) = Y 1 E 1 (A) IT -1 in 93/. Now 
if / is an arbitrary element in 93/, we have, in the notation 
used above, 

E 2 (A) V t f = i/ (A) 7 r n /i + ^2 (A) T 12 / + E 2 (A) T 13 / 8 + . . .. 


Recalling that, according to Theorem 7.2, 93/Of) reduces 
E l (A) , we see that the projection of E ± (A)/ on 93/Of) is 
equal to -Ei(A)/&; and we have therefore 

ViE^f = FiiJSiW/i + F 1 ,^(A)/ a + F 18 ^i(A)/,+ .... 

Since the relation jz7 a (A) = Ti& 3/ (A) Yif holding in 93/ Of) 
can be written in the form J7 S (A) Yik= Yi& E ± (A) in 93/Of)* 
we conclude that E 2 (A) Ti/ = Ti E t (A)/ for every element / 
in 93/. This result is equivalent to the equation E 2 (A) 
= Ti 1/ (A) Ti” 1 in 93/. We construct V 2 is an entirely similar 
manner. If 9/ = £), then 9/ = D by (1), and we let F 2 be 
the transformation which takes the null element into itself. 
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If % ^ £ we call apply (1) and (3). Since the functions 
?£(?.) = [ExQ^^V, ^ 2) (2) = satisfy the 

relation ~ o<f\ we can apply Theorem 7.3 and determine 
an isometric transformation V 2 k with domain 9}^ (V# 5 ) and 
and range 3ft 2 (^jfO such that E> (A) = Yac E t (A) T 7 ” 1 in 
sjj| 2 /j = 1, 2, 3, • * *. If / is an arbitrary element of 
% and fj c is its projection on we define V 2 by means 

of the equations 

/ = /,+/*+/« + • •F a / - Fa 1 / 1 +r f a/a+F 18 /a+ .... 

By reasoning exactly like that applied to Ty, we show that I r 2 
has all the properties predicted. Finally, we can combine 
the two transformations Ti and I r 2 so as to obtain the desired 
unitary transformation U. If / is an arbitrary element in £> 
and fi and / 2 are its projections on 3Jii and 9ii respectively, 
we define U by means of the equations 
/ = /!+/*, Uf= T 

From the definition it is evident that U is a linear trans¬ 
formation with domain § and that (Z7/, Ucj) — (/, #). Hence 
U is a closed isometric transformation. Its range is a closed 
linear manifold containing 9Jh and 9l 2 , and must therefore coin¬ 
cide with S = s Dh® 9b>. Thus U is a unitary transformation. 
We must show that E 2 (A) = UE t (l) U~ 1 . If / is an arbi¬ 
trary element in §, we have, in the notation used above, 

E 2 (A) r/ - # 2 (A) Th/i + (A) r 2 /,. 

Recalling that, according to Theorems 4.26, 5.13, and 7.2, 
Thi and 9li reduce IZi and^(A), we see that the projections 
of E x i/.)f on 2)1]. and 913. are Ex(l)fx and iSi(A) f 2 respectively; 
and we have in consequence 

UExU)/ = YxExWfx+VsExWf,. 

We conclude directly by the properties of Ty and Iy> that 

E t (A) r = UEx (A), j£ 2 (A) = LhZ?! (A) Z7- 1 . 

Theorem 7.1 shows finally that 151 and H 2 are connected by 
the relation H\ = TJHiE* 1 * as we wished to prove. 
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It is of considerable interest to restate this theorem in 
a different form, after introducing a suitable terminology and 
establishing some hitherto unnecessary facts about the Eadon- 
Stieltjes integral. If H, E(X\ {cp*}, {xp k } have the usual 
meanings, we introduce 

Definition 7.1. The point X = p is said to have multiplicity 
zero with respect to the continuous spectrum of the self-adjoint 
transformation H if the closed linear manifold 97 of Theorem 5.13 
is equal to D or if 31 4= S) and l = ^ 25 interior to an inter¬ 
red of constancy of the function q l (X) — \E(X) the point 
X = p is said to have finite multiplicity n, n = 1, 2, 3, * •«, 
until respect to the continuous spectrum of H. if for h = 1, •••, n 
the functions Q k if) = | E(X) ip k \' 2 exist and are constant on no 
interval containing X = p as an interior point while the set {! 
contains exactly n elements or the function Qn+i{X) = lE{X) 
exists and is constant on an interval containing X =■ p as an 
interior point ; the point X — p is said to have infinite multi¬ 
plicity with respect to the continuous spectrum ofH if the set 
{ipk} is infinite and if none of the functions o k ( X ), h= 1.2,3, * 
is constant on an interval to which X = p is interior. 

It is easily verified that this definition assigns a definite 
multiplicity to each point X = p. The relations — 

play an important role since they enable us to assert that, 
whenever q n {X) is constant on an interval A, then Q k (X) )>- Q n (/), 
h n, is also constant on A, by virtue of the fact that A 
is a null set with respect to Q n (X) . It should be observed 
that a point X — p now has two multiplicities, one with 
respect to the point spectrum, the other with respect to the 
continuous spectrum. In terms of these numbers we can 
characterize the relation of an arbitrary point X = y to the 
spectrum of JS. The set of all points w r ith multiplicity greater 
than or equal to one with respect to the point spectrum, 
coincides with the point spectrum. The set of all points 
with multiplicity zero with respect to the point spectrum 
and multiplicity greater than zero with respect to the con¬ 
tinuous spectrum, is a subset of the continuous spectrum. 
The set of all points with both multiplicities equal to zero 
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is divided into two subsets: the first, consisting of those 
points which are limit points of characteristic values, is 
a subset of the continuous spectrum; and the second, con¬ 
sisting of those points which are not limit points of charac¬ 
teristic values, coincides with the set of all real points in 
the resolvent set of H. 

tVe shall now state the requisite facts concerning the 
Radon-Stieltjes integral in the form of a lemma. 

Lemma 7.L If q(X) is a real monotone-increasing continuous 
function in the class $8* and if r = #(+ 00 ) >0, then the 
equation x — qQ*) defines a correspondence between the ranges 
— x K < -fee and 0 < x r which is one-to-one except 
that each interred of constancy of q (f) corresponds to a single 
value x. If Ei and E x are corresponding sets of points h 
and x respectively, then 

(1) the outer and inner variations of q (l) over Ei are equal 
respectively to the outer and inner Lebesgue measures of the set E x ; 

(2) Ei is ^-measurable if and only if E x is Lebesgue-measiirable; 
and the q- measure of Ei is equal to the Lebesgue measure of E x . 

Let Ci be the sum of all intervals A : a <; l < ft on ivhicli 
oil) is constant and let C x be the corresponding set of points x. 
Let two functions of / he regarded as identical if they differ 
only at points of Ci: and let two functions of x be regarded 
as identical if they differ only at points of C x . Then the 
relations F(I) = f(x) 7 x = q( 1) define a one-to-one corre¬ 
spondence between the class of all complex-valued functions 
of /. and the class of all complex-valued functions of x. This 
correspondence has the properties: 

U) a necessary and sufficient condition that F(X) be q- 
measurable is that its correspondent f(x) be Lebesgue-measurable; 
Q-eqmvalent functions of h are ivi correspondence with Lebesgue- 
equivalent functions of x, and conversely; 

1-) a necessary and sufficient condition that F{I) be Q- 
integrable is that its correspondent f(x) be Lebesgue-integrable; 

when F(J.) and f (pc) satisfy these conditions, F(X) dq{f) 

J T> r <•/ 00 

0 f(x) dx; 
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(3) the correspondence sets up a one-to-one isometric corre¬ 
spondence betiveen the Hilbert space 2 2 (q) cmd the Hilbert 
space & 2 consisting of all Lebesgue-measnrable functions f(x) 

such that \f(x)\ 2 dx exists. 

In essence, this lemma is merely a ponderous tautology. 
It means that, if we describe the development of ^-measure 
and of the ^-integral, sketched in Chapter VI, § 1, in terms 
of the variable x instead of the variable X, we find ourselves 
retracing the classical theory of Lebesgue measure and of 
the Lebesgue integral. To verify the details of the lemma, 
we merely translate from the ^-language into the ^-language 
and vice versa , displaying sufficient sensitiveness to the idiom 
of each language to guard against clumsy translations. In 
discussing the various points made in the lemma, we shall 
use the notations of Chapter VI, § 1, and shall denote Lebesgue 
measure, outer Lebesgue measure, and inner Lebesgue measure 
by the symbols m, m*, m* respectively. 

If the set Ex is an interval, the set E x is an interval and 
conversely; but corresponding intervals may be of different 
types with regard to the inclusion or exclusion of their ex¬ 
tremities. We always have m(Ex) = b (Ex) = m(E x ) when 
Ex and E x are corresponding intervals. If Ex is an interval 
this is obvious from the relation m (*i) = q(0)—q(c6). 
If Ex is an interval of different type we can modify it by 
proper treatment of its end points. The omission or inclusion 
of an end point does not change the ^-measure of the interval, 
since the ^-measure of a single point X is zero by virtue of 
the fact that q (X) is continuous. If the corresponding interval 
E x undergoes the corresponding modification, its Lebesgue 
measure is unchanged since the Lebesgue measure of a single 
point is zero. Hence the equation above is valid for arbitrary 
corresponding intervals. If Ex is the sum of a denumerable 
family of intervals such that the intersection of any two 
intervals of the family (unless it is empty) is a point or an 
interval on which q(X) is constant, then the corresponding 
set E x is the sum of a denumerable family of intervals such 
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that the intersection of any two intervals of the family (unless 
it is empty) is a point; and conversely. By virtue of the 
fact that a point /. and an interval on which g (2) is constant 
are both sets of ^-measure zero, we see that the additive 
properties of ^-measure and of Lebesgue measure lead at 
once to the equation m (-£).) = b (Ex) = m (E x ) for corre¬ 
sponding sets of this type. If Ex and E x are arbitrary 
corresponding sets and f is an arbitrary positive number, 
we can find a set Bx in the family cB and an open set O x 
with the properties 

Ei g B/. } b*(Ex) >'o(Bx) E x g Bcc, 

E x g 0 X7 m* (E-c) > 7n(O x ) — €, Ex g Ox. 

Hence we have 

b* (Ex) >t>(Bx) —* — m (Bcc) — € m*(Ef) — s, 
m* (E x ) > m (Ox) — £ = t> (Ox) — * 2! to* (Ex) — s, 

and conclude that b*(2?;.) = m* (E x ). Similarly, we can find 
a set Bx and a closed set F x with the properties 

Bx g Ex, t>*(Ex) <b*(Bx) + *, B x g E x , 

Fx g E x , m* (E x ) < m* (F x ) + e, Fx g Ex. 

Hence we have 

t}*\Ex) <Cb' ! '(j Bx) ~\~€ ^ 7)l*(B x )-\~€ = 77l{Bx)-\~€ Ytl* (E x )~\~ s , 
m, r JEjc)< m*(F x )+€ = b *(F X ) +£ = t )(F X ) +e < + * ? 

and conclude that *o*(Ex) = m*(E x ). It follows immediately 
that m (Ex) = b (Ex) = m(E x ), where the existence of any 
of the three terms implies the existence of the two others. 

The facts concerning the correspondence between functions 
FQ.) and functions f(x) by the relations FQ L) = fix), 
x = o(/) ; are easily ascertained. Our agreement to neglect 
what occurs on the sets Cx and C x simply allows us to avoid 
all values of /, and of x for which the correspondence is not 
a one-to-one correspondence. Since m(Cx) = b(Cx) = m(C x ) = 0, 
we encounter no difficulties when we restrict our attention 
to ^-measurable functions F(l) and Lebesgue-measurable 
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functions fix). Thus we can proceed without need of dis¬ 
cussion until we reach the statement concerning the simultaneous 
integrability of FQ) and /(as). First, if F{1) and f{x) are 
corresponding functions, it is evident that F{1) is a bounded 
^-measurable function defined almost everywhere with respect 
to Qif) if and only if fix) is a bounded Lebesgue-measurable 
function defined almost everywhere. In this case both the 

X -|-co f*r 

FQ) d q {l ), J q /0) d{x) exist. To show that 
they are equal, we let M> 0 be a number such that 


— M<&F{1) < M, —M<3F{X) £ M, 
— M< SI fix) < M, — M< 3 fix) < M, 
and set 


M 


2k — n 


M, 


,.(n) 

( jk 




h k — 0? 


n . 


We then form the sets Eju]x specified by the inequalities 

^<SLF(X) £ <f$ v c^<3Fil) < ( fl 1} 
j, k = 0 , • • •, n — 1 , 

and the sets F$] x specified by the inequalities 

< Si fix) < cft v < 3 fix) < cf£, 

for the same values of j and k. Since Ejkj and Fjkj differ 
only with regard to points in Cx, E}$ x and Fjnlx only with 
regard to points in C X) we see that 


m (Fjffx) = biEj$i) = miFj% x ). 

Thus the integrals 

n—l 

F{1) dq{X) = lim XE cSmCJS^i), 

n—l 

f(x)dx = lim 2 4s m ( F aix> 
n—> co cc,/j = 0 r r 


r 


x 


are equal. When _F(T) is a ^-measurable function defined 
almost everywhere with respect to q (2) and fix) is a Lebesgue- 
measurable function defined almost everywhere, the requirement 
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of boundedness being relinquished, ire form the truncated 
functions FmO-) and/ j/O r) in the usual manner. When F(l) 
and f(x) correspond, the truncated functions FuW and /m(x) 
also correspond. Thus ire hare 

j'f FuQ.) do (l) =J’f M (x)dx, 

JT \Fx{i) | doQ.) = j |/j i{x) | dx. 

When 31 becomes infinite ire find that the integrals 

/^-rao 

I ' iH/) d o (/.) and I ^ exist if and only if 

the integrals f Q f&) d(x) and \f{x)\ dx exist and are 
respectively equal to them. The closing remarks concerning 
the relation between the spaces S 2 ( q) and S 2 are then evident. 

Theorem 7.8. Let and (l.) be the multiplicities 

of l ivith respect to the point spectra of the self-adjoint trans¬ 
formations Hi and H* respectively: and let mf (/) and mf (/) 
be the midtipjlicities of A ivith respect to the continuous spectra 
of Hi and H respectively. Let {d'jT} and {^f } } be orthonormal 
sets of the type described in Theorem 7.5, 

to = \Eff) e*>w = mw 

the corresponding real monotone-increasing contmuous functions 
in £8*: and let fu\x) cmclfu\x) be the real monotone-in¬ 
creasing functions of x defined on the interval 0 < a; 1 by 
the relations 

4“(*) = CfQ-), x = ^(i), 
ff'ix) = x = 

respectively T whenever Jc is a value for which they are sig¬ 
nificant. Then for the unitary equivalence of H t and H- 2 it 
is necessary and sufficient that 

(1) mf(f) = —oo<A< + oo; 

(-) ff &) and ff{x) be continuous functions such that 



dj$\x) 

dx 


dx — 


1 , 



d/Pto) 

dx 


dx 


1. 
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If and JE 2 are unitary-equivalent, the preceding* theorem 
shows that they have the same characteristic values with 
the same multiplicities and that (2) = m < 2) (2) in con¬ 
sequence. Furthermore H x and H-> fall under the same one 
of the three cases described in Theorems 5.13 and 7.4; in 
cases (1) and (2) the sets {ipw} and { ipf} have the same 
number of elements and the functions (2) and (2) satisfy 
the relation ~ This relation implies that (2) is 
constant on every interval of constancy of ^ 2) (2) ? and con¬ 
versely; and this fact in turn implies that m{^ (2) = (2), 

as we can verify directly. The relation ^ can be put 

clo {1) t ^o (2j 

in more explicit form if we set Fj c L) (X) = — FlP(X) = — 
and write 

W = X-lW ^ W, el 2 ’ W = iV 1 W tf e * 11 (A). 

We now apply Lemma 7,1 to throw these equations into 
a new form. Setting gpg } (a?) = F£ ] (2) for a* = (2) and 

<p ( j? (x) = FjP (2) for a: = ^ W, we have 

/fc } (as) = SPfc 11 (x) clx, ft 2) (x) = J o fif (x) dx 


where the integrals are Lebesgue integrals. It is to be noted 
that x ranges over the interval 0 x 57 1 by virtue of the 
relations Q$>(+ao) = |^| a = 1, ^(+cc) = |^Jf , | s = 1. 
These equations for (a*) and ft 2) (, x ) show us that the func¬ 

tions in question are continuous and have the derivatives 


dfi? (x) 

dx 


= SPfc'Ca?), 


dfk 2) (x) 
dx 


= 9f(x). 


If we substitute these expressions for the integrands and 
take x = 1 for the upper limit in each integral, we obtain 
the equations given in (2). Hence the conditions (1) and (2) 
are necessary. 

If the conditions (1) and (2) are satisfied, then we can show 
that II X and H 2 are unitary-equivalent by reverting to 
Theorem 7.7. Condition (1) of the present theorem immediately 


18 
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implies condition (1) of Theorem 7.7; and if H ± and H 2 fall 
under case (2) or case (3) of Theorems 5.13 and 7.4, then 
condition (7) of the present theorem also implies condition (2) 
of Theorem 7.7. If Hi and H 2 fall under case (1) or case (2) 
of Theorems 5.13 or 7.4, then the equation (2) = mf (A) 
shows that the sets and have the same number 

of elements, and that q£ ] (2) is constant on every interval 
of constancy of ^f(^) and conversely. Thus the functions. 
fj:' (x) and fu } (x) are defined for the same range of the 
index h and are real monotone-increasing continuous functions, 
assuming values from 0 to 1 inclusive on the interval 
0 < x < 1. These functions therefore have Lebesgue-inte- 
grable derivatives such that 



dx<f£\ 1) 
dx </f (1) 


1, 

i; 


and in each of these inequalities, the equality sign holds* if" 
and only if the corresponding function fix) is the indefinite- 

d fix ) 

integral of its derivative . Hence we can write 

dx 


fgw 


-jt 


dfg(z) 

dx 


dx , 


fiP(x) 


-JT 


dx 


dx\ 


and we can then apply Lemma 7.1, setting 
dfj»{x) 


(}-) = 



* = QgW, 

* = egW, 


and obtaining 


TO d&W, 

TO = 


* Caratheodory. Yorlesungen iiber reelle FunJctionen, second edition,. 
Leipzig, 19-27, pp. 563-573. 
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These equations imply ~ and henee lead to condition 
(3) of Theorem 7.7. Thus the two conditions of the present 
theorem have been shown to imply the three conditions of 
Theorem 7.7, so that H 1 and H 2 are unitary-equivalent, as 
w r e wished to prove. 

§ 3. Self-adjoint Transformations with Simple Spectra. 

In view of Definitions 4.2 and 7.1, it is evidently of some 
interest to consider self-adjoint transformations of the follow¬ 
ing type: 

Definition 7.2. A self-acljoint transformation H is said to 
have a simple spectrum if the point X = p has multiplicity 
0 or 1 with respect to the point spectrum of H and also has 
multiplicity 0 or 1 with respect to the continuous spectrum 
of H, for —co < y < -f co. 

These transformations are satisfactorily characterized by 
the theorem which we shall now prove. 

Theorem 7.9. A necessary and sufficient condition that the 
self-adjoint transformation H have a simple spectrum is that 
there exist an element f such that 2)2 (f) = §. 

We suppose first that H has a simple spectrum. If H falls 
under case (2) or case (3) of Theorems 5.13 and 7.4, we 
see that each of its characteristic values has multiplicity 
one and that the elements of the set { cpk} are characteristic 
elements, no two of which correspond to the same characteristic 
value. If H falls under case (1) or case (2), the set {ipk} 

of Theorem 7.5 has just one element In case (1) we set 

00 

f=ifj 1) in case (2) we set f= and in case 

CO 

(3) we set f= (pa/a. We shall now prove that 2)2 (f) = §; 

that is, that the equation (E(fi)f, g) = 0, —c©< -fc©, 

implies g — 0. In case (1), we have immediately 2)2 (/) 
= 2)2 (tp t ) = 22 = In cases (2) and (3) we select a 
characteristic value X — l n and let be the corresponding 
element in the set {<pk}* The projection E(l n ) — E(l n —0) 
will be denoted b y E n . We know that E n *pi — 0 , E n yn 
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= <f H . En n = o for + by the facts established in 
Theorem 5.13. Hence we have E n f — yjn, (E n f, g) 
= (j)!n = 0. Thus g is an element of the closed linear 

manifold ft, orthogonal to all the characteristic elements 
of E. In case (2), we have ft = 2W (Uq); and we know that 
the relation (E (a)/, g) = 0 assumes the form (E{1) ip x ,g) — 0 
for g in ft = 9ft(t/'i) and therefore implies g — 0. In case 
(3) we have ft — O, g — 0. We have thus shown that 
the condition stated in the theorem is necessary. 

Now let there exist an element / such that 9ft (/) = §. 
If H falls under case (2) or case (3) of Theorems 5.13 and 
7.4. we can show that it has no characteristic value of 
multiplicity greater than one. Let l — g be a characteristic 
value of multiplicity two or greater and let 9ft ^ be the 
corresponding characteristic manifold. Since 9ft/z has di¬ 
mension number greater than one, it contains a normalized 
characteristic element <p which is orthogonal to the projection 
of / on 9ft«. We now obtain a contradiction by showing 
that (Ei/gf. <f) = 0 while |gp| = 1. By reference to 
Theorem 5.13 we have 

(Eu )J) 9 ) = (/• E(l)cj) = (/, cj), l 2> >i, 

= (/, E ( E ) Cf ) = o , A < g - 

we have chosen p so that (/, <p) = 0 and therefore con¬ 
clude that (£'(/)/. $p) = 0. This result is incompatible with 
the relations | ^> | = 1, 9D 1(f) = S. If -ST falls under case 
(1) or case (2) of Theorems 5.13 and 7.4, then we can show 
that the set [ dvj of Theorem 7.5 contains exactly one element. 
In case (1), we may set =/and have 9ft0/q) = 9ft(/) = §. 

In case (2) we may set dq =f— 5 ct a where a n = (/, y„), 

a = 1 

n = 1, 2. 3, ♦ • • and {<p n } is the orthonormal set described 
in Theorems 5.13 and 7.4. Clearly ftq is the projection of 
/ 011 the closed linear manifold ft. Since ft reduces H and 
E (a) by Theorems 4.26, 5.13, and 7.2, we can prove that 
when g is in ft the equation (E(?g g) = 0 implies g = 0: 
for ^(Ajy is also an element of ft and we have 
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(E(X) , g) 


E(l)fj) = (f,E(Z)g) — 2} OaCpe, EO.)f]) 
if, E{l)g) = (EU)f,g) = 0; 


it follows by virtue of the relation 937 (/) = § that g = 0. 
Hence we have 937(t/q) == 97 and infer that the set {ip k } 
contains just one element. The facts established about the 
sets {cpk} and {ip k } yield the result that H has a simple 
spectrum in accord with Definition 7.2. The proof of the 
theorem is thus complete. 

With the aid of this characterization of the self-adjoint 
transformations with simple spectra, we are able to establish 
a number of interesting theorems concerning representations 
and realizations of such transformations. 

Theorem 7.10. If H is a self-adjoint transformation tcith 
simple spectrum and f is an element such that 937 (f) = ©, then 
the isometric correspondence between 9)7 (f) and (/) described 
in Theorems 6.2 and 7.2 carries H into ct self-adjoint trans¬ 
formation Hi in £*(./)• The domain of Hi comprises those 
and only those elements F(I) m£ 2 (/‘) for which the integral 

P 2 2 1 F{X) \*d\E(X)fl 2 exists and Hi takes an element F(h) 

e/—oo 

of its domain into the element 2 F(h ). 

The only point in this theorem which requires investigation 
is the characterization of the transformation H x . By com¬ 
bining Theorem 5.9 and Theorem 6.1 (5) and (6), we obtain 
the results stated. 


When H has no point spectrum, we can apply Lemma 7.1 
and throw this theorem into a different form. 

Theorem 7.11. If H is a self-adjoint transformation ivith 
simple spectrum which falls under case (1) of Theorem 5.13, 
and if f is an element such that 937 (/) = §, then the 
correspondence between 2 2 (f) and the space £ 2 described in 
Lemma 7.1 carries the transformation H t of the preceding 
theorem into a self-adjoint transformation H *. If ice set 
Q{l) = \E(l)f\\ r = |/P, then q (2) is a real monotone- 
increasing continuous function in 23*; and the function H{x) 
defined by the relations l —H(x), x = {>(2) is a reed monotone- 
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increasing function with no interval of constancy. The trans¬ 
formation H -2 has as its domain the set of all functions fix) 

in % such that the Lebesgue integral J o R 2 (x) \f(x) | 2 dx 
exists ; it takes an element f(x) of its domain into the function 
H(x)f(x). 

This theorem leads at once to information concerning' 
matrices associated with the transformation R in the manner 
described in Chapter III, § 1. We have: 

Theorem 7.12. If R is a self-adjoint transformation with 
a simple spectrum and f an element for ichich 9) 1(f) = 
then a complete orthonormal set {g n } can be selected such that 
the matrix A{g) associated with R by {g n } has the following 
properties: 

(1) its dements are expressible in the form 

Cl mil — (Hffn ■ fjm) = j_ x U?n (A) O m O.) do().), 

&Q-) = \m)f\\ 

where \G n \ is a complete orthonormal set in 2 2 (f) such that 
the integrals J ^ /I\G n (f)\ 2 dgi}.) exist; 

(2) the transformation f (J.) associated with the matrix A 
by the set ( g n ) is essentially self-adjoint. 

Conversely , if the matrix JL has the properties 

(1) each element of A is expressible in the form 

&mn = J ^ hG n (X) Gm{X) dq{f), 

where o (j) is a reed monotone-increasing function in $8* 
which assumes infinitely many distinct values, ivhere {G n } is 
a complete orthonormal set in the Rilbert space consisting of 
all those functions F (a) such that the Radon-Stieltjes 

integral J ^ F (A) 2 do (A) exists, and ivhere the integrals 

L ^ ^ 2 ^ == 1,2,3,***, exist; 

(2) the transformation Tj {A) associated ivith A by a complete 
orthonormal set \g n ) is essentially self-adjoint;—then there exists 
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a unique self-adjoint transformation H and an element f 
such that 

a mn = (JELgn, gf), dJl(f) — ©. 

The transformation H has a simple spectrum and is related 
to the matrix A in the manner described in the first pari of 
the theorem. 

When H is given we select a complete orthonormal set {g R } 
in its domain by the process described in the introductory 
paragraphs of Chapter V, § 2. We then define a trans¬ 
formation T with the set {g n } as its domain by means of 
the equation Tg n — Hg n > As we proved in demonstrating 
Theorem 5.3, the transformation T is essentially self-adjoint, 
so that H = T* = I 7 ** = T by Theorem 4.17. By reference 
to Theorem 6.2 we now express g n in the form g n = O n {H)f\ 
since {g n } is a complete orthonormal set in $ = 2ft(/), the 
corresponding set {G n } is a complete orthonormal set in 2* (/). 
The matrix A associated with the transformation H by the 
set {g n } is now readily computed by the relations 

Umn == (Hg n , gf) == ^G)i (A) G 7R W dpifi) 

where qQ L) = \E{fi)f\j, as we see by Theorem 6.1. Since 
g n is in the domain of we have 

\Hg n f = W\G n m\*d(>m, n= 1,2, 3, • • • . 

—CC 

Lastly, we can reconstruct the transformation H from the 
matrix A and the set {g n \ : for the transformation T x (A) as¬ 
sociated with A by the set { g n } is identical with the essen¬ 
tially self-adjoint transformation T discussed above. 

When the matrix A with the various properties enumerated 
in the theorem is given, we first study the concrete Hilbert 
space &> (q) of all functions F(X) such that the Eadon-Stieltjes 

X —j-OQ 

\F(T)\ 2 dq(T) exists. We have assumed that 

—00 

the function q(fi) takes on infinitely many distinct values: 
thus, when we introduce in 82 (e) the metric defined by the 



280 


HILBERT SPACE 


bilinear function (F, G) = f_ x F(l) G{i) cIq{X) we are cer- 
tain of obtaining 1 a Hilbert space rather than a unitary space. 
]n 2 Aq) we define a transformation T with the given set {<?»} 
as its domain by means of the relations T G n W = 
this definition is significant since our hypotheses require that 
l G h (/.) be an element of S 2 ($>). It is plain that the trans¬ 
formation T is identical with the transformation T X (A) as¬ 
sociated in the concrete Hilbert space S 2 (q) with the matrix A 
by the set \G n J. Thus T is essentially self-adjoint and has 
a unique self-adjoint extension H = f = T* = I 7 ** by 
Theorem 4.17. We must now characterize the transformation H 
in such a manner that the properties of its spectrum can be 
ascertained. We define a family of transformations Ri with 

domain 2*(o) by the equation RiF(l) = F(X), where 

1 is not real, and can verify immediately that this family 
satisfies the three conditions of Theorem 4.19. The family Ri 
is therefore the resolvent of a self-adjoint transformation H lt 
It is obvious that Ri is an extension of Tf 1 so that H x is 
an extension of T. We see therefore that H and FT, are 
identical. By the use of the known relations between R 
and Ri , it is easily shown that the domain of H comprises 
those and only those functions F{X) such that IF{1) is in 
2 s (q) and that when F(l) is such a function HFty) is equal 
to l FQ ). For our purposes it is more important to compute 
the resolution of the identity corresponding to H. While this 
computation can he effected in various ways, we shall find 
the method indicated in Theorem 5.10 suitable in the present 
case. The contour integral of that theorem takes the form 

- 2^7 UT sm w)]n. 

Because of the simple way in which the variable l enters 
into the inner integral, we can justify changing the order of 
integration and can thus quickly reduce this expression to 
the new form 
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— I circtan - : — - or dan —-- F(X) G (2) d q (2). 

When e tends to zero through positive values, the expression 
in square brackets multiplied by the factor ~ tends boundedly 
to the limiting function defined by the equations 


9u,rW = 0 , 2 0 , (p^v ( 2 ) = 0 , 2 >,«, 

9^r{v) = l, 9 win) — i, 

9 u,v (2) = 1, v < 2 < {.l . 


Since the convergence to this limiting function is bounded, it 
is easily shown that the result of allowing s to tend to zero in 

p-j-CO _ 

the integral above is the integral < p u ,v (2) F (2) G (2) d q (2). 

e/— 00 

Finally, we allow v to tend to — go , jti to a value a under 
the restriction /u>a. By reference to Theorem 5.10 we see 
that we obtain in this manner the equation 

CEO) F, G ) = sp„(A) F(l) G(X) cIq(?.) 

where y>aW = 1, 2 a, and y ft (2) = 0, 2>«. Thus 
E{cc) takes F(l) into <jp 0 (i) .F(2). With this explicit ex¬ 
pression for the resolution of the identity corresponding to H . 
we can show immediately that H has a simple spectrum. 
Indeed, the function F(l) = 1 is evidently an element of 
S 2 (q) with the properties 

e(«) = \E{a)Fl 2 = r 

J—CO 

The first property is obvious, while the second can be proved 
by the customary argument. For if 6r(2) is an element or¬ 
thogonal to 9)1 (F) it is orthogonal to E{a) F for every value 
of a\ but the equation 

0 = (G, F(a)F) = r d QW 

ej —20 

implies that G(l) is equivalent to the null element in S 2 (e). 
Thus it is evident that H has a simple spectrum. 
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We have now proved all the assertions of the theorem 
concerning the situation that arises when the matrix A is 
given. We have carried on all our operations in the concrete 
Hilbert space 2 2 (e), but we can parallel these operations in 
an arbitrary abstract Hilbert space §. In order to do so, 
it is sufficient to put § in one-to-one isometric correspondence 
with £ 2 (q) by selecting a complete orthonormal set {g n } in § 
and pairing oh the element g n with the given function G n (A) 
inSofeO; then every operation in 8 2 (q) is mirrored in § and 
our results hold in the case of the abstract space. 

We can refine the results of the preceding theorem in im¬ 
portant respects by being more judicious in our choice of 
the elements /, { g n }: in fact, if we select these elements 
properly we can cause most of the elements of the matrix A 
to vanish. 

Theorem 7.13. If H is a self-adjoint transformation with 
a simple spectrum, the element f and the complete orthonormal 
set {g n } of Theorem 7.12 can he so chosen that the matrix A(g) 
associated with H by {g n ) enjoys, in addition to the properties 
enumerated in Theorem 7.12, the special property that G n (A) 
is a polynomial of degree n —1 for n — 1, 2, 3, •••. In 
consequence, the matrix A = {a mn } assumes a particular form 
noted by Jacobi: the only elements of the matrix different from 
zero are found along the principal diagonal or adjacent to it, 
while no element a n ,n^i vanishes. Such a Jacobi matrix 

can he written 


0 

hi a% h2 
0 b 2 a 3 


bn —1 bn 


where a n is real and b n + 0, n = 1, 2, 3, • * •. 

The proof of this theorem is not difficult once we have 
stated certain theorems concerning the approximation of 
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bounded continuous functions on an infinite interval. We 
shall denote by f, for the time being, an arbitrary element 
in © and by £ 2 (/) the corresponding space of all functions 

F(X) such that J ^ \F(X)\*d\E(X)jf exists. We shall denote 
by S, (X 0 , the following classes of functions in £ 2 (jQ: 

(1) S is the class of all bounded continuous functions; 

(2) (£ 0 is the class of all bounded continuous functions F(X) 
with continuous first derivative such that F(X) — 0 for 
H ^ L = L(F); 

(3) 9J la is the class of all functions of the form e~ al ~ P(X) 
where a is a fixed positive number and P{X) is a polynomial. 

These classes are linear manifolds in £ 2 (/); (X is every¬ 
where dense* in £ 2 (/) and contains (£ 0 and as subsets. 
We wish to show that is everywhere dense in (X and 
hence also in £ 2 (/). 

If F{X) is an arbitrary bounded continuous function and e 
is an arbitrary positive number we can determine a value 
L ;> 0 so large that 

Jl " TONtfWP-XTl-FWI^I^W/l 2 

does not exceed el 2; and we can suppose that the points 
X = ±L are points of continuity of \E W/| 2 . Next we can 
choose a function F 0 (X) in (X 0 which vanishes outside the 
interval — L X < + L and which satisfies the inequality 

XT I F W ~ F o w N W/l 2 < y • 

In order to do so we choose T o 0) so that it approximates 
closely to F(X) throughout the interval — L <z X < + L 
save at the two end-points where -F 0 W must vanish. Due 
to the fact that these points are points of continuity of 
\E(X)f[ 2 , the unsatisfactory nature of the approximation does 
not prevent us from rendering the contribution of the neigh¬ 
borhoods of these points to the integral as small as we please 
by taking the range of poor approximation sufficiently small. 


Compare the discussion under Theorem 6.9. 
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We shall not write down the obvious elementary inequalities 
concerned. When F„ (/) has been selected, we see that the 
value of the integral 

r \n>-)-F a Q^d\E{l)jY 

m) -OC 

is less than e. Thus G (l is everywhere dense in S. 

We prove next that when F 0 (/) is an arbitrary function 
in Go and « is an arbitrary positive number there exists a 
function F, : (A) in such that 

Xr W) - Fa a)fd[EO.)Jf<s. 

In order to do so it is sufficient to show that when F 0 (/) 
and >, > 0 are given the function F a (X) can be formed so 
that j F U Q.)—F a (/) <>?, —co <A< +co : for if we choose?/ 
so that fl/1 -< e ? the integral inequality can then be obtained im¬ 
mediately. Furthermore, we can restrict our attention to the case 
a = 1 insofar as the last inequality alone is concerned: when 
F 0 \X\ is in g 0 . jP 0 (/7K«) is also in (£ 0 ; and the inequality 
F 0 (Fj l a ) — Fi (/'); < // is transformed by the substitution 
// = l cc X into the inequality ] F 0 {X) — Pi ( Va X) | < rj where 
Fi (V a X) is evidently a function in . In the case a = 1 
the desired approximation is a consequence of the elementary 
theory of developments in Hermite polynomials. If we take 
a sufficiently large number of terms in the development of 
e /? F 0 (X) according to the Hermite polynomials and denote 
their sum by P(X), then the inequality ( F 0 (X) — eH 3 P(>i) | < tj 
is true for — =c < A < -{- cc. Q ur choice of the class (£ 0 
was made with this application of the theory of Hermite 
polynomials in view.* 

On combining the results of the two preceding paragraphs 
we find that 2R C is everywhere dense in E and hence also 
in §*(/), as we wished to show. 

We are now prepared for the proof of the present theorem. 
We select an element/in the domain of H n for n — 1,2,3, * • * 

* -^ee Sione, Annals of Mathematics. (2) "29 (1927), p. 7. 
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such that 2 R(/) = §: since H has a simple spectrum there 
exists an element g such that 3 K(^)==§ ? and in terms 
of g we take / = < 7 . It is evident that H n f H n e~ H ~ g 

exists; and the relations /= e~ m g, g — e w f imply that 
211 (/) = 91 1(g) = &• The equation 

X -4'OO f* r oo 

^ 22- cl [ E{l)f\* = ^ <H* 3 rf I F (2) g I 

shows that \H n f\^-Q, H n f- 1= 0. We must show further 
that the sequence {H n f\ determines the closed linear 
manifold §. Using the relation dJl(g) = we introduce 
the correspondence between § and &> (//) established by 
Theorem 6.2. The correspondent of H n f— H n e~ H ' 2 g is the 
function 2- e~ x \ The closed linear manifold determined in 
2 S (< g) by the sequence { l n e ~ /:i } is (g) itself, as we proved 
above; and in consequence the sequence {H n f\ must deter¬ 
mine the closed linear manifold §. From the sequence | H n f | 
we now form an orthonormal set { g H }, gn = G n {H)f , by 
means of the process described in Theorem 1.13. When the 
details of that process are scrutinized with regard to this 
application, it is found that 6 ?,* ( 2 ) is a polynomial of degree 
n — 1. The orthonormal set {g n } is evidently complete. 

Next we define a transformation T, with the set { g v ) as 
its domain, by means of the equations Tg n = Hg n ; we wish 
to show that T is essentially self-adjoint. For this purpose, 
it is sufficient to show that the range of the transformation Tu 
l not real, determines the closed linear manifold £>, as we 
have already proved in Theorem 4.17. Thus we have to prove 
that the equations ( Tig n , h) = 0 , n = 1, 2, 3, ■ ■ • imply 
h = 0 when l is not real. If we put h = G(H)g. these 
equations take the form 

X +OO . - 

(2 — l) Gni 2) e "* 2 G(X) d\E(l) g | 2 = 0, n = 1, 2, 3, • • •. 

-00 

Since the sequence { G n (2) e~ ;3/2 } determines the closed linear 
manifold S> 2 (g) in accor dance with our preparatory results, 
the function (2 — T) e~ x *‘ 2 G (2) must be equivalent to the null 
element in (g ). In this function, the factor (2 — 7) e~ }? - 
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never vanishes when l is not real, so that G (<£) must itself 
be equivalent to the null element in 8 a (g) - It follows at 
once that h = 0 and that T is essentially self-adjoint. 

The matrix A — { a m n } ? where 

= {Hy n , g m ) = >■ On W d | EQ.)f\* 

is therefore a matrix with the general properties described 
in the preceding theorem. The fact that G n {X) is a poly¬ 
nomial of degree n — 1 requires that the matrix A have the 
Jacobi form indicated above. If m<in — 1 we must have 
a mn =a nm = 0: for a G m {l) is a polynomial of degree m 
and can therefore be expressed as a linear combination of 
G x (A), • • Gmr f-i(A); since G n (f) is by construction orthogonal 
in $%(/) to each of the latter polynomials we have 

X -r«5 — 

W n {l)G m {X)cl\E{X)f\* = 0. 

-00 

Thus the only elements of the matrix A which differ from 
zero must lie on the principal diagonal or adjacent to it. 
We can show furthermore that a n -i,n = a n ,n -1 cannot vanish. 
We have only to set 

l G n -1 (A) = Cl Gi (/)+••*+ Cn Gn W , C n =(= 0, 
and then to compute 

On-l,* = JjJ lGn(X) Gn-lQ-) d\E(V>f \» = ft, + 0. 

Thus none of the elements adjacent to the principal diagonal 
can vanish. In short, the matrix A can be written in the 
form displayed in the theorem, when its (Hermitian) sym¬ 
metric character is taken into account. 

It is interesting to establish the converse of the theorem 
just proved. 

Theorem 7,14. Let A be a symmetric matrix in the Jacobi 
form 

a mn = (inm 5 a mn = 0 , m<Cn — 1 ; 

&nn :== a n \ a n , 7i-pi = b n ^ 0 ; 
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and let the transformation TfA) associated with A by the 
complete orthonormal set {g n } he essentially self-adjoint. Then the 
self-adjoint transformation II = Ti{A) = T?(A) = T**(A) 
has a simple spectrum and is represented ly the matrix A in 
terms of the set {g n }. The matrix A is expressible according 
to the relations 


eW = \ E Q-)giY, SfiCgO = £>, 

— $mn ? 



*0n(*)0 mWdeW 


fl>mn • 


The functions G n (f) are polynomials determined by the recurrence 
relations 

Gfl) = 1, (? 2 W = i^pi, 

bi 

Q an— l) Gn —l (I) bn —2 G n—'2 (}*) < 

hi -1 

the degree of G n (j l) is therefore n — 1. 

Since the self-adjoint transformation H is an extension of 
the symmetric transformation ^ (J.), we can write down ex¬ 
pressions for the elements Hg n directly from our knowledge 

of the matrix A, finding 

00 __ 

Hgi — a B ig a = a 1 g 1 + h l g i , 

a —l 
oo 

Hg n —i = 2 ttct,n—iga = b n -2 gn—2 + Cl u -1 gn—1 + hi —1 gn, 
a —l 


where n = 3, 4, 5, • • •. It is evident that ^ = G t {H) g lT 

g% — Mil = . °1 # L = ^ (_£Q ^r lt If we assume that the 

h 

equation gjc — Gk (H) g 1 holds for k = 1, • • •, n — 1, we can 
deduce the relation 

_ Hgn— 1 an— 1 gn— 1 b n — 2 Qn—2 

g n — — == 

bn—1 

_ (S On— l) Gn— 1 (ffi) (jO 

= G n gi • 
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By the principle of mathematical induction, the equation 
g n = G n {H)rji is true for every integer n. Since the closed 
linear manifold 9ft(fli) contains the elements G n (H)g 1 = g H) 
the identity 2ft (gj) = § is satisfied and the transformation H 
has a simple spectrum. If EQ.) is the resolution of the 
identity for H and g(l) is the function | E{l)g x \ 2 , we have 

J rjr cIqQ*) = (Gm(H)gij {H)gi) 

— Qti) “ 4n> 

W,,(].) G m (j.) do(l) = (HGn(H)ffi, G m (H)g x ) 

= (Hgu , gm) == Clmn • 

The proof of the theorem is thus completed. 

In Chapter X we shall examine in detail the general theory 
of symmetric transformations defined by matrices in Jacobi 
form. It will be possible then to relinquish the condition 
that these transformations be essentially self-adjoint. 

§ 4. The Reducibility of Self-Adjoint Transformations 

The investigations of the preceding sections serve as a basis 
for a number of interesting and important results concerning 
self-adjoint transformations in general and those with simple 
spectra in particular. In this section we shall characterize 
the closed linear manifolds which reduce a given self-adjoint 
transformation H\ and in the next we shall combine the results 
of §3 and § 4 to study the reduction to “principal axes” of 
a self-adjoint transformation. 

We find in the case of a general self-adjoint transformation 
that we can describe its behavior with regard to reducibility 
in the following way: 

Theorem 7.15. Let H be a self-adjoint transformation with 
domain E (/.) the corresponding resolution of the identity , 

8ft a dosed linear manifold , and E the projection of£> on 3ft. 
The four ensuing statements are equivalent: 

(1) 3ft reduces H: 

(2) 2ft reduces E(l): 
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(3) there exists a finite or clenumerably infinite set {f n ] 
such that the closed linear manifolds {9ft (/ n )} are mutually 
orthogonal and 9ft = 9ft (/ t ) © 9ft (/ a ) 0 9ft (/ 3 ) 0 • • •; 

(4) there exist a self-adjoint transformation H 0 and functions 
F{ T), G(l) measurable with respect to H 0 such that H = F(H 0 ), 
E = G (H 0 ). 

If 9ft reduces H and if T and F(l) are the transformations 
defined in 9ft by the equations 

T = H in 9ft -2), F(X) = E(l) in 9ft ? 

respectively, then these transformations have the properties: 

(1) when 9ft has the dimension-number &5 0 , it can be regarded 
as an abstract Hilbert space; in this space T is a self-adjoint 
transformation with the corresponding resolution of the 
identity F (I ); 

(2) ivhen 9ft has the finite dimension-number n, it can be 
regarded as a unitary space of n dimensions; in this space 
T behaves like the familiar (Hermitian) symmetric transformation 
■of n-dimensional unitary geometry. 

We first examine the equivalence of the four statements 
by showing that we can perform the deductions indicated 
by the scheme 



It is then evident that the statements are equivalent in pairs. 

If 9ft reduces H then 9ft reduces the resolvent Hi of H 
according to Theorem 4.27; in other words EBi = EiE for 
3(1) ^ 0. This identity implies the truth of the equation 

(Eif, Eg) = (EEif, g) = {RiEf, g), 

which by Theorem 5.7 can be written in the form 

X +oo t /->+co w 

J±J d{EQS)f, Eg) = J ^ j^j d{EQ.)Ef,g). 

'The uniqueness argument based on Lemma 5.2 enables us to 
.assert that 

(EE(l)f, g) = (E(X)f, Eg) = (E{X)Ef, g). 
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Thus EEQ) and E(l)E are identical; in other words, SR 
reduces E(X), — oc < ^ + 00 • 

If SR reduces E(X), then we can conclude that whenever 
/ is an element of SR 

/ = E f, E (X)f = E(X)Ef = EE(X)f 

and that the entire family of elements E(X)f 9 — cc < X < -f co 
lies in SR. Thus, whenever / is in SR we have SR (f) c SR. 
By the argument employed in proving Theorem 7.4 we con¬ 
struct a sequence {f n } with the properties described in our 
third statement: we select an orthonormal set { 9 ^} which 
determines the closed linear manifold SR and by the successive 
steps described in detail in the earlier discussion obtain the 
set {fn}. 

If SR has the property indicated in (3), it reduces H by 
Theorem 4.26. 

If SR reduces E(X), then there is no difficulty in constructing 
explicitly the transformation H 0 and the functions F and G 
of our fourth statement. The resolution of the identity 
determining is defined by means of the equations 

E 0 (ft) = EE(— log (—[*)), co < fit < 0, 

Eq ( 0 ) ^ E, 

E 0 0) = E+ (I— E) E(l og fii), 0<^< + °° • 


The systematic checking of the properties of E 0 O) is rendered 
quite simple by the use of the relation EE(l) = E(X) E .- 
We define the functions F and G by the equations 


E[fi) = log (—jw), 

F(0) = 0, 

F(fii) = log ft, 

G(fii) = 1, 

G(f) = 0, 


— co <^<0, 
0 <C fi <C H” QO, 

-QC <C fit, 0, 

0<jU< + co; 


since <u — 0 is evidently not a point of discontinuity of E 0 (f)' 
the definition of F and of G at that point is actually a matter 
of indifference. The proof of the identity E = G(H 0 ) is. 
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exceedingly simple so that we shall omit it. It is worth 
while, however, to examine more carefully the proof of the 
relation H = F(H 0 ). An element/is in the domain of F(H 0 ) 

P+OO 

if and only if the integral1^0)1 2 <f|i?oO),/l 2 exists; 
and when f is in the domain of F{H 0 ), the equation 

X +oo 

F(ja) cl(E 0 (fi) f, g) 

is valid. We translate these statements into new forms by 
making the change of variable l = — log (— t u) when 
— go<^< 0 and the change l = log^ when 0<><+cc; 
the omission of the point fi = 0 is unessential since it is 
not a point of discontinuity of E 0 (ji). The two integrals 
above are then replaced by 

XT // Vd\EQ.) (7—£')/| 2 

X +oo /*+oo 

lcl{E{X)Ef,g)+ J x Xcl(E(X) (J — E)f,g) 

= JjJ Xcl(E(X)f, g). 

By Theorem 5.9 these relations imply that F(H 0 ) = H. 

Finally, when the conditions of (4) are satisfied we can 
apply Theorem 6.1 (7) to assert that HE exists whenever 
EH is significant and that HE — EH whenever both trans¬ 
formations are significant. Since E is defined throughout §, 
the conditions that 907 reduce H are fulfilled. 

In order to study the behavior of H in a closed linear 
manifold 907 w T hich reduces it, we shall define transformations 
T and IT(A) as follows: the domain of T consists of all the 
elements of 907 * 2) and T coincides there with H\ the domain 
of F(l ) is the manifold 907 and F(l) coincides there with E{}*). 
From the knowledge that 907 reduces H and E(X) we con¬ 
clude that the ranges of T and of FQ») are subsets of 907 
in accordance with Theorem 4.23. If 907 has the dimension 


19 * 
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number a 0 it can be regarded as an abstract Hilbert space, 
as we pointed out in Theorem 1.19. We can verify immed¬ 
iately the assertion that the family of transformations F(l) 
is a resolution of the identity in this Hilbert space. Thus 
it is possible to take the assertion of Theorem 5.9 in regard 
to E and EQ<) and specialize it by considering its effect in 
the manifold 9ft alone. Since we are permitted to replace 
H and EQ-) by T and F(l) respectively for this purpose, we 
obtain the following statement: an element/in 9ft belongs to 

the domain of T if and only if the integral l 2 d\F{l) f\ 2 
exists; if / is in the domain of T then 

(Tf,g> = 

for every element g in 9ft. This result signifies that with 
reference to the abstract Hilbert space 9ft the transformation T 
is a self-adjoint transformation with the corresponding re¬ 
solution of the identity F( T). When 9ft has finite dimension 
numbers, we can apply Theorem 5.9 in a somewhat similar 
manner. 9ft is to be regarded now as a unitary space of 
n dimensions. As before we find that F{X) has the usual 
formal properties of a resolution of the identity, holding in 9ft: 

F(l) F(ji) = FQ*) FQ.) = F{1), l ^ t*, 
FM-+0, Z-+ — QO, 

F&)-+I, 

Since the range of F(l) is the set of elements common to 9ft 
and the range of EQ«), it is a closed linear manifold with 
dimension number n (/,). In view of the fact that n (A) is 
a monotone-increasing function which can assume no values 
other that 0, l,***, n, we see that must have the 

following properties: there exist points )- = l u • • •, l m , m<,n, 
numbered in order of magnitude, such that 

FQ.) = 0, ?.<i l9 

Fit) = FQ k ), l k £ a < Ih-r-i? k= 1, * * *, m — 1, 

F{a) = 7, l m <l. 
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Theorem 5.9 now shows ns that Tf = Hf exists when / is 

p+co 

in 9ft if and only if the integral J ^ )*d\F(l)ff converges; 

but in view of the properties of F(X) this integral is con¬ 
vergent for every element/in 9ft. Thus T coincides with H 
throughout 9ft and the equation (Tf, g) = (f Tg) is true 
for every pair of elements / and g in 9ft. It is to be noted 
of course that the numbers • • • , l m are characteristic values 
of T and of H , and that the corresponding characteristic- 
elements determine the closed linear manifold 99/ The 
behavior of T is completely characterized by this description 
and is seen to be precisely that indicated in the statement 
of the theorem. 

In the case of a self-adjoint transformation with simple 
spectrum we can sharpen the results of the preceding theorem 
to a remarkable degree. We obtain the following result: 

Theorem 7.16. If the symbols H, Ef, 9ft, and E have the 
same meanings as in the preceding theorem, then the statements 

(1) 9ft reduces H, 

(2) E=G{H), where G{X) is a function measurable with 
respect to H which assumes the values zero and one almost 
everywhere with respect to H, 

are equivalent whenever H has a simple spectrum . 

The results of the preceding theorem show that the first 
statement is a consequence of the second; for (2) is a special 
form of Theorem 7.15 (4). If we once show that E = G(H) 
where Gif) is measurable with respect to H , we can then 
apply Theorem 6.6 to ascertain the range of values assumed 
by Gif, 

The crux of the proof is the deduction of the identity 
E = G(H) from the assertion that 937 reduces H. It is 
convenient to replace the latter assertion by the equivalent 
statement that 9ft reduces Eif\ in other words, by the state¬ 
ment that EE(I) and E(l)E are identical. We can generalize 
the last statement by replacing E by an arbitrary bounded 
linear transformation T with § as its domain. The present 
theorem follows at once, therefore, if the identity TEf) 
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== EQ*) T implies T = G(H) when H has a simple spectrum. 
By hypothesis there exists an element / such that s M(f) 
= £>; in other words, the set ® 0 of all elements E{i)f , 
— go</< + cc j determines the closed linear manifold 
We define a transformation T 0 with ® 0 as its domain by the 
equation T 0 = T in S 0 . By reference to Theorems 2.10 
and 2.23 it is evident that the only closed linear extension 
of To is the bounded linear transformation T. Now in ac¬ 
cordance with Theorem 6.2 we can find a function G (A) in 
2*(/) such that Tf = G{H)f\ indeed, we can suppose 
that G(l) is measurable with respect to H or even Borel 
measurable because every function in S 2 (/) is equivalent to 
a corresponding Borel measurable function. The transforma¬ 
tion G{R) is then a closed linear transformation with its 
domain everywhere dense in £>. We consider the behavior 
of G(H) in the set S 0 * We have 

T 0 Ei}i)f — TEwf= E{f) Tf — EQi) G{H)f = G(H)E(v)f 
since 

Eif)G(H) = Gu(R) = Q(H)E(fi), 

where £«(/.) = G{/.) for l < ,a and G u (A) = 0 for l > /*. 
In other words, $(#) is a closed linear extension of T 0 ; 
and the remark made above enables us to identify T and 
G(H). as we wished to do. Since G{H) is defined through¬ 
out ©, the function G (A) must satisfy the restrictions 
enumerated in Theorem 6.5; that is, there must exist a 
constant G such that the inequality \G\ <; C is satisfied 
except possibly on a set of points of zero measure with 
respect to H. 

§ 5. Deduction to Principal Axes 
We have already indicated in Chapter III, § 1, that our 
investigation of self-adjoint transformations presents analogies 
with the algebraic theory of the reduction of (Hermitian) 
symmetric matrices to diagonal form and with the theory of 
the reduction of (Hermitian) symmetric forms to principal 
axes. Due to the occurrence of the continuous spectrum in 
the case of the self-adjoint transformation, the resemblance 
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between the transcendental and algebraic theories is distorted 
and imperfect. We are able, however, to rehabilitate the 
analogy in a satisfactory and perspicuous manner. From the 
detailed study of the continuous spectrum carried out in the pre¬ 
ceding paragraphs we can select and combine results so as to 
obtain the appropriate generalization of the algebraic theories 
we have mentioned. We find that we can introduce coor¬ 
dinates in Hilbert space which reduce a given self-adjoint 
transformation to the simplest possible canonical form. If we 
insist on the use of ordinary infinite matrices, we choose 
coordinates so that the matrix representing the given self- 
adjoint transformation can be built up out of matrices in 
diagonal form or in Jacobi form. If we admit the use of 
generalized matrices with a continuum of rows and columns 
we can represent the transformation by such a generalized 
matrix in diagonal form. 

Theorem 7.17. If H is a self adjoint transformation, there 
exists a complete orthonormal set { f mn }, m, n = 1, 2, 3, • • • with 
the folloiving properties: 

(1) the closed linear manifold determined by the ortho- 
normal set fmi, fm 2 , /m 3 , • • • reduces H; 

(2) the behavior of H in s D7 m is completely determined by the 
matrix A (m) whose general term is a ( ?f = (Hf mk , f m j)\ 

(3) the matrix A (m) is either' a finite or infinite {Hermition) 
symmetric matrix in diagonal form or an infinite (. Hermitian) 
symmetric matrix in Jacobi form. 

The matrix A associated ivith H by the complete orthonormal 
set { fmn} has the properties: 

(1) each roiv and each column of A contains only a finite 
number of non-zero elements; 

(2) T X {A) = Ti(A) = r**U) = H. 

The proof of this theorem is immediate. There are three cases 
to consider, corresponding to the three cases of Theorem 7.4. 

In case (3) we set = §, fm = <p n * Since f n — 9n 

is a characteristic element of H , the matrix A a) = A as¬ 
sociated with H by the set {fm} is in diagonal form. By the 
usual analysis based on Theorem 4.17, the transformation TfA) 
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associated with A by the set {f ln } is found to be essentially 
self-adjoint. Since E is an extension of T X (A), we have 
f x (A) = T* (.4) ^ T**(A) = S. 

In case (2), we set % = 9ft, 9ft m +i = 2ft (ffm), m = 1, 
2, 3, • • Instead of the set {gic} of Theorem 7.4 we might 
also use the set {ip k } of Theorem 7.5. We set f ln — cp n , 
as in case (3). We observe that 9fti and 2ft w , m 2, 
reduce H by Theorems 5.13 and 7.2, respectively, that these 
manifolds are mutually orthogonal, and that they deter¬ 
mine & according to the equation § = 9fti 0 9ft 2 0 2 ft 3 © • • •. 
We define T (m) by the equation T m) = H in 9ft m • 2), where 
25 is the domain of H and m = 1, 2, 3, - • •, and then apply 
Theorem 7.15 to ascertain the properties of these trans¬ 
formations. When 9fti has finite dimension number, the 
matrix _4 (1) associated with T a) by the orthonormal set {fm} 
is a finite square matrix in diagonal form; and when 9fti has 
the dimension number S 0 , T (1) is self-adjoint in 2fti and the 
matrix JL (1) associated with it by the orthonormal set {fm} 
is in diagonal form. For m 1, the manifold Sftm+i has the 
dimension number because \E(X)g m [ 2 is continuous and 
not identically zero. The transformation T (mJrl) is self-adjoint 
in ift„ lT -i and has a simple spectrum, by virtue of the relation 
9ft/n~-i = 2ft (g m ) . We therefore select the orthonormal set 
L/wi~i,nj in 2ft wl -fi by means of Theorem 7.13 so that the 
associated matrix A {m + 1} is in Jacobi form. The set {fmn }, 
m = 1, 2, 3, * - •, n — 1, 2, 3, * • •, is obviously a complete 
orthonormal set. Theorem 4.26 shows that H is completely 
determined by its behavior in the manifolds 2R»», m= 1, 
2,3,-**; that is, by the transformations T^ m) or by the corre¬ 
sponding matrices The matrix A is obtained by appro¬ 

priate arrangement of the elements of the matrices A (m) to¬ 
gether with the introduction of zero elements. It is easily 
seen that no row or column of A contains an infinite number 
of non-zero elements. From what was said above, it is clear 
that the matrix A determines the transformation FT. In fact, 
we can show that the transformation T x (hi) associated with 
A by the complete orthonormal set {f mn } satisfies the relation 
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T* (1) =H\ it is thus an essentially self-adjoint trans¬ 
formation. If / and /* are elements such that (T ± ( A)f mn , /) 
= (fmnff*) for m, n= 1, 2, 3, ■ • we consider their re¬ 
spective projections f m and fm on the closed linear manifold 
2Jt w . Since T x {A)f mn is an element in 9K m for n = 1,2, 
3, • * we see that the equations satisfied by / and /* can 
be written in the form 

f m ) = m,n = 1,2,3,.-.. 

By virtue of the fact that the transformation T (m) is completely 
determined in s D7 m by the matrix A m or by its behavior in 
the set{/ m »}, we conclude that f m is in the domain of T im) 
and that T <m) / m — fm* now ^ ave 

f = f\ +/a +/s + * • *, 

/* - + T™f + T^fs + ■ • • = J2/i +H/* + J3/a + • • • . 


According to Theorem 4.26, these equations imply that JT/ 
exists and is equal to/*. This result means that T*(A) = H, 
as we wished to prove. 

In case (1) we set = WRigm) and proceed in the same 
way as in case (2), except for the difference due to the absence 
of the point spectrum. 

Theorem 7.18. If H is a self adjoint transformation with 
domain 2) and { S T7 W } is the set of dosed linear manifolds 
described in Theorem 7.17, then one of the three following 
cases occurs: 

(1) H has no point spectrum; can be put in one-to-one 
correspondence with the space S 2 of all Lebesgue-mectsurable 
functions fix), 0<a?<^l, such that the Lebesgue integral 

J o \f(x)\ 2 dx exists; the image of the transformation T im) , 
where T (m) = H in is a self-adjoint transformation 

which takes every function fix) in S 2 such that the Lebesgue 

integral Hm (x) \f(x) | 2 dx exists into the function H m {A) fix ), 

where H m (x) is a real monotone-increasing function of x with 
no interval of constancy; 
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(2) H has an incomplete orthonormal set of characteristic 
elements; H is represented in 2Ri = 4 © ty ci finite or 
infinite matrix in diagonal form; and H is represented in 
each of the manifolds 9Jc m . m i> 2, in the maimer described 
in (1); 

(3) H has a complete orthonormal set of characteristic eleynents 
and is represented in Wc L = 9R = § an infinite matrix 
in diagonal form. 

The three cases correspond to the three cases of Theorems 5.13 
and 7.4. The proof of the theorem is analogous to that of 
the preceding theorem, the only difference being that in each 
of the manifolds 2we apply Theorem 7.11 instead of 
Theorem 7.13. It is to be noted that each representation 
in 8 2 may be regarded as a representation in terms of a 
diagonal matrix with a continuum of rows and of columns, 
where the variable x , 0 < x < 1, specifies position along the 
principal diagonal. 

Theorems 7.17 and 7.18 enable us to survey at a glance 
all possible types of self-adjoint transformation; and at the 
same time they provide methods for constructing actual 
examples of each conceivable type. We shall not enter upon 
a detailed consideration of this phase of the theory, though 
we shall suggest some of the questions which it raises. In 
cases (1) and (2) of Theorem 7.18, it is of considerable interest 
to determine whether the functions H m (x) can be chosen 
arbitrarily, subject only to the restrictions stated there. 
The reader should have no difficulty in verifying that they 
can. A more involved question concerning these cases is 
the following: what conditions are necessary and sufficient 
in order that the functions H m (x) be associated with the 
set {ypu ] of Theorem 7.5? All the materials for answering 
this question are at hand. If we consider the function H m (x) 
as a monotone function, we think at once of its resolution 
into discontinuous, absolutely continuous, and non-absolutely 
continuous components; and we are thus led to consider the 
significance of this resolution for the theory of self-adjoint 
transformations. 



CHAPTER VIII 


GENERAL TYPES OF LINEAR TRANSFORMATIONS 
§ 1. Perm dtability 

In this chapter we shall consider certain general properties 
of linear transformations with special attention to unitary 
and normal transformations, the latter type being defined 
below in § 3. All our results are based upon the theory of 
self-adjoint transformations which has been developed in the 
preceding chapters. An important tool in applying those 
developments is the concept of permutability, to which the 
present section is devoted. 

In the case of two bounded linear transformations T and T* 
defined throughout § we define permutability in the most 
natural and obvious manner, saying that and T s are per- 
mutable if and only if T x T 2 = T x throughout §. In the 
more complicated case of a bounded linear transformation T\ 
and a closed linear transformation which may be non- 
bounded, the formulation of an appropriate definition of per¬ 
mutability is attended by some difficulties. If we examine 
the preliminary discussion of reducibility given in Chapter IV, 
§ 3, which centers about the requirements for the permut¬ 
ability of a projection and a self-adjoint transformation laid 
down in Definition 4.5, we are led to adopt the following 
definition: 

Definition 8.1. Tiuo closed linear transformations T t and T it 
the first of ivhick is bounded and has § as its domain, are 
said to be permutable if T x T« C T 2 T x : that is, if ivhen- 
ever f is in the domain of T i} Tif is also in the domain 
of T, and T v T 2 f = T 2 Tif. 

299 
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It is evident that this definition includes the more restricted 
definition indicated in the case of two bounded transformations 
with domain ©. 

The characterization of permutability for tw r o non-bounded 
transformations T ± and T 2 is beset with difficulties of such 
a serious nature that we avoid them by a subterfuge in those 
cases where a precise definition is needed. The source of 
these difficulties is located in the fact that domains of non- 
bounded transformations are proper subsets of § in the cases 
which are of most interest. For the investigations of this 
chapter we shall have occasion to define permutability only 
for self-adjoint transformations. In order to justify our choice 
of a definition, we prove the following generalization of par¬ 
ticular results which we have already noted in the preceding 
chapters : 

Theorem 8.1. A necessary and sufficient condition that a dosed 
hounded linear transformation T with domain © hepermutable 
with a self adjoint transformation H is that T he permutable 
with E (/,), the resolution of the identity corresponding to H, 
for all values of /, —x</<-j-x . If H has a simple 
spectrum, a necessary and sufficient condition that T he per- 
mutable with H is that The expressible in the form T= G(H), 
where Gu) is an H-measurahle function satisfying the ine¬ 
quality j G (A); < C for some constant C almost everywhere 
with respect to H. 

We first remark that T and H are permutable if and only 
if T and Bp the resolvent of H, are permutable for every l 
in the resolvent set of H. The domain of H consists of all 
the elements expressible in the form Rif, where l is fixed 
and / is an arbitrary element in ©. If T and H are per- 
mutable, TRif is in the domain of H and we can write 
{H — II) TRif = T{H — 11) Rif = Tf . Applying the 
transformation Ri to both members of this equation, we ob¬ 
tain TRif — Ri Tf, TRi = Ri T, as we wished to prove. 
On the other hand, if T and Ri are permutable, we consider 
an arbitrary element f in the domain of H and write 
(H — II) f = g, f = Ri g. We then have Tf = TRi g 
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= Bi Tg, so that Tf is in the domain of H. Applying the 
transformation H — II to both members of this equation, 
we obtain (. H—lI)Tf= Tg = T(H—lI)f HTf= THf 
Thus T and H are permutable. 

Since T is a bounded linear transformation with domain £> 
its adjoint T * exists and has the same properties. By 
Theorem 5.7, therefore, we have 

C& Tf, g ) = jjj J~ d(E(X) Tf, g), 

(TEif, g) = {Rif, T*g) = Jjj j ~d{E{l)f, T*g) 

i 

= J ^ 

Applying the uniqueness argument drawn from Lemma 5.2, 
we see that T and Ei are permutable if and only if 
(TE{X)f, g) = (E(l)Tf,g) for arbitrary/,^ and 2; that 
is, if and only if T and E{1) are permutable, — co < 2 < +• x . 

The case where H lias a simple spectrum was discussed 
in full under Theorem 7.16, with the result formulated in the 
present theorem. 

The criterion for permutability given in this theorem shows 
that we may consistently define permutability for general 
self-adjoint transformations as follows: 

Definition 8.2. Two self-adjoint transformations Hi and 
II 2 with the corresponding resolutions of the identity E x (2) 
and E 2 (2) respectively are said to be permutable if E L (2 L ) and 
E -2 (2 3 ) are permutable for — co <; X 1 <C + oo, — oo <; 2* < -f- cc. 

In § 3 and § 4, we shall obtain theorems which show that 
the transformations IZi and H 2 behave in a appropriate 
manner under multiplication if they are permutable according 
to this definition. 

In recent investigations, J. v. Neumann has studied the 
algebra of bounded and of normal transformations in con¬ 
siderable detail, obtaining many interesting results which 
bear on the question of permutability. t He formulates no 

f J. v. Neumann, Mathematische Annalen, 102 (1929), pp. 870-427. 
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general definition of permutability and does not succeed 
in finding a definition for the permutability of self-adjoint 
transformations any more direct than that which we have 
given. In this chapter, we have no need to inquire more 
deeply into the situation and shall not attempt to do so. 

§ 2. Unitary Transformations 

A few facts concerning the resolvent set and the spectrum 
of an arbitrary unitary transformation U will serve to mo¬ 
tivate our subsecpient considerations. We obtain the following 
theorem: 

Theorem 8.2. If U is a unitary transformation, its re¬ 
solvent set and its spectrum have the following properties: 

(1) the resolvent set comprises all points of the finite l-plane 
such that l , < 1. \ l | > 1; 

(2) the spectrum lies on the unit circle 1 1 1 = 1; 

(3) the residual spectrum is empty; 

(4) the point spectrum is empty, finite, or denumerably in¬ 
finite, characteristic elements corresponding to distinct character¬ 
istic values being orthogonal . 

The specific properties of the unitary transformation U on 
which this theorem is based are expressed by the relations 

u- 1 s c* (Uf, Ug) = </, g), (U~V, U-'g) = (/. g). 

We see at once that the origin in the £-plane is a point of 
the resolvent set since £7 _1 exists and is unitary. From 
Theorem 4.11 it follows, in view of the equation | U^fi = \f[, 
that every point l for which \ l\ < 1 is also a point of the 
resolvent set. By applying Theorem 4.21 and the equation 
I cvi - |/1, we show similarly that every point for which 
l > 1 is in the resolvent set. Consequently (1) and (2) 
are established. 

By definition the point l belongs to the residual spectrum 
of U if and only if the range of (Z7— hi) is not every¬ 
where dense in §. As pointed out in Theorem 4.15, this 
implies that l is a characteristic value of Z7* = Z7 —1 , so 
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that there exists an element / =|= 0 for which U~ l f = If 
If we apply to both sides of this equation the transformation 
Z- TJ , noting that 11 = 1 by virtue of (2), we obtain Z/= Uf 
so that we must admit, contrary to hypothesis, that l is a 
characteristic value of U . We infer therefore that the re¬ 
sidual spectrum is empty. 

In discussing (4) we may suppose that the point spectrum 
contains at least two points. If, then, l x and l 2 are two 
distinct characteristic values with correspondig characteristic 
elements f and / 2 , we can write 

C/i,/ 2 ) = (Ufu Ufi) = (kf Uf) = hh(f l9 fd. 

Since k^k, | k | — \ k\ = 1, we see that l x U is different 
from 1 and that (/i,/ 2 ) vanishes: the characteristic elements 
for distinct characteristic values are orthogonal. To each 
characteristic value of U we order a corresponding character¬ 
istic element, which we may choose as already normalized. 
The set thus obtained is an orthonormal set as we have just 
proved, and is at most denumerably infinite. Thus when the 
point spectrum contains at least two points it is either finite 
or denumerably infinite. 

In view of the theorem just proved it is natural to attempt 
to build a bridge between the class of unitary transformations 
and the class of self-adjoint transformations by a transformation 
of the unit circle into the real axis in the Z-plane, the object 
being to map the spectrum of a transformation in one class 
on the spectrum of a transformation in the other. Of the 
available maps, we shall consider only the linear fractional 

transformations w — which map the extended 2 -plane 

cz + d 

on the extended ze-plane and which take the unit circle in 
the 2 -plane into the real axis in the w?-plane. This device 
leads to an important relationship, first perceived by Cayley 
and Frobenius in the algebraic problem of finite unitary and 
(Hermitian) symmetric matrices and by v. Neumann in the 
problem which confronts us here.* These writers consider 

* J. v. Neumann, Mathematisehe Annalen, 102 (1929), pp. 62-63, 80-84. 
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the special case w = i 


1 


1 - 


respect from that- which we shall study, 
in question may be stated as follows: 

Theorem 8.3. Let iv = —t t. —die 


which differs in no essential 
The relationship 

lows: 

■ l b 


c z d 

fractional transformation such that the loci \ z\ 


■ £, he a linear 

= 1 , 3(tc) = 0 , 

and the ‘points z = £, w — =o correspond. Let Cdr he the 
class of all unitary transformations ivhose point spectra do 
not contain the point l = £; and let K he the class of all 
self-adjoint transformations. Then there exists a one-to-one 
correspondence between and % such that corresponding 
transformations TJ and H are related in the following way: 

(1) His expressible symbolically by the relation H = , 

which, interpreted, means that the domain ofH comprises those 
and only those elements f which are expressible in the form 
f = (cU’fdl)g and that in its domain H is defined by the 
equation 

Hf - H(c U+ dl)g = (a U+ bl)g; 

mUm .LZ*Z±L' 

cH—a 

We first note a few specific properties of the transformation 
a z -4- b 

Since it is not degenerate, the determinant 


cz-fd 

ad—he does not vanish. 

du ; b f aC £ that the circle z 


Its inverse is given by the equation 
e id , 6 real, 

cw—a 7 7 

is mapped on the real axis in the w-plane requires that the 
equations 

a e~-h d = a 7-fib d, be = ad, b~c — ad 


be true; this property of the transformation also requires 

that for all real values of l the fraction - — ^ - have 

ca — a 

the absolute value 1. 

When U is a given transformation in <3% we know from 
the preceding theorem that £ = — d/c, | £ | = 1, is a point 
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either of the resolvent set or of the continuous spectrum. 
The range of the transformation cXJ~\-dI is accordingly 
a linear manifold everywhere dense in $. In this manifold 
we define T as that transformation which takes /== (c 77+ dl)g 
into {aU J r'bI)g y noting that this definition can lead to no 
inconsistency because (< cU-\-dI) defines a one-to-one corre¬ 
spondence between its domain and its range. The trans¬ 
formation T is symmetric: for if f x — (cU J rdI)g 1 and 
/a = ( cU-\-dI)g 2 are arbitrary elements of its domain we 
have 

{Tf u fd = ((aU+bI)g }) (cU+dI) 9 2 ) 

= (,ffi > [(& c-\-bd)I-\-bc U ct d U * > ] g 2 ) ? 

</i, Tf tt ) = ((cU+ dI) 9l AaU+bI)g 2 ) 

= (g„ [(ac + bd)I+adU+hcU*]fr), 

( Tfi, f 2 ) = CA, T/ 2 ). 

In order to prove that T is self-adjoint we consider the 
character of the range of the transformation Ti = T — l • I 
when l is not real. Since, by definition, 

T l f={aU+lI)g-l{cU+dI)g = [{a~cl)U+{l~-dl)I]g, 

the range of Ti coincides with the range of [(a — c l) Z7+ (b — d l) I ]. 
If (a — cl) vanishes the latter transformation has the range § 

since it reduces to — a ~ I , (be — cid) ^ 0, c 4= 0. If 
(■a — cl) does not vanish its range is the same as that of 
the transformation U—VI where V = — ~— -- . If l is not 

real, V is a point either interior or exterior to the unit circle 
and belongs to the resolvent set of U. The range in question 
is therefore the entire space According to Theorems 4.16 
and 4.17, T is a self-adjoint transformation. As a member 
of the class % we denote it by the letter H. To each trans¬ 
formation in there corresponds a uniquely determined 
transformation in % constructed explicitly in the manner 
described. We shall now show that to distinct transformations 
XJi and U 2 there correspond distinct transformations H t and H 2 


20 
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respectively: in other words, that H± = ff 2 implies Z7 X = Z7 2 . 
If Hi and are identical, then an arbitrary element / in 
their common domain can be expressed in the form 


f = (cUi + dl)fh — (c Z7 2 + dl)g 2 \ 


when / ranges over the domain in question g x and g 2 range 
over ©. By hypothesis H x f = J5T 2 /, (a £4+&/)</! 
= («r 2 + 6 /)< 7 2 . From the equations 

c(U x g L — U 2 g*) + d(g x — g 2 ) = 0, 
a(U 1 ffi — U i gi) + Hg 1 —g a ) = 0 


we conclude that g x = g 2 . U x gi = U 2 g 2 since the determinant. 
ad'—lc does not vanish. Thus Z7 X and U 2 are identical and 
our proof is completed. 

Next, if H is an arbitrary transformation in JC we can form 

the transformation U =-and can use Theorem 6 . 6 ,. 

cH — ct 7 


coupled with the fact that 


-dl + b 
c?< — a 


1 when A is real, 


to verify its unitary character. The transformation cU+dl 

— ■ ^ 6 yy ■ . where 5c — acZ is different from zero, has an 

cH—a ' 7 

inverse 4~—% whose domain is the same as that of H and 

is therefore a linear manifold everywhere dense in Thus 
the point l = f is not a characteristic value of U and the 
transformation itself belongs to the class 6 )X^, If, starting 

with H , we construct U = —as indicated and then 

cH—a 

form the transformation T of the preceding paragraph, it is. 
clear that T and H are identical. In order to prove this, 
relation we apply the operational calculus of Chapter YI to 
show that we have 

H{cU+dI) = aU+bl = 


throughout §• From the relation E (c U+ dl) = a U+11 
thus established, we see that H is an extension of the self- 
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adjoint transformation T. Since H is itself self-adjoint the 
identity H = T must hold. 

On combining the information concerning the correspondence 
between and H now at our disposal we see that the 
theorem is established. 

As an immediate consequence of this result we can prove 
a theorem somewhat simpler in statement and somewhat more 
complete in its assertions. This theorem is the analogue of 
our fundamental theorems concerning self-adjoint transfor¬ 
mations. 

Theorem 8.4. Let be the class of all unitary trans¬ 
formations, Ho the class of all bounded self-adjoint trans¬ 
formations whose spectra are confined to the interred 0 < A < 1 
and whose point spectra do not include the point A = 0. Then 
there exists a one-to-one correspondence between and Ho such 
that corresponding transformations U and H {) satisfy the 
identity U = e 2mH °. 

The principal point of the proof is to construct at least 
one correspondent in H 0 for each member of 6 U. When U 
is a given unitary transformation we select a point £ on the 
unit circle which is not a characteristic value, recalling from 
Theorem 8.2 (4) that this is possible. The transformation 

w — -4- - — -I- with the inverse z = £ ■ .. . , takes the circle 

i z — £ w +1 

\z \ = 1 into the line 3 (w) = 0, the point z — £ into w = cc. 
By the preceding theorem there exists a unique self-adjoint 

_ £ 

transformation H such that TJ = £ rr , . . If the resolution 

H+i 

of the identity for H is E(f), we have 

X +oo I _ ■ 

-oo T+7 g) 

for every pair of elements f,g in £>. We express this in¬ 
tegral in terms of a new variable^, where l = —cotyr^, 

/u = -— arccot A, We introduce anew resolution of the 

7T 

identity F{y), defined for all real values of g according to 
the relations 


20* 
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Fill) = E (— cot Tin), 0 <> < 1; 

Fiji) = 0, fi ^ 0; F(m) = I, 1 £ p- 

The integral then takes the form 

(Uf, =/; £ e 2Tli > u d(Fiji) f, cj) = £ e 27li > u cl(F(ii) f, g). 

In order to eliminate the factor £ from this expression we 
change the variables once more. We set £ = e -2 ™' 0 , where 
0 < 6< 1, and then define a correspondence between g and r 
as follows: 

v — ju-, g ^ 0; v = ^ + 1 — 8 , 0<C(tt < 0; 
v — e } 8 < 1 ; v = g, g> 1 . 

We introduce at the same time a family of projections 
which can be verified from the defining relations to be a 
resolution of the identity. This family is constructed by means 
of the equations 

i? 0 (V) == jy(/z) when r — v E 0, ^ 0; 

F 0 (v) = F{n)—F(e) when v = g — 8, OO <S 1 — <9, 

8<g £ 1; 

JSo (r) = F(ji) T" jP(1 )— F(d) when v = g-\-l — 6, 

1 — 8 < v < 1, 0 <> < 6>; 

jEo (r) == jF(/*) when r = v > 1, /*>1. 

It is found by substitution that the integral at last takes 
the desired form 

07- *7) r™d(E 0 (v)f, g). 

The self-adjoint transformation H 0 determined by^M evi¬ 
dently belongs to the class % and is connected -with U by 
the identity U = e 2mH °. Thus each transformation in e )X- 
has at least one correspondent in J£ 0 . 

When E t) is a given member of li 0 , the transformation e 2mH ° 
exists and is unitary, by Theorem 6.6. * 

^e must still show that two distinct members of -JC 0 can¬ 
not yield the same unitary transformation. In order to establish 
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this result it is sufficient to prove that from a knowledge 
of Z7 e 2mH o \vq can determine the resolution of the identity 
E 0 { 1) corresponding to H 0 . The series 

H-co pc 

X a« e 2nim ’, an= I e* inv dv, 0 < b < c < 1, 

a = —co t/& 

is known to be a Fourier series wdiich converges boundedly 
to the limit function Fi c ( v ) ? where 

jPficM = 0 , 0 < v<b, c<v <; 1, 

jPVcM = i? v = 1), v = c, 

4M = 1, b<v<c, 

insofar as the closed interval 0 <i v 1 is concerned. Re¬ 
calling that the spectrum of H 0 is confined to this interval, 
we see that the transformation Ftc (Ho) is determined by the 
transformation U = e 2mH ° from the operational series 

4-oo 4 -qo 

F bc (H u ) = X a a e’ littS ° == X a»U a . 

a = — oo « = —co 

We now allow & and c to tend to the limits 0 and l respect¬ 
ively in such manner that 0 <b, 0<A<c<l. The func¬ 
tion Fi>c (v) then tends to the limiting function Gx (v), where 

Gx 0) = 0, v = 0, l<v < 1, 

Gx (y) = 1, 0 < v 2. 

Since v = 0 is a point of continuity or a point of constancy 
of E 0 (v) we conclude that 

E q (X) = Gx(H 0 ), 0<X<1. 

Since E 0 (l) = 0, l < 0, and E Q (l) = I, I'E: 1, we see 
that E 0 (l) is completely determined by U, as w r e wished to 
prove. This completes the proof of the theorem. 

This connection between unitary and self-adjoint trans¬ 
formations was noted by J. v. Neumann who used it to prove 
the main theorems concerning self-adjoint transformations, 
the general course of the discussion running from a treat- 
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ment of unitary transformations through the facts stated here 
to the desired fundamental theorems.* 

For subsequent applications we note an interesting theorem 
concerning the correspondence between and % discussed 
in Theorem 8.3 above. It gives a new criterion for permutability. 

Theorem 8.5. A necessary and sufficient condition that a 
hounded linear transformation T with domain § and a self- 
adjoint transformation H he permutable is that the trcms - 

_ dH-fh 

formation T and the unitary transformation U = — ^^ — 

he permutalle. 

If T and H are permutable, then T and Ri are permutable 
whenever I is in the resolvent set of H, as we have already 
shown in the proof of Theorem 8.1. The fact that U 

is unitary requires that c j 1; hence c ^ 0, 

3 ( ct/c) 4" 0. If we put l = ate , we see therefore that U can 
be written in the form 



throughout S. 

On the other hand, if T and U are permutable we can 
show that T and H are permutable. An element / is in 
the domain of H if and only if it is expressible in the form 
f= (cU+dI)g. Thus, when f is in the domain of H, 

Tf= T(fiU+dl)g = (cU+dl) Tg 
is also in the domain of H . Evidently 

Hf= (aU+bI)g, THf = T(aU+bI)g , 
ETf= (aU+bl)Tg = T (a U+ h I) g = THf, 
so that T and H are permutable. 

* J. t. Neumann, Mathematische Annalen. 102 (1929), pp. 91-96, 111-122. 
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We note also the following immediate application of this 
theorem: 


Theorem 8 . 6 . Two self-adjoint transformations H l and H 
are permutable if and only if the unitary transformation 


— diR l +h 

Ci Ht — a i 


is 


permutable with H 2 


or with the unitary 


transformation U 2 


d 2 TL 2 ~f" b 2 
c 2 H 2 — a 2 


By Definition 8.2, the transformations H L and H 2 are 
permntable if and only if the corresponding resolutions of the 
identity E x (/ti) and E 2 (f 2 ) are permutable. By Theorem 8.1 
this is the case if and only if E 2 (E) is permutable with H ± . 
Now, according to the preceding theorem, E 2 (L 2 ) is permutable 
with Hi if and only if it is permutable with Z7r, and this is 
the case if and only if H 2 is permutable with L\. Finally, 
the condition just obtained is equivalent to the condition 
that TJi and U 2 be permutable. 


§ 3. Normal Transformations 

By reason of an algebraic analogy with certain concepts 
of the theory of finite matrices, it was early found desirable 
to study the class of “normal” transformations: a bounded 
linear transformation T with domain § is said to be normal 
if it is permutable with its adjoint T*. Such transformations 
are of special interest largely because they admit a spectral 
representation analogous to that developed for self-adjoint 
transformations and can therefore be subjected to an analysis 
along the lines developed in Chapters VI and VII. For 
a complete theory it is evidently important that we be able 
to include non-bounded transformations in the class of all 
normal transformations. The first satisfactory definition from 
this point of view was given by J. v. Neumann.t We shall 
give a different, but equivalent, definition which is simpler 
in certain respects than his. 

f J. v. Neumann, Matheinatische Annalen, 102 (1929), p, 406, Definition 6. 
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Definition 8.3. A transformation T is said to be normal 
if it has the following properties: 

(1) T* and T** exist ancl hare the same domain; 

( 2 ) the transformations S t zeb ~ (T** + Tf and 

S 2 === ~t (T* *— l 7 *) are essentially self-adjoint; 

(3) the self-adjoint transformations H = S\ = S* 9 
H> = s S* are permutable. 

We shall also make use of the following* definition intro¬ 
duced by v. Neumann :t 

Definition 8.4. A. normal transformation T is said to be 
maximal if it possesses no proper normal extension . 

From these definitions, it is clear that the theory of nor¬ 
mal transformations is substantially equivalent to a theory 
of pairs of permutable self-adjoint transformations. Thus we 
are led to generalize the analysis given for self-adjoint trans¬ 
formations so as to obtain a method appropriate to the study 
of such pairs. We can outline the program of our develop¬ 
ment in a few words. For the purpose in view, it is first 
desirable to extend the results of Chapter V, § 1, and 
Chapter YI, § 1, to the case of functions of two real vari¬ 
ables x and y or of a single complex variable z — xfiy\ 
and the exposition in those sections was designed to lend 
itself readily to this end. We then introduce a family of 
projections Eioc. y) or E(z) to which we assign a role simi¬ 
lar to that played by the resolution of the identity E{f) in 
the earlier theory. The extension of the results of Chapters VI 
and YII to the case in hand is then accomplished simply by 
paraphrasing the earlier theory. 

We commence by defining the class of functions of bounded 
variation of the complex variable z. It is convenient to ad¬ 
here to the general terminology of Chapter VI, § 1. We 
denote by o(f) a complex-valued function of z, by *A the 
interval or cell 


fj. y. Neumann, Mathematisehe Annalen, 102 (1929), p. 406. 
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«i < c&0 < A, a 2 <c3z ^ ; 

— CO < < A +CO, —GO <T «2 < fi 2 <1 +CC ? 

and by c>(*4) the quantity 

q (A "I - i A) c? (A -h a <^2) — {? («i -(-«A) + q («i A i «®) • 

The variation of $(*) is denoted by F(?) and is defined as 
the least upper bound of the set of numbers ! ? (*4«) I 

formed for all finite collections of mutually disjoint finite 
intervals *4. A function $(z) such that V(q)< + oo is said 
to be of bounded variation. We shall restrict our attention 
to a class of functions of bounded variation in normal form, 
analogous to the class 33* of Chapter V, §1. We shall say 
that q(z) is a function of bounded variation in normal form 
or is a function in the class 33* if it has the properties 

$(* + £)“*?(*) when Stf ;> 0, 3C 0, f-»0, 
eO)-*0 when 8lz->co, and when 3z-* — co. 

It can be shown that when Slz^ + co , q(?) tends 

to a limit r. It is unnecessary for us to consider the relation 
of the class 33* to the entire class of functions of bounded 
variation. We may remark, however, that there exists an 
operation * which, applied to a function q(z) of bounded 
variation, yields a function q*{z) in normal form, in a manner 
similar to that described in the case of functions of a single 
real variable. A real function q(z) is said to be monotone- 
increasing if $(*4) !> 0 for every interval *4. Any function 
in 33* can be resolved into real monotone-increasing com¬ 
ponents in 33*, according to the equation 

Q 0) = fei (*) — &(*)] + & fc# (*) — &0)]. 

Thus from an arbitrary function q (z) in 33* we can develop 
a theory of measure and of integration identical in termino¬ 
logy? symbolism, and logical structure with that described in 
Chapter VI, § 1, the only difference being that we must now 
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deal with subsets of the collection I consisting of all complex 
numbers z = x + iy, 0 < x < + oo, 0 < y <; +co, Lemmas 6.1 
and 6.2, in particular, hold for the new theory when they 
are suitably interpreted. By the use of appropriate symbolism 
we can make a similar assertion concerning Lemmas 6.3-6.6. 

If we denote by Fit) dq(i) the Radon-Stieltjes integral 

of F(t) with respect to q (t) over the interval — go < §1 t < Slz, 
— cc <3t < 3z, and retain the various relevant symbols 

such as oo, then those lemmas hold without formal 

dc Pl 

modification in the new theory. 

We next consider the introduction of the family of pro¬ 
jections E(z) mentioned above. We make the following formal 
definition: 

Definition 8.5. A family of projections E(z), where z as¬ 
sumes all complex values , is called a complex resolution of the 
identity if it has the following properties: 

(1) E{z x ) E(z 2 ) = E(z 3 ) where §lz 3 — min [31 Zx, 31 z s ] and 
3 z 3 = min [3 z x , 3z 2 ]; 

(2) E(z + C)-*E(z) when &£>0, 35^0, £-^0; 

(3) E{z)~> 0 when SHz-> —-go and when 3z -» — go; 

(4) E[z) —■> I when 3iz —■^ co 7 3z —> -j- go . 

As usual we shall employ the notation E(*A ), where 
is the interval a x <3lz fix, a 2 <3z <: fi 2 , to denote the 
transformation 

E[fix -j~ i fi 2 ) — E ( fix -f* i ccj) — E(ccx -j- i fi 2 ) -f- E (#i -f* i a 2 ). 

It is easily verified that this transformation is a projection. 
We shall have to deal continually with the functions of z 
defined by the equation q(z) = (E(z) f, g ), where / and g 
are arbitrary elements in §. It can be shown, by methods 
analogous to those given in the proof of Theorem 5.7, that 
nQ)£lfl [gl and that q(z) is a function in 33*. The re¬ 
solution ofo(>) into its real monotone-increasing components 
is given by the equation 
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= [I FAz) f-1 E{z) ft 

The resolution, of course, is not unique. We can apply 
Lemma 6,7 in the new theory as in the old; and we carry 
over the terminology and symbolism of Definitions 6.1 and 6.2 
to the case in hand. We shall state explicitly the definition 
which corresponds to Definition 6.3. 

Definition 8.6. If E(z) is a complex resolution of the 
identity , the terms “E(z)-measurcible ”, “null set with respect 
to E (,?)”, “ almost everywhere with respect to E(z)”, and 
“E(^-equivalent” shall mean respectively u g-measurable ”, “null 
set with respect to q(z)”, “almost everywhere with respect to 
g(z)”, and “q- equivalent ”, for q(z) = | E(z)f\ 2 and every 
element f in 

We are finally in a position to define a transformation T(F) } 
associated with a given complex resolution of the identity E(z) 
and an arbitrary complex-valued function F(z), by means of 
the expressions 

rM-°o 

(T (F) f, g) = J m F(z) d(-E(g) f, g). 

| T(F) /P = J + " | F(z) | 3 d\E{z) ff ; 

holding for all elements f such that the second integral exists 

t0 

indicate that the integral is extended over I. 

Theorem 8.7. Theorems 6.1-6.8 remain valid when the 
terminology and symbolism are interpreted on the basis of 
a complex resolution of the identity E(z) and the terms of 
Definition 6.3 are replaced by those of Definition 8.6. 

We shall leave the detailed examination of this theorem 
to the reader. It will be observed that the final theorem 
of Chapter VI has not been included in the preceding state¬ 
ment. The reason is evident as soon as we note that in 
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order to generalize Theorem 6.9 we must associate a complex 
resolution of the identity with each transformation T(F). 
We shall be able to do so, and hence to generalize Theorem 6.9, 
after we have studied the theory of normal transformations. 

By appropriate use of the theory which has been outlined 
above we obtain a complete characterization of the class of 
all normal transformations. We first show how a given 
normal transformation can be expressed in terms of a complex 
resolution of the identity. 

Theorem 8.8. If T is a normal transformation, then there 
exists a complex resolution of the identity E(z) such that the 
relations T ** = T{F), T* = T(F), F(z) = g, are valid. 
The transformations T* and T** are maximal normal trans¬ 
formations. The given transformation T possesses no maximal 
normal extension other than T**, 

We prove this theorem by a consideration of the self-adjoint 
transformations H x and JJ 2 associated with the given normal 
transformation T in the manner indicated in Definition 8.3. 
Corresponding to and H* are the respective resolutions 
of the identity 2£i (/), F 2 (A),—cc<;„<-|-ao. We define the 
desired complex resolution of the identity E(z) by the relation 

E(z) = E x {Si(z)) F 2 (3(z)). 

When we make use of the fact that JS'iC/x) and E 2 (l 2 ) are 
permntable in accordance with Definitions 8.1 and 8.2, we 
can verify that the transformation E[z) thus constructed is 
actually a complex resolution of the identity, as defined above. 
In terms of E(z) the relations 




l-S,/l 2 = 

e 


= 

\fxcl{EJX)f,g) 

|a/I 2 = 

e 
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become 

X -foo 

aw d{E{z)f,g), 
I HJf = XT (SI (*)) 2 <2| JE7(*) /| 2 , 

./, 9) = XT .?>, 

l-Hi/l* = £^(W <2|i?(*)/| 2 , 

respectively; in other words 


H x = T(J\), H = T(F 2 ) 

where -Fi(>) = 31 (z), F 2 (z) == 3 (z). If we set F(z) s= z, 
w T e can use Theorems 6.1, 6.4 and 8.7 to write 

H x +iH % = T{F), Hi — iH 2 = T(F), 

(H x +iH*)* = Hx — iHi, — = #! + /#>. 

We can now investigate in detail the transformations T* 
and T**. It is evident that both these transformations satisfy 
the definition of normality. In order to show that 

T** see Hi + iH 2 = T(F), T* = H — iH = T(F) ? 

we proceed as follows: from the relations 

T** = & + *’& g Hi+iH«, T* = Si — iS* c H — iH. 
we see that 

T** = (T*)* 2 {H x -iH 2 )* = -f IH 2 2 
T 7 * = (T**)* 2 + = (H — iH) 2 


We then infer the truth of the desired identities. 

Finally we consider normal extensions of T and of T*. 
First let Ti be a normal extension of I 7 **: we shall show 
that T ± = T** and, in this way, shall prove that T** is 
maximal. Without loss of generality we may suppose 
that T t = Ti*. From the relation T** 2 T** r it follows 
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that T* 2 T*. Now we observe that, by definition, 
Ti'% Ti have the same domain, as do T** and T*. 
This means that we must have T* = T*, and hence 
T x = T** = T**, as we wished to prove. Thus T** is 
a maximal normal extension of T. Next let T L be a second 
maximal normal extension of T. Since Ti** is a normal 
extension of T 1? we have by definition T t = T**. Now 
Ti 2 T implies Ti**2 ^*** Since T** is a maximal normal 
transformation, we conclude that T ± = Ti** = T**, and have 
thus proved that T** is the sole maximal normal extension 
of T. With regard to the transformation T*, which we 
know to be normal, we note that (T*)** = T* and that 
the preceding discussion therefore applies to it. 

We can now obtain for maximal normal transformations 
a theorem analogous to the fundamental theorems for self- 
adjoint and for unitary transformations. It is 

Theorem 8.9. Between the class 9L of all maximal normal 
transformations T and the class & c of all complex resolutions 
of the identity there exists a one-to-one correspondence such 
that T = T(F) where F(z) — z. 

If T is a given maximal normal transformation, we can 
apply the preceding theorem to obtain this representation in 
terms of a complex resolution of the identity on noting that 
T = T**, On the other hand, if E(z) is a given complex 
resolution of the identity we can form the transformation 
T(F): F{£) = z } and then show with the aid of Theo¬ 
rems 6.1, 6.4, and 8.7 that it is normal. By these theorems, 
T*(F) = T(F) and T**(F) = T(F) exist and have the 
common domain ®(T) = &(F). According to Definition 8.3 
we next have to prove that the transformations 

c, _ T(F) + T(F) n T(F) — T(F) 

Al= 2 ? = - 27 -’ 

are essentially self-adjoint. We shall do so by establishing 
the identities 
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in which the right-hand members are self-adjoint trans¬ 
formations in view of Theorems 6.4 and 8.7. We give a de¬ 
tailed demonstration in the case of S ± alone, that of S 2 being 
analogous. The domain of_$i is the common domain 2)(F) 
= ®(jF) of T(F) and T(F), characterized by the existence 

X +oo 

\F(z)\ 2 d[E{z)f[ 2 , and is therefore identical 

-00 

with the domain 3)(|_F| +1) of the self-adjoint transformation 
T(\F\ + 1)- Since the origin in the 2 -plane is in the resolvent 
set of T(\F | + 1), by Theorems 6.7 and 8.7, we see that 
every element f of the domain of 8 1 is expressible in the 
form T((|jP| +l)” 1 ) y and that every element so expressible 
is in the domain of S t . If Ji is an element in the domain 
of S* we have (S ± f, h ) = (/, S* k) for every element / in 
the domain of S l9 and therefore 

(S l T((\F\+l)^)g f h) = (T((\F\ + l)^)g, S?h) 
for every g in §. Since, by Theorem 6.1 (2) and Theorem 8.7, 
Si C T we can apply Theorem 6.1 (6) and The¬ 

orem 8.7 to write the last equation in the form 

This equation can be cast by the use of Theorems 6.4 and 
8.7 into the form 

(f- ^IrnTr) 8 *' 1 )- 

holding for every g in Consequently, the equation 

F-\~F j — rjn ( _1_ ) Si h 

1 \2\F\+2) fl — 1 \|J| + 1 1 

is true and the left-hand term follows the right in being an 
element of S)(|JP|‘+1). From Theorem 6A, (6) and (7), we 

infer that Ji is in the domain of T | and that 


Tl rr) k = w+MsTfff?)* = sti ■ 
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We can express 


this result by the relation Si Q T 


m- 


Since the previously noted relation S± Cl 




implies 


Si 2 T* s T ^~9~) ’ we see tliat tlie deseed 

—-—| is true. In this manner, we come 

to the conclusion that the self-adjoint transformations H x 
and H s of Definition 8.3_exist and are to be identified with 

and T ) respectively. 

Our next step is to show that H x and Ho are permutable in 
the sense of Definition 8.2. We must therefore construct the 
resolutions of the identity E x (A) and E 2 (X) corresponding to 
Hi and H 2 respectively. To this end, we define the functions 


Fu (g) 



si(jd>zr 



3(g) < A | 
3(z)>Xl’ 


and the transformations T(Fii ), T(F*x), These families of 
transformations, defined for —oo< X < + co, are quickly seen 
to be resolutions of the identity such that T(F x x) TiFoju) 
and T(F 2 u) T{Fu) are identical. We put E x (X) = T(F X )) 
and E 2 (X) = T(Foy). We then verify the identities 

p-f-00 

^ &(*) d(E(e)f, g) = J_ M /. d(Eh (il)f, g), 

XT i a w i 2 d \ E ^)fv = XT 

XT 3 w w/. = XTo)/. .o, 

XT 3(r): 2 rfi^«/r = X-t° ; - 2 ^^o)/p, 

which show that the resolutions of the identity corresponding 
to Hi and H are E x (X) and E 2 (X) respectively. Since E x ( X ) 
and E* (ji) are permutable, H L and H 2 are permutable. Thus 
T (F) is a normal transformation. Furthermore, since 
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T* (F) = T(F), T** (F) = T(.F), we can apply the preceding 
theorem to show that T(F) is a maximal normal transformation. 

It now appears that a correspondence has been set up 
between the class of all maximal normal transformations and 
the class of all complex resolutions of the identity, -with the 
property that corresponding members T and E(s) of these 
classes are connected by the relation T = T(F) where 
F(g) = 0 , The work of the preceding paragraph contains 
the material for showing that this correspondence is a one- 
to-one correspondence. To a given E(z) there corresponds 
one and only one maximal normal transformation T, so we 
have merely to show that two complex resolutions of the 
identity cannot give rise to the same maximal normal trans¬ 
formation. Now in the preceding paragraph we showed 
that, if T and E{z) are connected by the relation T == T(F), 
the self-adjoint transformations H x and I£> together with 
their corresponding resolutions of the identity E x (X) and 
E 2 (A) can be constructed directly from E{z) as well as from 
T itself. Since E(z) is evidently connected with E x {).) and 
E 2 (>.) by means of the identity 

e { z ) » ^(srw), 

we see that E(z) is uniquely determined when E x (X) and 
E 2 (X) are known; but T determines the latter transformations 
completely, and therefore fixes E{z), Thus two distinct 
complex resolutions of the identity must determine distinct 
maximal normal transformations. This completes the proof 
of the theorem. 

We may now generalize the theorem just proved, as follows: 

Theorem 8.10. If E(z) is a complex resolution of the identity 
and F (f) is a complex-valued E(z)-measitrable function of z 
defined almost everyivhere with respect to E(z ), then the asso¬ 
ciated transformation T(F ) is a maximal normal transformation. 
The complex resolution of the identity E 0 ^ (z) corresponding to 
T(F) by Theorem 8.9 is detev'mined by the relation E a) (*A) 
= T{®) 9 where is an arbitrary interval and & (z) is the 


21 
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function which is equal to one or to zero according as F(f) 
assumes a value in the interval or not. 

The proof that the transformation T(F) is normal proceeds 
at first exactly as in the special case F(z) = 2 discussed in 
the preceding theorem. We find that the transformations 

Si = ~(T(F)+ T(F)), S* ss —- (T(F) — T(F)) 
have the properties 

Sf = Hi = s T^F), 

s! = E s = T \^Yij = T ^ F )- 

It will be noted that up to this point the preceding proof 
made no use of the relation F(z) = z and can therefore be 
repeated verbatim in the present more general case. We have 
to modify our procedure, however, when we come to the 
proof that E x and E 2 are permutable in the sense of De¬ 
finition 8.2. We denote by Ei 1} (/) and E? ] (/) the resolutions 
of the identity corresponding to the self-adjoint transformations 
Ei and E 2 respectively. We then calculate Ei\*A) and jE 2 1} (*i) 
for an arbitrary linear interval *A, using the methods de¬ 
scribed in the first part of the proof of Theorem 6.9. By 
Theorems 6.7 and 8.7 we see that (E x — l)" 1 = T((31F —Q _1 ) 
for all not-real,values of l. By the limiting processes analyzed, 
in Theorem 6.9 we find successively 

t anh c (Ei — y) = T (tanh c(SlF — y )), 

9u(E x ) = T^iSiF)), ipctpiEi) = T(tp* fi (3F)). 

The justification of the limiting processes involved depends* 
upon Theorem 6.2 and its interpretation according to Theo¬ 
rem 8.7. The details will be left to the reader. If *A is the 
linear interval a< l < fi and Q 1 (e) = rp a p(3lF(e)) is the-, 
function which is equal to one or to zero according as a%F(z) 
assumes a value in *A or not, then the last relation can be 
written E^^A) = T( <Zh). It is obvious, both directly and; 
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by reference to the limiting* processes involved above, that 
0) is ^(^-measurable. If Q 2 (z) is the function which is 
equal to one or to zero according as 3 F(z) assumes a value 
in the linear interval or not, we have similarly 

EF(*A) = T(® 2 ). 

We now have 

^>(*4) SWA) = = T(©10 0> 2 ) 

for arbitrary linear intervals *A X and *d 2 , by Theorem 6.1, 
(6) and (7), and Theorem 8.7. If we take *A X and *A 2 as 
intervals with extremities —oo, ). x and —oo, b 2 respectively, 
we see that 

E? (h) = l£\h)E?\X i) 

and that H x and H* are permutable. It is now evident that 
T(F) has all the properties required of_a normal trans¬ 
formation. The relations T**(F) = T*(F) = T(F) show, 
by virtue of Theorem 8.8, that T(F) is a maximal normal 
transformation. As we showed in Theorems 8.8 and 8,9, the 
corresponding complex resolution of the identity E a) (z) is 
given by the product -Ei (1) (cR z) E™ (3z) . Thus if *A is the 
two-dimensional interval a 1 <3iz fi l9 ce 2 <3z /&>, and 
if *A X and *i 2 are the linear intervals cc x < l < ft, cu c l < ft. 2 
respectively, then 

E a \*A) = E^\*A S ) = T(0 l o0. 2 ) = T(0) 

where CP = Q> 1 o <P 2 is the function described in the statement 
of the theorem. 

We can now establish the theorem which corresponds in 
the present theory to Theorem 6.9. We have 

Theorem 8.11. Let T be a maximal normal transformation, 
E(js) the corresponding complex resolution of the identity , F(z) 
a complex-valued E(z)-measuraIdle function defined almost every - 
tvhere with respect to E{z ), and T(F ) the transformation 
associated with F(z) and E{z). Then T(F ) is a maximal- 
normal transformation which will be denoted by T a) , Let 
E (1) (z) be the corresponding complex resolution of the identity, 
G a) (z) a complex-valued E (1) (z)-measarable function defined 
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almost everywhere with respect to E^Hz), and T a) (G a) ) the 
maximal normal transformation associated with G a) f) and 
E a) f j. If Of) = G (1) (Ff)), then Of) is an Effmeasur¬ 
able function defined almost everywhere with respect to Ef) 
and the transformation T(O) associated with Of) and Ef) 
is identical with the transformation T a) (G (l) ). 

If we take G (1) f) as the function which is equal to one 
or to zero according as z is in the interval *A or not, we see 
that this theorem reduces to the preceding one; for we have 

T {1 HG a) ) e= E a) (*A) = Tf D), 

where Of) is the function described in Theorem 8.10. This 
means that we can establish the theorem for more and more 
general classes of function G a) f) by the processes carried 
out in the proof of Theorem 6.8 until we attain the generality 
required by the statement of the theorem. Since no modification 
in detail is necessary, we do not need to repeat the earlier 
proof. 

Thus we have completed the analogy between the theory 
of maximal normal transformations and that of self-adjoint 
transformations, so far as the subject-matter of Chapter VI 
is concerned. It is convenient to revise our notation so that 
it is in accord with Definitions 6.3 and 6.4; we are justified 
in making the change by the results of Theorems 8.7 and 
8.9-8.11. 

Definition 8.7. If T is ct maximal normal transformation 
with the corresponding complex resolution of the identity E f), 
the terms “ T-measurahle”, “null set with respect to T” } “al¬ 
most everywhere with respect to T”, and “T-eqiiivalent” shall 
mean "E f)-measurable”, “null set with respect to Ef)”, ££ al¬ 
most everywhere with respect toEf)”, and “ E f)-equivalent”, 
respectively. If T{F) is the transformation associated with 
an arbitrary function Ff) and with Ef), then it may be 
denoted by F{T). 

We shall ton next to a brief consideration of the reducibility 
and the spectral theory of normal transformations. We have 
first 
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Theorem 8.12. Let T be a maximal normal transformation , 
E(z) the corresponding complex resolution of the identity, and 
*4 an arbitrary interval. Then the projection E(*A) is 
permutable with T and its range is a closed linear manifold 
which reduces T. If f is an element such that |2?(*4) f\~ 1, 
then 

z = (TE(*A)f E(*A)f) 

lies in the interval *A, ivhenever E(*A)fis in the domain of T. 

The assertions concerning permntability and reducibility 
are already contained in Theorem 6.1 (4) as interpreted 
according to Theorem 8.7, or are immediately deducible from 
the facts stated there. The final assertion of the theorem depends 
upon the relations 

( TE(*A)f, E(*A)f) =j A z d\E(z)f\\ 

I E{*A)f\> = tl\E(z)fY = 1. 

They show that ( TE(fA)f , E{*A)f) is a weighted average 
of the values of z in *4 and must therefore have a value 
in that interval. 

Theorem 8.13. The spectrum of an arbitrary maximal 
normal transformation has the following properties: 

(1) the spectrum contains at least one point; 

(2) the point spectrum is empty or consists of a finite or 
denumerably infinite set of characteristic values: characteristic 
elements corresponding to distinct characteristic values are or - 
thogon al; 

(3) the cojitinuous spectrum may be empty or not empty: 

(4) the residual spectrum is empty. 

We form the complex resolution of the identity E{z) corre¬ 
sponding to the given maximal normal transformation T and 
then construct the inverse of Ti = T — -l-1 as the trans¬ 
formation T If the spectrum of T were empty, 

every point l of the complex 2 -plane would belong to the 
resolvent set; to a given l there would correspond a positive 
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constant C(J) 
equality! 


such that the set of points defined by the in- 
-I >(7(7) is a null set with respect to E(z), as 


we have shown in Theorems 6.7 and 8.7. It is easy to obtain 
a contradiction from the last assertion. If *4 is an arbitrary 
interval, then each point of *4 is the center of a circle 
\z — i\<\!C(J) which is a null set with respect to E(z)\ 
since, by the Hein e-Bor el covering theorem, *4 can be 
covered by a finite or denumerably infinite set of such circles, 
it is evident that *4 is likewise a null-set with respect to E(z); 
in consequence, E(*A) = 0 for every *4, a result in contra¬ 
diction with the fundamental properties of E(g) as given in 
Definition 8.5. Thus the spectrum of T must contain at least 
one point. 


The transformation T ( jjy yj is a closed linear trans¬ 


formation with domain everywhere dense in § unless l is 
a characteristic value of T , as we have already shown in 
Theorems 6.7 and 8.7. It follows that the residual spectrum 
of T is empty. If l is a characteristic value of T, then we 
can determine the corresponding characteristic manifold as 
follows: if F(z) is the function equal to one when z = l and 
equal to zero elsewhere, we know by Theorems 6.6 (3), 6.7, 
and 8.7 that the transformation T(F) is a projection different 
from 0 ; its range, as we shall prove, is the characteristic 
manifold in question. If f is in the range of T(F) we have 
T (F) f = f and hence 


(T — il) T(F)f = (T — II) f — 0, 


by virtue of the identity (z — 1) F(z) = 0. Thus / is a 
characteristic element of T for the characteristic value l , 
whenever/ ^ 0. On the other hand, if / is a characteristic 
element of T for the characteristic value 7, we form the 
element E(*A)f for an arbitrary interval *4 and show that 
it is equal to f or to zero according as *4 contains or does 
not contain the value z = L If j£(*4)/+ 0 we form the 
element E{*A)fi\E(*A) f\ and apply to it the last assertion 
of the preceding theorem. Since we have 
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{TE{*A)fJ\E(*A)fl E(*A)ft[E(*A)f\) = l 
by virtue of the equation 

TE(*A)f = E{*A) Tf — lE(*A)f ; 

we see that Z must he contained in *4. Thus E(*A)f — o 
whenever *4 does not contain the value Z. If *4 is an inter¬ 
val containing the value z — l, we can write 

*4 = 7—*4 = J;*4 C 

K = 1 

where the intervals *A l9 , *A n are mutually disjoint. We 
find therefore that 

E(*A)f = E(*A)f-\- ± E{*A a )f = E{I)f = /. 

a = l 

It is now easy to calculate (T(F)f g) 7 where g is an arbitrary 
element in by means of the relations 

X -foo 

F{z) d(E(z)f, (j) = {f g) 7 

and thus to conclude that T{F)f = f This result shows 
that / is in the range of T{F). If we consider two distinct 
characteristic values of T and the corresponding functions 
F 1 (z) and F 2 (z), the relation F 1 (z) F 2 (z) = 0 shows that the 
projections T(F ± ) and T(F 2 ) are orthogonal, satisfying the 
identity T(F X ) T(F 2 ) = T(F 1 F 2 ) = 0. Their ranges are 
orthogonal characteristic manifolds corresponding to the two 
characteristic values under consideration. A now familiar 
argument shows that the point spectrum of T is at most 
denumerably infinite, since characteristic elements corre¬ 
sponding to distinct characteristic values are known to be 
orthogonal. 

Theorem 8.14. Let Tie a maximal normal transformation, 
W the set of values assumed by {Tf f) ivJien I f_\ — 1 art d 
f ranges over the domain of T. The closed set W = TF-f- W' 
is the smallest convex set which includes the spectrum of the 
transformation T. 

First we shall show that every point of the spectrum of T 
is either a point of W or a limit point of IF. Thus TF= TF+ TT' 
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certainly includes thejspectrum; and, since W is a convex point 
set by Theorem 4.7, W also includes the smallest convex point 
set of which the spectrum is a subset. Let z = l be a point 
of the spectrum and let *A be an arbitrarily small interval 
containing l as an interior point. There exists an element g 
such that E(*A)g^0, since otherwise the interior points 
of *4 must belong to the resolvent set of T . We put 

f = E(*A)g/\E(* A)g\ 

so that 

E(*A)f = / |/|=1. 

From Theorem 8.12, we then conclude that 
z = (: TE(*A)Z E(*A)f) 

is a point of *4. Thus l is a point of IF or of IF', as we 
wished to prove. 

We now construct the smallest convex set which includes 
the spectrum: it is the set of points z = ^ + (1 — X)z a 
where z x and z 2 range over the spectrum and X over the 
interval 0 < X < 1. This set is closed_since both the spectrum 
and the interval are closed sets. If IF contains a point z x not 
in this set then there exists a uniquely determined point of 
the set, z 2 , nearest to z x . The straight line in the 2-plane 
through z 2 perpendicular to the segment joining z L and z 2 
then separates the spectrum from the point z x . If /is an 
element of the domain of T such that if i = i, the equation 

Cr/,/> = Z%diE(z)/¥, 

in which the integral can be thought of as extended only 
over that half-plane which contains the spectrum, shows that 
the point z = (Tf. f ) must lie in the same half-plane with 
the spectrum. Since z x is a point for which this result is 
not valid, we must admit that IF is a subset of the smallest 
convex set including the spectrum. Since we know that IF is 
not a proper subset of the spectrum, we see that the theorem 
is established.! 

f Wintrier, Mathematisehe Zeitschrift, BO (1929), p. 248, pp. 252-255 
has considered this theorem for bounded transformations. 
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The further examination of the spectral theory of normal 
transformations would lead us into considerations analogous 
to those presented for self-adjoint transformations in Chapter VII. 
We shall not discuss the extension of the various theorems 
proved there to the case of normal transformations. The 
reader will see that Theorems 5.13, 7.1-7.7, 7.9 and 7.10, 
together with Definitions 7.1 and 7.2, can be taken over into 
the present theory with obvious minor modifications. Other 
theorems, such as Theorems 7.8, 7.11-7.13, lie much deeper 
or must be considerably changed before they can be incorpo¬ 
rated in the theory of normal transformations. We must 
also mention the possibility of extending the theory of normal 
transformations in the direction suggested by the remark 
that in that theory we have been studying pairs of permutable 
self-adjoint transformations. It is natural to consider any 
finite or denumerably infinite collection of mutually permutable 
self-adjoint transformations. J. v. Neumann has investigated 
the problems thus indicated in two important papers, to which 
we shall refer the reader for further information.* 

In conclusion we shall discuss briefly the relation of the 
class of normal transformations to other classes of trans¬ 
formations previously discussed. We first note the following 
connection with unitary and self-adjoint transformations. 

Theorem 8.15. Every maximal normal transformation T 
for which 1 = 0 is not a characteristic value is expressible 
as the product of a not-negative definite self-adjoint trans¬ 
formation H and a unitary transformation U which is per¬ 
mutable ivith H. 

We have only to set H = T{ Ji), U = T(Fj), where 
F-i (z) = | z and F 2 (f) = z/\ z | except when z = 0; since 
the point z = 0 is a null set with respect to T, the definition 
of F 2 (z) at z = 0 is immaterial. 

In the following theorem we shall consider under what 
circumstances various special types of transformation are 
normal. We have 

* J, v. Neumann, Mathematische Annalen, 102 (1929), pp. 370-427; Annals 
of Mathematics, (2) 32 (1931), pp. 191-226. 
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Theorem 8.16. A symmetric transformation is normal if 
and only if it is essential?;/ self adjoint; and is a maximal 
normal transformation if and only if it is self-adjoint. A bounded 
transformation with domain © is normal if and only if it 
is permutahle with its adjoint; it is then a maximal normal 
transformation. A unitary transformation is a maximal normal 
transformation. 

If T is a symmetric transformation, then 


St Si 


rp** ! rp% 


s. 


0 


ill the domain of T**. If T is normal, then 8f = Si * and 
T** = T*, showing that T is essentially self-adjoint. If T 
is essentially self-adjoint, then S* = Si* is a consequence 
of the identity T* = T **; and flf = JS£* = 0 . Thus H ± = St * 
and H = 0 exist and are permutahle so that T is normal. 
Finally, T is maximal as well as normal if and only if 
T=T** = T*\ that is, if and only if T is self-adjoint. 

If T is a bounded linear transformation with domain £>, 
the transformations 


H = 




m 


't' 't 


2 i 


exist and have © as their domain. Since T** = T, a necessary 
and sufficient condition that T he normal is that 


jHi m = K 2 Hi, 

jr- — ji n* ji _ (T*) 2 T 2 -j- TT* _ T* T _ (T*) 2 

an identity which is satisfied if and only if T and T* are 
permutahle. When T is normal, the identity T** = T 
shows that T is a maximal normal transformation. 

Lastly every unitary transformation U is a maximal nor¬ 
mal transformation since the identity U* = Z7” 1 renders U 
and U* permutahle. 

An interesting application of the general theory of normal 
transformations to the case of unitary transformations can 
be based upon the following theorem: 
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Theorem 8.17. Let T be a maximal normal transformation, 
L(z) the corresponding complex resolution of the identity, and 
F(z) a function measurable ivith respect to Liz). The identity 
F{T) = 0 implies that the locus | F{z) | > 0 is a null set 
ivith respect to Liz) and that, in particular, the points of the 
locus which belong to the spectrum of T constitute a null set 
with respect to L(z). The interior points of the locus belong 
to the resolvent set of T. 

Many of the facts noted in the theorem have been proved 
in Theorems 6.6 and 8.7. The only new item is the relation 
of interior points of the locus | F(z) | > 0 to the resolvent 
set of T. An interior point can always be included in an 
interval *A consisting of interior points of the locus in 
question. Since this interval is a null set with respect to 
Liz) we find that E(*A) = 0 and that the entire interval 
belongs to the resolvent set of T . 

Following v. Neumann;f we can apply this theorem to the 
study of unitary transformations. We have seen that a 
unitary transformation Z7 is a maximal normal transformation 
satisfying the identity Fiji) = UTJ* — 1 = 0, where 
F(V) = z~z — 1. We see therefore that the resolvent set 
of JJ includes the loci \z\>l, \z\<l, and that the 
spectrum of U lies on the unit circle | £ | = 1. If we de¬ 
fine a function Ge (z) by the relations 

G e (re 2ni(f ) = 0, r + 1; r = 1, 0 < cp < 1 
Gq (r e 2Tli(f> ) = l, r = l,0<<p£0, 

then the projections L 0 {6) = Ge(U) enable us to express 
U by means of the integral 

iUf g) = J q e^d(Ffd)f g). 

This representation is precisely that described in Theorem 8.4. 

§ 4. A Theorem on Factorization 
We shall now state and prove a generalization of Theo¬ 
rem 8.15 above. We are thus engaged in extending to 
f J. v. Neumann. Mathematische Annalen, 102 (1929), pp. 111-122. 
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Hilbert sp 3 .ee 3 well-known theorem on the factorization of 
homogeneous linear transformations. We shall consider the 
extension only in the case of bounded linear transformations 
with domain S. The importance of the factorization lies in the 
fact that it enables us to express every bounded linear trans¬ 
formation in terms of transformations which we have ana¬ 
lyzed in detail. 

Theorem 8.18. If T is a bounded linear transformation 
which takes § in a one-to-one manner}' into itself, then T can 
be factored in either of the two forms 

T = J3i CTx, T = 

where H t and H are bounded positive definite self-adjoint 
transformatmis and U x and U 2 are unitary transformations . 

According to Theorems 2.7, 2.26, and 2.29 our hypotheses 
imply that T" 1 , T*, and (T*)" 1 all exist and are bounded 
linear transformations with domain §. The transformations 
T * T and TT* are evidently self-adjoint transformations with 
domain §; their respective inverses (T" 1 T* - " 1 ) and (T*" 1 T -1 ) 
exist and are self-adjoint transformations with domain £>. 
From the inequalities 

(T* Tf, f) = | Tf? > 0, (T T*f } f) = \T*ff ^ 0 

we see that T*T and TT* are not-negative definite. Since 
the point l = 0 is a point of the resolvent set for both these 
transformations, they must be positive definite, their spectra 
being closed point sets on the positive real axis. We now 
define the factors of T, to w r hich the theorem refers, by the 
relations 

Hi = VTT*, Tf = (1 /'YT*)~ 1 T, 

H = VT* T, U 2 = T (Krr)" 1 . 

A\e see immediately that Hi and IL are bounded positive 
definite self-adjoint transformations. The inverses Hf 1 andIZT 1 
exist and are bounded self-adjoint transformations with do¬ 
main <8. For If we then have the relations 
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Z7i = Hf 1 T, Vi = T*Hf l , 

i\ Ui = Hr 1 tt* Hr 1 = Hr 1 hi sr 1 = i, 

U* TJ\ = T* 0T 1 0T 1 T = T* (T T*) _1 T 
= IT* ((2 7 *) -1 T -1 ) T = J, 

which show that 0i is a unitary transformation. We can 
verify in a similar manner that TI, is a unitary transformation, 
and the proof of the theorem is then complete. 

Theorem 8.19. Jf T is aw arbitrary bounded linear trans¬ 
formation with domain § and l is any point of its resolvent 
set, then there exist bounded positive definite self-adjoint trans¬ 
formations .Hi and H and unitary transformations 0i and Ui 
such that 

0 = HH + II, T = U,H, + II. 

We have only to apply the preceding theorem to the trans¬ 
formation T — II. It will be recalled from Theorem 4.21 
that the resolvent set of a bounded linear transformation is 
never empty. 



CHAPTEE IX 


SYMMETRIC TRANSFORMATIONS 
§ l. The General Theory 

In Chapter II, § 2, we have discussed the elementary pro¬ 
perties and relations of symmetric transformations. As a result 
of these preliminary considerations we formulated three im¬ 
portant problems concerning transformations of this category: 

(1) the determination of all the maximal symmetric ex¬ 
tensions of a given symmetric transformation; 

(2) the determination of all maximal symmetric trans¬ 
formations; 

(3) the determination of all self-adjoint transformations. 

The third problem has occupied our attention in preceding 

chapters, and its various ramifications have been explored 
in some detail; the theorems of Chapter Y, in particular, 
serve to characterize the class of all self-adjoint transfor¬ 
mations and thus provide the solution of the third problem. 
We shall now turn to the investigation of the more general 
questions raised by the first two. The results reported here 
are due to J. v. Neumann,* whose exposition we shall follow 
with only occasional modifications and additions. After pre¬ 
senting v. Neumann’s general theory, we shall examine briefly 
certain other aspects of the behavior of symmetric transfor¬ 
mations and shall indicate applications to the study of inte¬ 
gral operators, continued fractions, and related topics. 

In view of Theorem 2.15, as we have already remarked, 
it is sufficient for us to consider closed linear symmetric 
transformations for the purposes of the present chapter. A 
transformation of this sort is related in a simple and fun- 

* J. v. Neumann, Mathematische Annalen, 102 (1929), pp. 49-131. 
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damental manner to a certain corresponding isometric trans¬ 
formation which characterizes it. In consequence, the theorems 
of Chapter II, § 5, become the basis for a solution of the 
questions now before us. The key theorem runs as follows: 

Theorem 9.1. Let S be the class of all closed linear sym- 
metric transformations H; and let §r be the class of all closed 
isometric transformations V such that V—I has range every- 
where dense in Then there exists a one-to-one correspon¬ 
dence between S and c? such that, when H and V correspond, 

(1) if S), and 91—i denote the domain of H, the range 

of H+i, and the range of H—i, respectively, then 9t-H and 
91— i are closed linear manifolds in one-to-one correspondence 
with 2) by the transformations H+i and H-i respectively; V 
has 91 —i as its domain, 91+* as its range, and satisfies the 
relation V = H+iHZ\; 

(2) the transformation I—V has cm inverse ( I —F) -1 , 
the domain of which is the domain of H; H satisfies the re¬ 
lation H = i(I+ V ) (7— V)-K 

If H is in S we form the corresponding transformation V 
in Sr as indicated in the statement of the theorem. Theo¬ 
rems 2.5 and 4.14 show that H+l and HZ] exist and are 
closed bounded linear transformations. By reference to 
Theorem 2.23 we see that the linear manifolds )R+i and 
3i-i, the respective domains of these transformations, must 
be closed. Thus the transformation V = H+iH Z\ takes 
9t-i in a one-to-one manner into 91+* and is evidently linear. 
If / and g are arbitrary elements of 91-*, the domain of F, 
there exist uniquely determined elements f 0 , go in the domain 
of H such that / = H-if 0 , Vf = H+if 0 , g = H-i go, 
Vg = H+ig 0 . Thus, by recalling the equation (Hf 0 ,g 0 ) — 
(fo,Hg 0 ), and carrying out the usual expansions, we obtain 

(/, g) = {H-ifo, K-tg o) = (Hf 0 , Hg 0 ) + (f o , go), 

(1 Vf Vg) = (H+ifo, H+i go) = (Hfo, Hg 0 ) + (f 0> go), 
07: Vg) = {f, g). 

The last equation holds for every pah’ of elements in the 
domain of V and requires that V be isometric. Since the 
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domain of T r is a closed linear manifold, we must have V=Y 
according to Theorem 2.23 and can thus conclude that V is 
closed. Finally, we note that the range of V —7 coincides 
with the domain of H , by virtue of the relations F/—/ = 
= and is therefore everywhere dense in £>. 
If Y is a member of §r we construct 77 as required by the 
second statement of the theorem. By hypothesis the range 
of Y —7 is everywhere dense in §. We shall show that 
7 —F takes its domain in a one-to-one manner into its range, 
which, of course, coincides with that of V —7. To do so 
we have to prove that the equation g—Yg = 0 implies g — Q. 
When f is an arbitrary element of the domain of V we have 
(Vf Yg) = (/, g) and can therefore write 

= (Yft &)—(/> g) = iVf,g-Vg) = 0. 

In view of the fact that the range of Y — I is everywhere 
dense in §, we must have g~ 0. We denote by ® the 
range of 7—F: the transformation (7—F) -1 exists, has 3) 
as its domain, and is closed and linear in accordance with 
Theorem 2.5. We now define a transformation H by the 
relation 77 = i(7-f Y) (7—F) -1 . In view of the identity 

2*(7+F) (7—F)” 1 = i(2I — (7 — F)) (7—F)~ 1 
= 2 i (7—F)~ 1 — il 

it is evident that 77 is a closed linear transformation with 
domain everywhere dense in §. If / and g are arbitrary 
elements in S> then there exist uniquely determined elements 
f 0 and g Q in the domain of F such that f= (7—F)/ 0 , 
Ef= i(I+Y)f 0 , g = (I—Y)g 0 , Hg = i(I+Y)g 0 . Thus, 
by using the equation (Vf 0 , Yg 0 ) = (/ 0 , g 0 ) and carrying out 
the indicated expansions, we obtain 

w,g) = Ufo + iVfo, g a -Tgo) = <*>)-</o, %o>}, 

{f, Hg) = C/o-F/o, t>o+*%o) = *'{(T:/o, gd — Cfo, Vgdh 
(Hf cj) = (/. Hg). 

The last equation, holding for every pair of elements in 
implies that 77 is symmetric. 
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If H is an arbitrary member of S and we put T= 
we find immediately that i (J+ V) (I — F) -3 and H coincide; 
for we have the relations 

V = (fi-i —= J— 2iH~i, 
I+V= 2(1 — iH-i), 
t T—VViHllr 1 = 

On the other hand, if F is an arbitrary member of e? and 
we put H = (I — F)~ l , we find similarly that 

H+iHZi and F coincide; for we have the relations 

#= «t2 J — (1— F)) (7 —F)” 1 = i[2(I —F)” 1 — I], 
= 2i[(J—F)- 1 —J], 

i?- 1 = ( 2 *(j—yr 1 ) -1 = jj(i—v). 

It thus appears that the processes described and discussed 
in the two preceding paragraphs are inverses of one another 
and therefore determine a one-to-one correspondence between 
S and & with the properties described in the theorem. 

Theorem 9.2. If H x and H 2 belong to S and if Fi and Y 2 
are their respective correspondents in §r, then the relations 
Hi d H and Y 1 d V 2 are equivalent . A transformation H in S 
is maximal if and only if the corresponding transformation I" 
in is maximal. The maximal symmetric extensions of a given 
• closed, linear symmetric transformation H constitute a class 
with the cardinal number 1 or with the cardinal number c 
of the continuum according as H is maximal or not. 

The identities 

V ± = (JSi—£ J) (H^il)- 1 , F 2 s= (H 2 — iI) (H + iI'r\ 
JBi = i(I+V 1 ) (I—Fi)" 1 , H ^ i(I+V 2 ) (J-F ,)- 1 

show that the relations Hi £ H 2 and Y t £ F» are equivalent. 
.Since iZt = IZg implies and is implied by Y x = F 2 , we con¬ 
clude that the relations H ± ClH 2 and Y 1 CZY 2 are also equivalent. 

If H is a maximal symmetric transformation it belongs to S 
and has a correspondent F in W. We wish to show that F 
is a maximal isometric transformation. If F be not maximal, 
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then there exists an isometric extension of V which we denote 
by Th. In view of Theorem 2.47 we may suppose that V 0 
is closed. Since V 0 3 V, the range of V 0 — I includes the 
range of V—I and is therefore everywhere dense in §. 
We now see that V 0 belongs to §r and must therefore have 
a correspondent R 0 in S such that H 0 uH. By hypothesis 
the latter relation is impossible, so that V must be maximal. 
By reasoning of the same character we can show that when¬ 
ever Tis a maximal isometric transformation in Sr the corre¬ 
sponding transformation H in S is maximal. For if H be 
not maximal, there exists a closed linear symmetric extension 
of H which may be denoted by H 0 \ since the corre¬ 

sponding transformation V 0 in & satisfies the relation V 0 3 V, 
which is excluded by the assumption that V is maximal. 

If E is a maximal transformation in S, we know that it 
has no maximal extension in S other than itself. If, on the 
other hand, R is in S but not maximal, its correspondent V 
in Sr is not maximal. From Theorems 2.48-2.51 we know 
precisely how all the maximal isometric extensions of V are 
to be constructed and we know that they constitute a subset 
of cF with the cardinal number c of the continuum. Corre¬ 
sponding to these maximal extensions of V there are maximal 
symmetric transformations in S constituting a set with the 
cardinal number c, each of which is an extension of H. From 
the preceding paragraph, it is evident that all such extensions 
of H are obtained in this manner. 

Clearly, we can add considerable detail to the description 
of the relations examined in the preceding theorem by making 
use of the deficiency-index of the transformation V. On this 
account we introduce the following definition: 

Definition 9.1. The deficiency-index of a transformation H 
in § is the deficiency-index (m, n) of the corresponding isometric 
transformation V in 

We recall that m is the dimension-number of the closed 
linear manifold § © 9h_^ where is the domain of V and 
the range of H-t; and that n is the dimension-number of 
S © 91 -h where 3^- is the range of V and of H+i . 
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We can now state and prove the desired amplification of 
Theorem 9.2. 

Theorem 9.3. A transformation H in S is maximal if and 
only if its deficimcg-indwr has the form (m, 0) or the form 
(0, n); in particular, it is srlfadjohd if and only if its de¬ 
ficiency-index is (0, 0). If H is a transformation in S with 
the deficiency-index (m,n) where min [m, n\ > 1, then the 
transformations H' in S with given deficiency-index (: mit) 
such that HdH', m = m'fi-p, n = n' +p, constitute a class 
with the cardinal member c, for p — 1, • ••, min[-m, m]; 
every transformation H f in S such that H'd> H belongs to 
some one of these classes. A transformation H in S possesses 
self-adjoint extensions if and only if its deficiency-index has 
the form (m, m): if this condition is satisfied with rn a finite 
cardinal number , then every maximal extension in 8 is self- 
adjoint; if this condition is satisfied with m = 2* 0 , then the 
maximal extensions with assigned deficiency-index (p. 0) or 
(0, p) constitute a class with the car dined number c, for 
1 ? = 0, 1, 2, •. tf 0 . 

Since this theorem is merely a paraphrase of the results 
of Theorems 2.48-2.51 depending upon Theorems 9.1 and 9.2, 
we do not need to give a detailed discussion, save with regard 
to one point. Since we have not yet considered the rule 
played by self-adjoint transformations in the general situation 
studied here, ‘we must elucidate it for the purposes of the 
present theorem. The necessary information is comprised in 
the following assertion: if H is a transformation in 8 with 
the deficiency-index (m, n) and V is its correspondent in 
then the statements (1) H is self-adjoint, (2) V is unitary, 
(3) m = n — 0, are equivalent. The statements (1) and (2) 
are equivalent in view of Theorem 4.17, which shows that 
H = H is self-adjoint if and only if = § and 

thus implies that H is self-adjoint if and only if Fis unitary, 
according to Definitions 2.18 and 2.19. In Theorem 2.50 we 
showed that the statements (2) and (3) are equivalent. We may 
note that this relation between self-adjoint transformations 
in S and the corresponding unitary transformations in W is 
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a special case of the relation discussed in Theorem 8.3, ob¬ 
tained by putting' a = b = — i, c = J, d = 1. 

The three theorems which have just been proved thus enable 
us to master our first problem: the determination of all the 
maximal symmetric extensions of a given symmetric trans¬ 
formation E. In place of H we consider the closed linear 
transformation IT, which belongs to S, and can at once find 
and characterize all the maximal extensions of according 
to Theorem 2.15, we obtain in this way all the maximal 
extensions of H. Evidently, if H is not maximal, the maximal 
extensions of H form a class with cardinal number c. 

Before turning to our second problem—the determination 
of all maximal transformations in S- we shall examine certain 
general properties of S which bear on the significance of the 
deficiency-index. We must commence by introducing several 
definitions. 

Definition 9.2. The linear manifolds 9fti, • • •, 9ft,i are said 
to be linearly independent if the equation f + • • • ffn = 0, 
where the element fk is in Wen for k = 1 , • • •, n, implies f £ — 0 
for every h\ 

Definition 9.3. If 9ft is a linear manifold , then the 
elements f and g in are said to be congruent modulo 9ft if 
f—g is an element of 9ft. 

We shall write f=g (mod 9ft) to indicate that f and g are 
congruent modulo 9ft. Evidently the relation of congruence 
modulo 9ft is reflexive, symmetric, and transitive: for we have 
/=/ (mod 9ft) for every element /; /= g (mod 9ft) implies 
#s==/ (mod 9ft); and /= g (mod 9ft), g = h (mod 9ft) imply 
f=h (mod9ft). The usual rules for algebraic congruences 
are found to hold in the present case: if f = g 2 (mod 9ft) 
and f> ss g ,, (mod 9ft), then fx+f 2 = g x + 92 (mod 9ft); and 
if f=g (mod9ft), then af=ag (mod 9ft). Thus we may 
speak of elements in § as linearly dependent modulo 9ft or 
linearly independent modulo 9ft. If 9ft is a closed linear 
manifold, then two elements are congruent modulo 9ft if and 
only if they have the same projection on the orthogonal 
complement of 9ft. 
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In phrasing our next definition, we recall that a linear 
manifold which contains only a finite number of linearly in¬ 
dependent elements is automatically closed. 

Definition 9.4. An arbitrary subset © of § is said to deter¬ 
mine the dimension number n if the set © -f 0 contains at 
least one n-dimensional linear manifold but none of higher 
dimension number; and it is said to determine the dimension 
number if the set © + D contains a k-dimensional linear 
manifold for k = 1, 2, 3, 

We note that a closed linear manifold with the dimension 
number n determines the dimension number n, n — 0, 1, 
2, • • *, in accord with this definition. 

Definition 9.5. An arbitrary subset © of $Q is said to deter¬ 
mine the dimension number n (mod TO) if the set © — © • TO 
determines the dimension number n, n = 0, 1,2, • • *, 8 {) . 

Evidently, a linear manifold determines the dimension num¬ 
ber n (mod TO) if and only if it contains n, but not + 1, 
elements linearly independent (mod TO), n = 0, 1, 2, • • *. 
Hence, a set © determines the dimension number n (mod TO) 
if and only if © + D contains a linear manifold which deter¬ 
mines the dimension number n (mod TO) but none which deter¬ 
mines the dimension number n-f 1 (mod TO); and a set © 
determines the dimension number (mod TO) if and only if 
© + 0 contains a linear manifold which determines the 
dimension number (mod TO), for every k. 

Theorem 9.4. Let H denote a transformation in §. H* its 
adjoint, 2) the domain of H, 2)* the domain of H*, 2) + the 
dosed linear manifold §031—* where TO-i is the range of H~i, 
and 2r the dosed linear manifold <£> © where 31-h is the 
range of H+i. Then 2) + consists of those cmd ojily those 
elements f in 2)* such that H*f — if, 2)" of those and only 
those elements f in 2)* such that H*f= — if; if hi has the 
deficiency-index {m, n ), then the points l = fii and l = —i 
are characteristic values for H* with multiplicities m and n 
respectively . The linear manifolds 2), 2) + , and 2)~ are linearly 
independent and together determine 2>* according to the relation 
2)* = 2) -j- 2) + 4- 2)~: in other words, every element in 25* is 
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expressible in just one way cts the sum of three elements , one 
from each of 25, 2 + , 25"; and every such sum is an element 
of 25*. The transformation H** coincides with H. 

We obtain the desired characterization of 25 + = § © 
as follows: / belongs to 2) + if and only if it is orthogonal 
to every element of Sft-*, thus satisfying the equation 
(H-if^f) = 0 or the equivalent equation ( Hf°,f ) = (/°, ?'/) 
for every element /° in ®; in view of the definition of H*, 
the latter equation holds if and only if f is in 2)* and 
H*f= if. By an entirely similar argument we show that 
25" has the properties described in the theorem. If the 
deficiency-index of H is then 2) + and 2)~ have the 

dimension numbers ni and n respectively: in other words, the 
points l = +i and l = —i are characteristic values of H* 
with multiplicities m and n respectively, provided that we adopt 
for the purposes of the theorem the convention that l is to 
be regarded as a characteristic value of H* with multiplicity 
0 whenever the equation H*f— If has no solution other than 
/=0. 

Since H* is a linear transformation whose domain 2)* 
contains 25, 2> + , and 2)”, it is evident that 25* is a linear 
manifold containing 25 + 2) + -}-2r. We must show that when¬ 
ever f is in 25* there exist uniquely determined elements 
f°: /"% an( f /“ in 25, 25 + , and 2r respectively such that 
f=f° 4-/ + +/“. When / is given in 2)*, we form the 
projections of H* f on the mutually orthogonal closed linear 
manifolds 31* and 2)” = §©31* respectively. The projection 
on 31* is expressible in the form Hif° = Htf°, where f° 
is a uniquely determined element of 25, as we showed in 
Theorem 9.1; and the projection on 2r can be written for 
convenience in the form —2 if~ = H?f~ where /" is 
a uniquely determined element of 25“. We now have 
H* f — Htf Q -\-H*f~\ on writing this relation in the form 
Hi If— (’/°+/ - )) = 0, we see that /— (/°+/“) is in 2) + 
and can be denoted by / + . We have thus proved that 
/ = /°+/' r +/~ ? as desired. In order to show that this 
expression for an arbitrary element f in 2D* is unique, it is 
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sufficient to prove that the null element can be expressed 
in this form only by putting' /° =/ + =/" = 0. If 
/°+/ + +/~ = 0, we apply AT* to both sides of this equation, 
thus obtaining Hip — 2ip = 0, since H*f° = Hip , 
H*f + = 0, Htf~ = — 2 if~. Now Hi/ 0 and f~ belong 
to the closed linear manifolds and 2r respectively. In 
view of the fact that these manifolds are mutually orthogonal 
and hence linearly independent by Theorem 1.23 we must 
have Hip = 0, f~ = 0. Applying Theorem 9.1, we find 
P — 0. Finally it is evident that f + must also reduce to 
the null element. We have thus proved the uniqueness of 
our resolution of the given element / in S3*. According to 
Definition 9.2, therefore, the linear manifolds ®, S) + , Sr are 
linearly independent. 

If H is a given transformation in S, then H 0 = H ** is 
an extension of H in S according to Theorem 2.11; the corre¬ 
sponding transformations V and V 0 satisfy the relation I r C V {) , 
as indicated in Theorem 9.2. Since Ho = (AT**)* = AP, 
the present theorem shows that 2)J = 2) + , 2)y == S3” and 
thus requires that V and V Q should have the same domain 
and the same range. The relation Fc T r 0 is therefore in¬ 
admissible, so that we must have V = V 0 , H = H 0 = H** 
as we wished to prove. 

Theorem 9.5. If H is a symmetric transformation, then 
H and AT** are transformations in S satisfying the relation 
H = AT**. 

From Theorem 2.11 we know that H and FT** are in S. 
If we apply the operation ** to the relations HQ FC AP* 
we obtain AT** Q AP* C F** and thus conclude that AP* 
and AT** coincide. From the preceding theorem we have 
H = AP* and hence the desired identity H = AP*. 

By making use of Theorem 9.4, we can obtain a charac¬ 
terization of the deficiency-index (m, n) in which the complex 
numbers -\-i and —i no longer play any special part. When 
AT is a given transformation in S, AP its adjoint, and S3 and 
S3* their respective domains, we commence by resolving 23* 
into three mutually exclusive classes; an element f in 23* 
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belongs to P, £°, £“ according as the real number 3 (H*f, f ) 
is positive, zero, or negative. Upon applying the concepts 
introduced in Definitions 9.3—9.5 and computing the di¬ 
mension numbers (mod S) of these three sets of elements, 
we find the numbers m and n appearing in the deficiency- 
index (m, n) of H\ we give the precise result below, after 
proving an auxiliary theorem. 

Theorem 9.6. Let f be an element of 3)* expressed in the 
form f = P+P + P, where f°, P, f~ belong respectively 
to 3), 3) + , S)“ as described in Theorem 9.4. Then f belongs 
to E + , E°, £" according as the difference |/ + | 2 — I/ - ! 2 
is positive, zero, or negative. In particular, the relations 
3) C (£°, 3) + C g+ + D, 5)" C £- + D 
are satisfied. 

The theorem depends upon the equation 

3{H*f,f) = \rv-iri\ 

which can be verified by direct computation. Keeping in mind the 
fundamental relations connecting/ 0 , P,f~, H and H* we have 
<#*/;/) - (Hf» + i (. r-f -), /°+(/ + +/-)> 

= <#/°, /°)+{(#/°, /++/-)+ f% 

r+r ) 

- (ff/®, /°)+ {(/°, i(p~p))+(i(p—p) 9 /°)} 

+ {(^/ + ,/-)+(/-^y + )} 

+ i{!/ + l 2 -i/-| 2 }. 

It is evident that the first three terms are real, the last pure 
imaginary: in the case of the first term we have 

Wf P) = (/°, HP) = (HP, f °); 
both the second and third terms are sums of conjugate com¬ 
plex numbers. The evaluation thus yields the result stated. 

Since /=/° + p+p belongs to 3), 3) + , 3)“ respectively 
if and only if the relations p = p = 0, /° = /“ = 0, 
P == P — 0, respectively, are satisfied, it is plain that 
the relations 3) £ 3} + c: (£++£, (£-+£> are true. 

It should be noted that the element 0 belongs to (£° and is 
not a member of (£ + or of (£~. 
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With the aid of this result, we prove 
Theorem 9.7. If H is a transformation in S with domain © 
and deficiency-index (m, n ), then the corresponding sets (£ + , 
g°, have the following properties'. 

(1) © + and ~f~ £° determine the dimension number m (mod©); 

(2) (£~ and (£“ + ©° determine the dimension numbern (mod ©); 

(3) (£° determines the dimension number min [m, n\, (mod ©). 
Since 

(£+ + ©« 3 <£+ + £) 3 

the dimension numbers (mod ©) determined by these sets must 
satisfy the relations 

dim (£ + + (£°) ^ dim© + :> dim ©L 
The inequalities 

m dim ® + , dim ((E + “f (£°) <J m 

are therefore sufficient to establish (1). Since © + is a closed 
linear manifold with the dimension number m which has no 
element other than 0 in common with ©, © + determines the 
dimension number m(mod©): according to Definitions 9.4 
and 9.5, we have merely to refer to the identity 

(® + --® + .©) + £) = © + . 

If m = &o? the inequality dim ((£ + + ©°) < m is trivial. On 
the other hand, if m is finite, this inequality is equivalent 
to the assertion that the set 

© = [(S+ + S 0 ) — (e + +£°)®] + D 

contains no linear manifold of m +1 dimensions. It is 
evident that © has no element in common with (£~ or with 
© — D, a fact upon which we base our discussion. Let 
fk = fk+fk +fk, where k = 1 , • • *, m + 1 , be linearly 
independent elements of ©£©* expressed in the form described 
in Theorem 9.4. Since © + has the finite dimension number m, 
there exist constants at, *-■, a m +t not all zero such that 

Chft -)-••*+ CCm-tl fm~rl = 0. 

The element 

g = g°J r g+J r g~ — ft + • * * + #m-fl fm+1 
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must therefore satisfy the relations g + 0, g + = 0. In ac¬ 
cordance with Theorems 9.4 and 9.6, we see that g belongs 
t 0 W) —D when g~ = 0 , to E" when g~ 4 1 0 , and in either 
case lies outside 0, contrary to hypothesis. Thus © contains 
no linear manifold of m 4 ~ 1 dimensions. 

The proof of (2) is analogous to that of (1) and need not 
be repeated in detail. 

From the relations E° £ E + + E°, E° £ E~ + E°, and 
the facts already shown in ( 1 ) and ( 2 ), we infer that 
dim E° £ min [m, n]. In order to demonstrate (3), we have 
to show that dim E° i> p for every finite cardinal number 
p <; min [m, n\. If p is such a number then there exist 
closed linear manifolds 21 i + £ £) + , £ S) _ with the di¬ 

mension number p, We select orthonormal sets {<?£}, {^ 7 }, 
Jc = 1, •••, p, which determine the closed linear manifolds 
respectively. We define the elements 

9 k = 9k+9k> k = 11 li¬ 

lt 

f = f + +f~ = ai SPi 4-h % 9v 

= («i yr H-1 - a p 9p +(«! spT "4-1" a j> yj) > 

then / cannot belong to 3) and, in particular, cannot reduce 
to 0 unless f + = f~ = 0 , a requirement which is satisfied 
if and only if a± = •** = a p = 0. Furthermore, we have 

i rx- = Kspr+'-'+a^+r = ki 2 +---+ki s , 

in 2 = 

so that / belongs to E° in accordance with Theorem 9.6. 
Thus the p elements $pi, • • •, gp# are linearly independent and 
determine a closed linear manifold 2 Ji with the dimension 
number p such that 

SOI £ (E°—E°.$) + £>. 

This result implies dim E° # and thus leads to the truth of (3). 

It is interesting to note that some of the results of 
Theorem 9.3 can be obtained directly on the basis of the 
new interpretation of the deficiency-index given in the present 
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theorem. We can prove the earlier results: a transformation H 
in S is maximal if and only if its deficiency-index has the 
form 0 m, 0 ) or the form ( 0 , n)\ it is self-adjoint if and only 
if it has the deficiency-index (0, 0). First we show that 
a necessary and sufficient condition that H be maximal is 
that E° and 3 coincide. We shall consider the equivalent 
statement: a necessary and sufficient condition that H have 
a proper symmetric extension is that E° contain some element g 
not in 2). If H 0 is a proper symmetric extension of H, 
then the domain of Ho contains an element g not in the 
domain of H\ such an element g must belong to E° since 
H* g — H^g exists and ( H*g,g ) — (H 0 g,g) is obviously 
real. On the other hand, if £° contains an element g not 
in 3 we define a symmetric extension H 0 of H by the relations 
H 0 = H in 3), H 0 g = H*g, The nature of H 0 is readily 
determined from the equations 

(Hof, g) = ( /, H*_ g) = (f, Hog), f in 2); 

(Hog, g) = (g, Hog) = (g, Hog), 

Next, a necessary and sufficient condition that E° = 3) is 
that E° determine the dimension number 0 (mod 3)). The 
necessity is obvious, and the sufficiency follows as soon as 
we show that E° 3 3) implies that E° determines a dimension 
number (mod 3)) one or greater. If E° 3 3) and / is an 
element of E° not in 3 ), then the one-dimensional linear 
manifold consisting of all elements a ■ f lies in E° but not in 
3)— £) ; f or if (H*f, f) is real then (FT* cif af ) = j a | : 2 (H*f f) 
is also real for all values of a. Thus the set 

(E° —E°-3)) + D = E°—E° (3) — D) 

contains the linear manifold in question: in other words the 
dimension number (mod 3 )) determined by E° is one or greater. 
Thus H is maximal, according to the preceding results, if and 
only if min [m, n] = 0. Finally, H is self-adjoint if and only 
if m = n = 0 , since a necessary and sufficient condition that 
H and H* be identical is that E°, 3, and 3* be identical, 
3 + and 3” both identical to 0, and (£ + and (£~ empty. 
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The most important consequence of Theorem 9.7 is the light 
which it throws upon the behavior of the adjoint transformation. 
The facts are as follows: 

Theorem 9.8. If H is a transformation in S with the 
deficiency-index (m, n), then l is a characteristic value of 
i n alii illicit y m or n for the transformation H* according as 
3(/)>0 or 9(1) <0. If H is a maximal symmetric trans¬ 
formation with the deficiency-index (m, 0 ) (the deficiency-index 
( 0 . 7 i)), then the half-planes 3 (l) > 0 and 3 (l) < 0 (the half¬ 
planes 9 (!)< 0 and 3 (l) > 0 ) belong to the resolventjsets of H 
and of IP respectively, and (Hf 1 )* = (H* — l l)~ x for 
9 (l) > 0 (for 3 (?) < 0). 

Let us consider the behavior of the transformation aH+ hi, 
where a and h are real, a + 0. This transformation evidently 
belongs to S and has the same domain as H. Its adjoint 
(aH-fbl)* reduces to aH*-\-bI, since a and h are real, 
and has the same domain 3>* as H *. The equation 

3((gH*+bI)ff) = 3a(H*fif) + 3Hf,f) = a3(H*ff) 

shows that the class E° for aH-\-bI is the same as that 
for H while the classes <X + ? (P for aHfi-bl and the classes 
(p, (£“ for H coincide in the same or in contrary order ac¬ 
cording as a is positive or negative. As a consequence of the 
preceding theorem, we see that the deficiency-index of aH-\- hi 
is (m, n) or (n, m) according as a is positive or negative. 

Since the equations 

E*f = If (aH+hirf = aH*f+ If = if 

are equivalent when — — 31(1), = 3(1), we see that 

l is a characteristic value of multiplicity m or n for H * 
according as 3(Z)>0 or 3(Z)<0: for the latter statement 
is equivalent to the assertion that fi-i is a characteristic 
value of multiplicity m or n for ( aHf-bl )* according as 
«>0 or a<Z0 , an assertion known to be true as a result 
of the preceding paragraph and Theorem 9.4. The statement 
that l is a characteristic value of multiplicity 0 for IP is 
taken to mean that the equation H*f= If implies /= 0. 
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When H has the deficiency-index (m, 0) and l is a point 
of the half-plane 3(l)>0, l must belong to the resolvent 
set of H by virtue of Theorem 4.16, since l is a characteristic 
value of multiplicity zero for H* and hence does not belong 
to the point spectrum of H*. In Theorem 2.7 we now put 
T = Rjf 1 , T ~ 3 = R — II, 3 (7) > 0 , and conclude that the 
adjoints T* = (Rf 1 )* and (T” 1 )* = H* — l1 exist and are 
inverses of one another. Since T is a bounded linear trans¬ 
formation with domain §, T* has similar properties by 
Theorem 2.29; and l therefore belongs to the resolvent set 
of R *. The case where H has the deficiency-index (0, n) 
is treated in an analogous manner. 

We shall now turn to the analysis of maximal symmetric 
transformations. From the elementary characteristics of iso¬ 
metric transformations we see immediately certain processes 
for constructing transformations in S which are maximal but 
not self-adjoint. We shall begin therefore with the examination 
of one such transformation, with the deficiency-index ( 0 , 1 ). 
We shall recognize shortly that this particular transformation 
appears as a fundamental unit in the structure of the most 
general maximal transformation which is not self-adjoint. 

Theorem 9.9. Let V be the isometric transformation with 
domain § defined in terms of the comqilete orthonormal set . 
where n = 0 , 1 , 2 , ••*, by the equations f = a c < 

a = 0 

Vf = 2 fi« Then F belongs to §r and has the defi- 

ce — 0 

ciency-index (0, 1 ); its correspondent H in S is a maximal 
symmetric transformation with the deficiency-index (0, 1 ). The 
transformations V and H defined in this way for different 
orthonormal sets {yf} and {<p ( f} are unitary equivalent . 

It is readily verified by reference to Theorems 1.8 and 2.44 
that the transformation V is a closed isometric transformation 
whose domain is § and whose range is the closed linear 
manifold of all elements orthogonal to y 0 . V evidently has 
the deficiency-index (0, 1). In order to show that Y belongs 
to gF we have to prove that the range of F— I is everywhere 
dense in §. Since the range of F —I is a linear manifold. 
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it is sufficient to show that it contains elements arbitrarily 
close to the element <p w for n = 0, 1 , 2, * • *. If we put 


fi 


n 


Z - 1 7 


tyn+ct, 


we find at once that 
(F-I)/, a = - 


Z—1 7 Z- 1 7 

^ 6 — a . Z ■ 


' SPn+« 


since for k = 0, 1, 2, • • • in accordance with 

the fundamental definition. On combining the terms in the 
latter expression, we find 

$bi :===z (I -I) fin = <p)i — SPn+ft • 

6 a — i 

We now have 

QlnV — |y ^ l9n~fa\ 2 = y. 

Thus the distance from the element^ in the range of V — 7to the 
element (p n can be made as small as may be desired by a suitable 
choice of the integer I. Since V thus belongs to Sr, it has a 
correspondent H in S with the deficiency-index ( 0 , 1 ); the form 
of the index shows that #is a maximal symmetric transformation. 

If Ti and V 2 are two transformations defined in the manner 
described by means of the complete orthonormal sets {c/W} and 
Iff} respectively, it is evident that they are connected by 
the relation 7 a = U\\ TJ ”* 1 , where U is the unitary trans¬ 
formation determined from the equations 

/ = Z a« tf'», Uf = Lfeyfi). 

«—o «=o 

We thus find the successive identities 

Ta — UT 1 I 7 - 1 , I±V 2 = U(I±Y 1 ) U~\ 

(I — la ) -1 = U(I — Fi )- 1 U-\ 

H, s= i (7+7*) (I—7s )- 1 = **7(7+7,) (I—V 1 )~ 1 27” 1 

= TJH X U - 1 , 

so that 7?i and 77 are equivalent. 

Definition 9.6. maximal symmetric transformation of 
the type described m Theorem 9.9 is called an elementary 
symmetric transformation , 
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By an analysis whose general outline it is now easy to 
perceive, we obtain the following result: 

Theorem 9.10. Every maximal symmetric transformation H 
is of one of the following types: 

( 1 ) it has the deficiency index ( 0 , 0 ) and is self-adjoint; 

( 2 ) it has the deficiency index (m, 0), m — 1, 2 , 3 , •*•, ^ 0 ; 
there exist dosed linear manifolds 2 K/ C , where fc runs through 
all the finite cardinal numbers 0, 1 , 2 , • • • not exceeding m, 
with the following properties: 

a) they are mutually orthogonal, reduce JS } and satisfy the 
relation § = 2Ki® 9fta© • * *; 

b) has dimension number N = 0 , 1 , 2 , • • *, i* 0 ; the trans¬ 
formation induced byH in is cm ordinary algebraic 
(Hermitian) symmetric transformation or a self-adjoint 
transformation with respect to 9)c 0 according as N = 0 , 
1 , 2 , • • • or N = tit o; 

c) Win, 1 k < m, has the dimension number and is there¬ 
fore an abstract Hilbert space; the transformation T ik) 
induced by H in 93^ is the negative of an elementary 
symmetric transformation; 

(3) if its deficiency index is ( 0 , n), n = 1, 2, 3, • • •, ^o? there 
exist dosed linear manifolds %Jlk, where k rims through all the 
finite cardinal numbers 0 , 1 , 2 , not exceeding n, with the 
same properties as those described under (2) save that T {k \ 
1 <1 k < n , is an elementary symmetric transformed ion. 

In the cases (2) and (3), H is completely characterized by 
its behavior in the manifolds 9JU. 

Case (1) is merely a restatement of part of Theorem 9.3; 
and case (2) can be deduced from case (3) by an examination 
of the transformation —H which has the deficiency index (0 ? m) ? 
as we noted in the proof of Theorem 9.8. 

In case (3) we consider the transformation T in corre¬ 
sponding to H . We know that, with the notation introduced 
in Theorem 9.4, the domain and range of Fare respectively the 
closed linear manifolds © and 9 F- 2 , where ST= 5 ©91^ 

has the dimension number n. We choose an orthonormal set 
{gp^}, k= 1 , 2 , 3 , **• which determines the closed linear 
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manifold and which therefore contains precisely n elements. 
We then define 

9™ = V m cjf, k= 1 , 2 , 3 , m = 0 , 1 , 2 , -. 

It is evident at once that {yJJ} is an orthonormal set: for, 
arranging our notation so that l 2^ m, we have 

(<W, 9°3 = Y m yf) = (V«~^cpU\ c f f))- 

if i = m } the last expression reduces to (gp^, sp^) = fy/c, 
and. if ? > m, it vanishes by virtue of the fact that V a ~ m ^ yO'> 
is then an element of 91+*, the range of V. The set {<p ( ®} 
may not be complete, but can always be made so by the 
introduction of an orthonormal set {<jp{®}; we shall adapt our 
notation to the general case where the latter set is infinite, 
the particular cases where it is infinite or entirely absent 
being included by the simple convention used before in simi¬ 
lar situations.* We define SR*. as the closed linear mani¬ 
fold determined by the set of elements y ik \ cp (k \ 
with the proviso that when the set {$p^} is absent the 
manifold i!)r 0 shall be defined by the relation 9Jt 0 = 0. 
It is evident at once that the manifolds {9W&} are mutually 
orthogonal and together determine § according to the iden¬ 
tity © = 9R 0 © 9^1. ©%©*•*• We shall show that each 
of these manifolds reduces F. First w r e observe that the pro¬ 
jection of § on 2R& is a transformation Eu characterized by 
the equations 

/= 2 <M“>, Ekf = 2af 9 f. 

2ext we note that by means of the relations used to define 
the set {gp^v we can write 

V( Prn = y®Vr & = 1, 2, 3, m = 0, 1, 2, ••• 
and, for an arbitrary element f in 

00 OO 00 

/ = 2 ctf 9 f = E 0 f+ 2 2 tfvf, 

a, fi~0 r r = 1 /J = 0 P P 7 

00 00 

r/= YE 0 f+Z 2 aSV&x. 

__ a = l /? = 0 ^ “ 

* Compare the comments on Theorem 1.4. 
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Thus if we replace / by its projection on E k f, for 
k = 1, 2, 3, •••, we have 

FUa-/ = 2 afvfh 

which is evidently identical to E k Vf provided that E k YE 0 f= 0. 
Now it is easy to show that F^o/is an element of s 3Tc 0 , so 
that the equation in question is certainly satisfied: we read 
the facts directly from the equations 

(VEof, = 0 , k = 1,2,3, 

(VJE 0 f ? y«) - m f, y^U) = (Zof> = o, 

k = 1,2,3, - - m — 1, 2, 3, * • 

the first set of which depends upon our choice of the 
elements while the second set is established by use of 

the isometric character of F. Since V and E k are thus known 
to be permutable, %R] C reduces F for k = 1, 2, 3, • * •. It is 
also easy to show that reduces F; for the fact that 
VE 0 f is in enables us to write 

Eo(Vf) = Eu(VEof) = TE U f 

The behavior of F in each of the closed linear manifolds 
is now readily described. For A*>0 the manifold evidently 
has the dimension number and can therefore be treated 
as an abstract Hilbert space: if F (fc) is the transformation 
with domain TR*; such that F^) = F in s JRa-, an examination 
of the formulas given above shows that V ik) is a transformation 
of the type discussed in Theorem 9.9. The transformation F a " 
with domain S IR 0 must take Tt 0 m a one-to-one isometric 
fashion into itself: thus F (0) has the character of an algebraic 
unitary transformation or a unitary transformation in abstract 
Hilbert space according as the dimension number of fOc 0 is 
less than or equal to 

The proof of the present theorem demands nothing more 
than the translation of the various facts deduced concerning F 
into corresponding facts concerning II. We recall that an 
element/belongs to the domain of Hit and only if/= (J— T)g 
and that for such an element the equation Hf = 
must hold. Thus if / is in the domain of H the element 
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Ekf = E k (I—V)g = {I—V)E k g 

is also in the domain of H\ and 

HEkf = i(I+V)E k g = E k (i(I+ Y)g) = E k Hf. 

The latter equation implies that the closed linear manifold Tfe. 
reduces H. From Theorem 4.26 we see that H is completely 
determined by its behavior in the individual manifolds TV 
TV TV * • *. If we denote by T [k) the transformation defined 
by the relation = S in TV it is at once evident that 

yoo = ( T^-il) (TM+il)- 1 , T <#> = i(J+ 7 (fc) ) (I—F®)- 1 . 

When > 0 ? T (fc) is thus a closed linear symmetric trans¬ 
formation with respect to the abstract Hilbert space TV 
7 <w is the corresponding isometric transformation in aF: 
from the remarks made above T (k) is identified as an 
elementary symmetric transformation. For k — 0, there are 
various cases to consider. If T? 0 has the dimension number tf 0 , 
then 2R 0 can be regarded as an abstract Hilbert space and. 
the transformations T (0) , V i0) as members of S and Sr in 
correspondence with one another; since y (0) is unitary the 
transformations T r(0) and T i0) have the deficiency-index (0,0) 
which identifies T i0) as a self-adjoint transformation in TV 
If the dimension number of T£ 0 is finite, it is easily verified 
that T (0) is defined throughout 3K 0 and behaves there like 
a linear (Hermitian) symmetric transformation in a unitary 
space. With these remarks, our proof is brought to a close. 

It is evident from the facts established in this theorem 
that we are now in a position to construct maximal sym¬ 
metric transformations with prescribed structure: in other 
words, subject to the restrictions noted in the theorem, we 
can assign the manifolds {TV and the corresponding trans¬ 
formations {T ik) } arbitrarily; and the transformation H, defined, 
by the relation Hf = E a f whenever the right-hand 

ct — Q 

expression is significant, is readily identified as the desired 
maximal transformation. More generally, we can construct. 
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transformations with prescribed deficiency index (m, n). For 
example, if we pick m closed linear manifolds { s Wc k } and n 
closed linear manifolds {SR fc }, which are mutually orthogonal 
with dimension number and which together determine the 
closed linear manifold £, we can then construct a trans¬ 
formation S ac) in identical with the negative of an 

elementary symmetric transformation, and an elementary sym¬ 
metric transformation T ik) in dh- If we let E k and F k denote 
the projections of © on 50U- and % respectively, then the 
transformation H, defined by the equation 

oo 

Hf= 2 £<«> Eaf+ 2 TW F a f 


whenever the right-hand expression is significant, is a closed 
linear symmetric transformation with the deficiency index 
(m, n). From these brief indications, we see that every type 
of symmetric transformation discussed in Chapter II and in 
the present chapter can be exemplified by means of simple 
constructions. 

From the theorem just proved we can derive an abstract 
characterization of the elementary symmetric transformations 
which brings to the fore one of their important properties, 
not yet noted. 

Theorem 9.11. A maximal symmetric transformation is 
irreducible if and only if it is an elementary symmetric trans¬ 
formation or the negative of one. 

The necessity of the condition is an immediate consequence 
of Theorem 9.10. If a maximal symmetric transformation is 
irreducible, then one of three cases must arise, corresponding 
to the three cases of that theorem: the transformation is 
self-adjoint, is the negative of an elementary symmetric trans¬ 
formation, or is an elementary symmetric transformation. We 
can exclude the first possibility immediately. If a trans¬ 
formation is self-adjoint and irreducible at once, its resolution 
of the identity E(l) must coincide for each value of 1 either 
with the identity I or with the null-transformation Q\ and 
it results immediately that the self-adjoint transformation in 
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question must have the form a • I where ct is a real number. 
We see, however, that the transformation a • I is reduced 
by every closed linear manifold and that, in consequence, 
there is no irreducible self-adjoint transformation. 

The truth of the present theorem hinges upon the irredu- 
cibility of an elementary transformation H or its negative — H. 
Evidently it is enough to show that H is irreducible. Let 
201 be a closed linear manifold which reduces H, 91 = § © 9ft 
its orthogonal complement. Both SOI and 91 reduce H ac¬ 
cording to Theorem 4.23; by an argument analogous to that 
used in the proof of Theorem 4.27, both these manifolds 
reduce V, the isometric transformation which corresponds 
to jET. If {y n } is the orthonormal set of Theorem 9.9, we can 
show that c/o belongs either to 2Ji or to 5ft. Since 9ft re¬ 
duces Y it is evident that V takes 9ft in a one-to-one iso¬ 
metric fashion into a closed linear manifold 2ft* which is 
a subset of 9)7; the element y 0 is orthogonal to 9ft* as well 
as to the entire range of V. By similar reasoning, we see 
that V takes ft into a subset 9i* orthogonal to <jp 0 « It is 
easily verified that the closed linear manifold 9ft* © ft* is 
the entire range of Y. Since 9ft © 9ft* is a closed linear 
manifold orthogonal to 9)1* and to ft*, it must be orthogonal 
to the range of T r : thus 9ft © 9ft* contains no element other 
than the null element or it is identical with the closed linear 
manifold determined by the element <p 0 ; and if the first pos¬ 
sibility is realized the relation 9ft = 9ft* holds and requires 
that spo? being orthogonal to 9ft*, belong to 97. It is now 
very easy to show that whichever of the manifolds 9ft and ft 
contains < j 0 must contain the entire orthonormal set {y > n }: for 
the successive images of y 0 by the transformations 

r, r 2 = Y.y, - • v ** 1 = v-v n , * * • 

all belong to the same manifold and are known to be given 
by the equation Y n sp 0 == gp« for n = 0,1, 2, * - •. Consequently 
the manifold which contains <p 0 must he identical with § and 
the other with D. Finally, therefore, the only manifolds 9ft 
which reduce II are § and £); and II is seen to be irreducible. 
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In view of the fundamental significance of the deficiency- 
index of a closed linear symmetric transformation; tests for 
determining’ it assume a certain degree of importance. In 
Chapter II we have already shown that a transformation H 
in S is self-adjoint—that is, has the deficiency index (0, 0)— 
if it is bounded (Theorem 2.24), if it is defined throughout § 
(Theorem 2.17), or if its range is the entire space § (Theo¬ 
rem 2.19). We shall obtain various other conditions which 
restrict the form of the deficiency-index, as we proceed. 

§ 2. Real Transformations 

Hitherto it has not been necessary for us to pose questions 
of “reality”; all our developments have referred to “complex” 
Hilbert space and “complex” transformations. It is now 
advantageous for us to lay down an abstract definition of 
what w r e shall mean by a “real” transformation in “complex” 
Hilbert space. 

First we introduce a particular transformation which, in¬ 
tuitively speaking, may be said to replace each element of § 
by its “conjugate” element with reference to a suitably chosen 
“real” subspace. 

Definition 9.7. A transformation J with domain ip is said 
to be a conjugation if 

r- = i, (If, Jg) = (f, a) = (ff, />. 

for every f and g in §. 

The main properties of conjugations are summarized in the 
following theorem: 

Theorem 9.12. A conjugation J is a one-to-one transformation 
of § into itself with an inverse J" -1 such that J~~ x = J. It 
has the properties 

W, g) = (JWg), J(fi+fO = Jfi+JA, J(af) = aJf. 

J is isomorphic with each of the following transformations: 

(1) the transformation J 0 in the concrete Hilbert space §q 
which takes (x l9 cc », • * •) into (x 1 , x 2 , ; 
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(2) the transformation J 2 in the concrete Hilbert space S 2 
{of Lebesgue-measurable functions f(P) such that S E \/(p)?dP 

exists) 'which takes f{P) into f{P). 

Any two conjugation* are isomorphic; that is, they are 
equivalent by a suitably chosen unitary transformation . The 
class of all conjugations in $ has the cardinal number c of 
the continuum . 

First we note that J~ x must exist since Jf = 0 implies 
f = 0 according to the equations 


I JfV = lf7f) = I/I 2 = 0 . 

Next we obtain the identity 

J - 1 = J-HJ*) = {J- X J) j = 


which shows that the range of J must be the entire sp ace 
If we now replace g by Jg in the relation (J f, Jg ) = (/, y) 
we find the corresponding relation (Jf, g) — (f, Jg) asserted 
in the theorem. The latter relation enables us to write 

(J(A+f*),g) = (f+f^Jg) = (fu + 

= (Jfi,g)+(Jf,g) = (JA+Jf^g) 

and hence to conclude that J (A + f 2 ) and J A A J A are 
identical. By similar manipulations we establish the equation 
J(af) - aJf . 

In order to prove that the conjugation J is isomorphic 
with the transformations J 0 and J 2 , which are both conjugations 
according to Definition 9.7, we construct the set 0 of all 
elements in § such that Jf = f* We may refer to 0 as 
the set of elements real with respect to the conjugation J. 
This set evidently contains the null element, and, while it 
is not a linear manifold, it contains together with the 
elements A and f 2 any linear combination a x AAa 2 f 2 in 
which the coefficients % and a 2 are real numbers. Of the 
numerous other elementary properties of 0 which we might 
examine, there is only one w r hich we need to state and prove: 
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the closed linear manifold determined by ® is the entire 
space ©. In fact, if g is an arbitrary element we write 

fi = Jf)+9> ft = i{Jg—g), g = iCA + i/.) 
and observe that Jf t and Jf 2 reduce to f t and f 2 respectively; 
in other words, every element in § is a linear combination 
of elements in ©. On the basis of Theorem 1.18 we select 
a sequence {f n } which is everywhere dense in © and there¬ 
fore determines the closed linear manifold §. To this sequence 
we apply the process described in Theorem 1.13, thus ob¬ 
taining a complete orthonormal set. By an examination of 
the process in question we see that this set is a subset of ©; 
we shall denote it by {}. It can now be verified without 
difficulty that J is characterized by the relations 

f ==: J'C ‘X'U SP«, JJ == ^/ Xrt <Prt 

in terms of the set {y n } constructed above. It is plain that J 
is isomorphic with the transformation J Q described in the 
theorem. Since the transformation J 2 is a conjugation it, 
too, is isomorphic with J 0 and hence also with J. More 
generally, any two conjugations, being isomorphic with J 0 . 
are isomorphic with each other. 

It is clear that in a given space § there are many different 
conjugations. We denote by c the cardinal number of the 
class of all conjugations in $ and by c the cardinal number 
of the continuum. We prove that c — c. The results of 
the preceding paragraph show that we can associate a con¬ 
jugation with an arbitrary complete orthonormal set and that 
by considering all such sets in § we obtain each conjugation 
at least once. Hence c cannot exceed the cardinal number 
of the class of all complete orthonormal sets in §. Since the 
latter class has the cardinal number c, we see that c < c. 
On the other hand, we can construct c distinct conjugations 
and thereby show that c > c. If {<jPn} is a complete ortho- 
normal set in §, then the set {ip?i} defined by the equations 
rp 1 = e ie cp 1 , 0 <| $ < 7t, tp n = cp n for n ]> 2, is also a complete 
orthonormal set. The conjugations J e defined by the equations 



360 


HILBERT SPACE 


00 

f='2 / x u 1pa, Jef = ^ 0 C a lp a 

tt = 1 « = t 

are distinct for distinct values of 6, § <L 6 <n, by virtue of 
the relations 

= e~ ie ip,, Je9i — e ie V'i = & ie SPi • 

The inequalities c < c, c 2? c show that c— c, as we wished 
to prove. 

We shall now define the term “real transformation” in 
a manner which accords with onr intuitive concept of its 
meaning, so far as that is possible. Briefly, we shall say 
that a transformation is real whenever there exists a con¬ 
jugation with which it is permutable; with greater precision 
we state the requirement as follows: 

Definition 9.8. A transformation T and a conjugation J 
are said to be permutable if whenever f is an element of the 
domain of T the element Jf is in the domain of T and 
satisfies the relation TJf = JTf, A transformation T is 
said to be real with respect to the conjugation J if it is per¬ 
mutable with J. 

The importance of this definition for the theory of trans¬ 
formations is emphasized by the elementary theorem which 
we shall prove next. 

Theorem 9.13. Let T be a linear transformation reed with 
respect to a conjugation J. Let A(T) be its point spectrum, 
B (T) its continuous spectrum, C(T) its residual spectrum, 
D(T) its resolvent set, and W(T) its numerical range . Then 
each of the five sets A, B, C, D, W is symmetrical in the 
real axis of the complex l-plane whenever it is not an empty 
set. If T has an adjoint T* then T* is real with respect to J. 

Recalling that J and J -1 - are identical, we can write 
T — II = J(T — II) J- 1 by virtue of the permutability of 
T and J. Now J is a one-to-one transformation of § into 
itself which preserves orthogonality relations and distances 
according to the equations 


erf, Jg ) = </, g), \Jf — Jg\ = \J(f—g)[ = I f-gl 
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In consequence it is a continuous transformation. Because J 
has these properties we can make use of the same general 
argument as that on which the proof of Theorem 4.3 depends, 
to show that a point l and its conjugate l must be classified 
in the same way with regard to the spectrum of T. In 
particular, we note that when l is a characteristic value of 
multiplicity n its conjugate l is a characteristic value of the 
same multiplicity. 

Next if Z is a value assumed by ( Tf , /)/|/| 2 , we see that 
for Jf we have the relations 

(TJf Jf)/\JfV = (JTf = (TfJ)l\f? = T, 

so that the set W(T) is symmetrical in the real axis. 

Finally, if T has an adjoint T * we must show that T * 
is permutable with J. The element g belongs to the domain 
of T* and T* g — g* if and only if (Tf, g) = (f g*) for 
every element f in the domain of T . If g is such an element 
and / is replaced by Jf the latter equation takes the suc¬ 
cessive forms 

(TJf, g) = (Jf, g% (J Tf, g) = (Jf, g*), 

(Tf, Jg) = (f, Jg *). 

Thus Jg is in the domain of T* and T* Jg — Jg* = JT* g, 
as we wished to prove. 

We shall apply this result to the theory of symmetric 
transformations in the following theorem. 

Theorem 9.14. If a dosed linear symmetric transformation H 
is real ivith respect to a conjugation J, then its deficiency- 
index has the form (m, m). The maximal symmetric extensions 
of H can he described as follows: 

(1) if m ~ 0, H is self-adjoint and real with respect to J: 
it possesses no proper symmetric extension; 

(2) if m = 1, every maximal extension of H is self-adjoint 
and real ivith respect to J; the class of all maximal extensions 
has the cardinal number c of the continuum; 

(3) if 1 the maximal extensions of H fall into 

two classes, each ivith the cardinal number c — the class of all 
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self-adjoint extensions real with respect to J, and the class of 
all self-adjoint extensions not real with respect to J; 

(4) if m — the maximal extensions of H fall into three 
classes, each with the cardinal number c —the class of all self- 
adjoint extensions real with respect to J, the class of all self- 
adjoint extensions not real with respect to J, and the class of 
all maximal extensions which are not self-adjoint. 

A maximal symmetric transformation which is real with 
respect to a conjugation J is self-adjoint; a sol fad joint trans¬ 
formation is real with respect to a conjugation J if and only 
if its resolution of the identity is real with respect to J . 

If H is real with respect to J, then H* has the same 
property, as we proved in the preceding theorem; thus the 
spectrum of H* is symmetrical in the real axis. By refer¬ 
ence to Theorem 9.8 we see that H must have the deficiency- 
index (m, m). 

In order to discuss the maximal extensions of a real trans¬ 
formation H in S we must consider the character of the 
corresponding transformation V in We can show immed¬ 
iately that a transformation H in S is real with respect to 
the conjugation J if and only if the corresponding isometric 
transformation V in & satisfies the relation VJ = JY~ X . 
The necessity of the condition follows at once, by use of 
the identity J = J~~ x , from the relations 

TV = = HiiJIT-i)- 1 = Hi {Hi J)~ x 

= HiJ{Hj)~ x = JH-i(Hi)~ x = J7” 1 . 

The sufficiency of the condition is proved as follows: f is 
in the domain of H if and only if there exists an element 
g such that / = ( I — Y)g, Hf = i(I-\-Y)g^ in these 
equations we replace g by g* = —JVg , thus obtaining 

/* - ((YJ)Vg-~JVg) = J{I-Y)g = Jf 
Hf* = -i((VJ)Yg + JYg) = —iJ{I+V)g = JHf 

and reaching the result that H is permutable with J. 

Let H be a transformation in S real with respect to a 
conjugation J. Its deficiency-index is (rn, m); and we may 
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suppose that m > 0, since the case m = 0 is settled at 
once by the statement in the theorem. The closed linear 
manifolds £) + and Sr determined by the sets of character¬ 
istic elements of JT* for the characteristic values + i and 
— i have the common dimension number m. It is evident 
that J carries in a one-to-one continuous manner, with 
preservation of distance and of orthogonality, into S) + . If 
V is the isometric transformation in §r corresponding to H, 
then all its unitary extensions and hence all the self-adjoint 
extensions of H are found by means of the isometric trans¬ 
formations of 2) + into SD~. The situation has been discussed 
in great detail in Theorem 9.3. The class of all unitary 
extensions of V has the cardinal number c. In order to de¬ 
termine whether a given unitary extension U yields a real 
self-adjoint extension of H or not we have merely to verify 
whether U satisfies the identity UJ = JU~ X or not; 
indeed, we can confine our attention for this purpose to the 
behavior of U in ® + . Let U 0 be the isometric transfor¬ 
mation of 2) + into ST which coincides with U in the 
self-adjoint transformation corresponding to U is real with 
respect to J if and only if U 0 J = JUo 1 in We select 
an orthonormal set {y n }, containing precisely m elements, 
which determines the closed linear manifold 2)“; the ortho¬ 
normal set {yj n }, where ifJ n — Jy> n , plays a similar role in 
® + . We now prove the following criterion: the relation 
TJq J = JUo -1 holds throughout® - if and only if the expression 

ctik = ( U Q J<Pi, <pk) is symmetric in its indices, (Uk — au . 

00 

If f — a a y a is an arbitrary element of 35“ we can write 

«=i 


(UoJf, 9i ) = </, JUo~ 1( p) = £ a a (JUo' 1 9i. fc) 

Of = 1 

00 0° 

== ® a (^0 Jtyct) tyi) == dced-ceif 

a—l a — l 

_ 00 

(JLV 1 /, Cf) = </, UoJfi) = 2aAU 0 J9i, 9a) 

Gf=l 


S.j (la &ia • 
a — l 
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A necessary and sufficient condition that TJ 0 Jf = JTJa 1 f is 
that the two expressions evaluated be equal for i = 1, 
2, 3, • ■ • for all sets of values {a n } such that |a«] 2 con- 

a — 1 

verges. Evidently such an equality can hold if and only if 
a ik = ctki . The transformation Z7 0 is completely determined 
by the quantities 

Ctih — (UoJfi, SP&) — (Uotyij SP7c); 


in order that TJ 0 be isometric these coefficients must be con¬ 
nected by the relation 
00 

CLict Ctka ==: (Uq TJotyk) :== 0 Piy tyk) == $ih • 

« = l 

If m = 1 the condition a n == an is automatically satisfied; 
hence every maximal transformation of H is self-adjoint and 
real with respect to J. If 1 < m < then every maximal 
extension of H is known to be self-adjoint, by Theorem 9.3; 
but there are both real and not-real extensions of H . We 
can obtain a class of real extensions with cardinal number c 
by choosing U 0 according to the equations aw — a d ik , \ a \ = 1. 
We can likewise obtain a class of extensions not real with 
respect to J , with the cardinal number c, by choosing U 0 
according to the equations a n — a 22 = cos 6, a 12 = sin 0, 
a si = — sin d, atk = $ik when i> 2 or k> 2, 0 < 6 <n. 
Since all the extensions of H constitute a class with cardinal 
number c, it is plain that the assertion of the theorem must 
hold for the present case. The case m = 2$ 0 differs from the 
preceding case only in the occurrence of c maximal extensions 
which are not self-adjoint, as we have already shown in 
Theorem 9.3. 

If a maximal symmetric transformation is real with respect 
to a conjugation J, then by the first part of the present 
theorem and the result of Theorem 9.3 its deficiency-index 
is (0, 0); it is therefore self-adjoint. If a self-adjoint trans¬ 
formation H is real with respect to a conjugation J, then its 
resolution of the identity E(l) is real with respect to H: 
we have merely to apply the argument of Theorem 8.1 in 
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order to show that H is permutable with J if and only if 
E{1) is permutable with J. 

§ 3. Approximation Theorems 

In the present section we shall study sequences of symmet¬ 
ric transformations, particularly self-adjoint transformations, 
with a view to establishing useful generalizations of the 
results which we have proved and applied in the opening- 
sections of Chapter V. This section is essentially a systematic 
survey in abstract terms of results already obtained by Carle- 
man,t with occasional extensions. 

We first prove an elementary theorem on which our 
fundamental definition is to be based. 

Theorem 9.15. Let {H 0l) } be a sequence of linear symmetric 
Irnnsforuf'timm. © the set of elements in § in which the 
sequence is convergent according to Definition 2.3. Then © is 
a linear manifold. If © is everywhere dense in §, the limit 
transformation i? (0) of the sequence is linear and symmetric. 
If the sequence {H^ n) } is cdso uniformly bounded, then H i0) is 
bounded and essentially self adjoint: if every transformation 
of the sequence is real with respect to a conjugation J, then 
U (0) and M (0) are real with respect to J. 

If is an arbitrary sequence of linear symmetric 

transformations, the set © certainly contains the null element. 
If f and f belong to © then f — cuff - a 2 fi also belongs 
to ©: for 

H {n) f = a % H in) f 2 - + a 2 /* = /«*• 

Thus © is a linear manifold. If f is in © we define the 
limit transformation i? (0) of the sequence for the element f 
by the relations H 0l) f-> /*, H m f=f*. From the limiting- 
relations noted above it is evident that U (0) is a linear trans¬ 
formation with the linear manifold © as its domain. If f 
and g are elements of ©, then 

f Oarleman, Les equations integrates singulieres a noyau reel et symet- 
rique, Uppsala 1923, Chapters I and II; and, Annales de l'lnstitnt H. Poin¬ 
care, 1 (1931), pp. 401-430. 
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(E®f g) = lim (B®/, g) 

n— 

= lim = H^g), 

)l—> oo 

so that iD 0) is adjoint to itself. When @ is everywhere 
dense in §, the transformation JT (0) is therefore symmetric. 

If the sequence {R {n) } is uniformly bounded, in the sense 
that there exists a constant C independent of / and of n 
such that \R 0l) fl <1 C\f\ for / in the domain of H 0l \ then 
H (u) is hounded and satisfies the inequality j J H r(0) /'| C\f\ 
throughout ©: for if f is in we have 

I#«»/! = lim \H™f\ <: <?|/|. 

n—>oo 

Thus when © is everywhere dense in §, the transformation 
is essentially self-adjoint, in accordance with Theorem 2.24. 

If every transformation R 0l) of the sequence is real with 
respect to the conjugation J, then iT (n) is permutable with J 
for n = 1, 2, 3, • • •; we must show that R (0) is permutable 
with J, If / is in © then R (n) f-> JT (0) /; thus by using the 
fact that J is a continuous transformation we find the relations 

R 0l) Jf = JH™f-+ JR^f 

which imply that R m Jf exists and is equal to JR (0) f as 
we wished to prove. Thus, when © is everywhere dense 
in §, U (0) is a symmetric transformation real with respect 
to J; the transformations (H m )* and (jET ( 0) )** = are 
also real, according to Theorem 9.13. 

We now lay down a definition, the usefulness of which 
will be apparent shortly. 

Definition 9.9. A sequence {R^} of linear symmetric trans¬ 
formations is said to approximate, or to be an approximating 
sequence for, the symmetric transformation H if the limit 
transformation R {0) cvnd the transformation R are connected 
by the relation R C R i0 \ 

In Chapter V we showed how r to construct an approximating 
sequence for a given self-adjoint transformation. The details 
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of that construction can be applied with slight modifications 
to the case of an arbitrary symmetric transformation, as we 
shall see immediately. 

Theorem 9.16. If II is an arbitrary symmetric trans¬ 
formation, then there exists a sequence {E (n) } which approxi¬ 
mates H and in lohich each transformation E 0l) is a bounded 
self-adjoint transformation whose spectrum consists of a finite 
number of characteristic values, each one different from zero 
having finite multiplicity. In particular , if H is a bounded 
linear transformation, the sequence {H 0l) } can be chosen so as 
to be uniformly bounded; if E is a linear transformation reed 
with respect to a conjugation J, then the sequence {E iH) } can 
be chosen so that E in) is real with respect to J; and if H is 
linear and not-negative definite, the sequence {H 0<) } can be 
chosen so that E in) is not-negative definite. 

We may suppose without loss of generality that H is closed 
and linear, since a sequence which approximates E also ap¬ 
proximates E = H**. By the process used in the opening 
paragraphs of Chapter V, § 2, we select a linear manifold 9Jt, 
everywhere dense in the domain of H and hence in the 
space §, such that its images by the transformations H — iI, 
E-fiil are everywhere dense in the ranges of those trans¬ 
formations. We then choose an orthonormal subset j y n } which 
determines the linear manifold 937. We define 93£ ;o the linear 
manifold determined by the set of elements y 1: • y n ; and E u , 
the projection of §> on 937,The sequence composed of the 
transformations H (n) = E n EE n is then found to have the 
properties described above. By arguments analogous to those 
used in Theorems 5.1 and 5.2, we show that E (n) is a 
bounded self-adjoint transformation of the indicated type 
and that the sequence H 0l) converges in 937 to the limit E. 
Since 937 w T as chosen so that the behavior of H is completely 
determined by its behavior in 937 alone, we see that H m 
must be an extension of E: in other words, {i? m) ) is an 
approximating sequence for E in the sense of Defini¬ 
tion 9.9. 

If E is a bounded transformation satisfying the inequality 
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\Hf\ <J {7|/1, then the sequence {H {n) } is uniformly bounded, 
by virtue of the relations 

W n) f{ = \EnEEnA < \HEnf\ S C\E n f\ < (71 / 1 , 
holding for every / in §. 

If H is real with respect to the conjugation <7, we proceed 
as in the general case to the determination of the manifold 9ft 
and the orthonormal set {<?,*}. It is then possible to replace 
by a new set {xp n } which determines a linear manifold 
9ft* 2 9ft and which has the property that Jrp n = ifj n . In 
order to do so we construct a simple sequence {/„} from 
the tw r o sequences {^ + <7^} and —«7<jp»)}: evidently f n 
satisfies the equation Jf n = fn\ and the sequence {f n } deter¬ 
mines a linear manifold 9ft* which contains 9ft. To the 
sequence [f n ) we apply the process of orthogonalization, to 
obtain the orthonormal set Once this set is at our 

disposal we define the linear manifold 9ft* determined by the 
set of elements ■ • •, ip n and put H (n) = E n HE n where E n 
is the projection of § on 9ft,T. As before we find that the 
sequence {i7 (n) } has the general properties described in the 
statement of the theorem; and in addition, we find that 
H° l) J = J H 0l \ It is evident from the relations 

oo co n 

/ == zC Cla'lpci) <7/ = 'sFl Cla'lpct) Enf == Cla'ipa 

a=1 a=i a=l 

that E n J and JE n are identical. Thus, if we make use of 
the fact that H is permutable with J , v r e have 


= EnHE n J = E n JEJEn 
= EnJHEn = JEnSEn = J 

It follows that JE (n) is real with respect to J. 

If H is not-negative definite, then (7T/, /) > 0 for every 
element / in the domain of H. Thus 7T 0?) satisfies the re¬ 
lation 

= (E n HE n f,f) = #„/) ^ 0 

and is likewise not-negative definite. 
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If we pass from the consideration of a sequence of self-adjoint 
transformations to the study of the corresponding- sequence of 
resolvents, it is possible for us to obtain a considerable store 
of information of useful character. We shall develop the con¬ 
sequences of this point of view in the theorems which follow. 

Theorem 9.17. Let {H^} be a sequence of self-ctdjoint 
transformations approximating a dosed linear symmetric trans¬ 
formation H; let {B!i l) } be the corresponding sequence of re¬ 
solvents; and let A be the open set of all points l such that 
for some N = N(l) and some positive d — d(l) the distance 
from l to the spectrum of H (n) exceeds S ivhenever n exceeds 
N. Then there exists a sequence of integers {??(&)}, a family 
of transformations Xi, and a family of functions o(f g: T) 
with the following properties: 

(1) n(k) tends to infinity with k; 

(2) Xi is defined when l is in A cincl is a bounded linear 
transformation with domain satisfying the inequality 

\Xif\ < \f\!d{l), 

where d(f) is the distance from l to the boundary of the set A; 

(3) g(f, g; X) is defined for arbitrary f and g in § and 
arbitrary real X, — co <C it < + co ; for fixed X it is a bilinear 
function of its arguments f and g; for fixed f and g it is 
a function of bounded variation in X in the prescribed normal 
form, satisfying the inequality 

n<?) <; i/i 101; 

when f = g, the function g(f, g; X) is a real monotone- 
increasing function of X; 

(4) the sequence {(E { i mk)) f, g)} converges for fixed f and g 
to the limit 

(Xif, g) = J ^ jffdeiA .9- '■) 

throughout A, the convergence being uniform on any bounded 
closed subset of A, 

The function g(f, g; X) can be represented in the form 
(JB (X) f gj wh&'e B{X) is a bounded self-adjoint transformation, 
— go <d X —|— co , 
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The open set A, we should notice, contains both the lialf- 
planes 3® > 0, 3© < 0. Our theorem depends fundament¬ 
ally upon the fact that, in the language of the theory of 
analytic functions, the family {(R ( i n) f, fj)) is a “normal fa¬ 
mily” in the open set A, We shall not appeal to the theory 
of such families for the results we use, but shall prove 
directly all the assertions made in the statement of the theorem. 

For our present purposes, we must note that the inequality 
of Theorem 4.20 can be extended to the case of an arbitrary 
self-adjoint transformation T. It is evident from Theorem 5.11 
that the real points of the resolvent set of T constitute a set 
of T-measure zero in accordance with Definition 6.3. Hence, 
if l is a point at positive distance d(l) from the spectrum of T y 

the inequality * 1 Id{l) holds almost everywhere with 

respect to T. Since the resolvent of T is defined according 
to Theorems 5.7 and 6.1 by the relation Ei = jryy? we con¬ 
clude that \(Rif,g)\ \Rif\\g\ ^ IfllgV d(J) for every l 
in the resolvent set of T, in accordance with Theorem 6.5. 

We start by choosing a sequence {fi} everywhere dense 
in § and a sequence {l m } everywhere dense in A. We 
then consider the collection of numbers Aym — (Ri„ fi, fj) T 
which we classify in simple sequences distinguished by the 
indices ( i,j,m ). These simple sequences are ranged in 
a definite order according to their indices by the following' 
convention: the index (i,j, m) precedes the index (i r ,j ', m ') 
if one of the three mutually exclusive relations 

(1 ) i ~rj + m m', 

( 2 ) = i-\-j < i r -\-j f , 

(?) 2 -rj + m = i'+j' + m/j i -f j = i f -\-j , . i < i', 

holds. Each of these simple sequences is bounded, by virtue 
of the inequality given above: 

\A%\ £ \fj\<\fi\ \fj\/6 n , 

which is satisfied for S m = <5 Q. m ) and n>N = N(l m ); in 
consequence every subsequence contains a convergent sub- 
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sequence. By dealing with each simple sequence in the order 
of its index and selecting from it a subsequence determined 
in part by all the preceding selections, we obtain in a familiar 
manner simple sequences of integers m , k) which are 

distinguished and ordered according to the indices (7, j. m) 
and which possess the following properties: when k becomes 
infinite, n(i,j,m,k) becomes infinite and the corresponding 
simple sequence converges to a limit Aij m satis¬ 

fying the inequality 

A iJm | < lfi\ lfj\/d. m 

where d m = d(J , m ); when the sequence m, A*)} precedes 

the sequence m', k)} it contains the latter as a sub¬ 

sequence. We now define n(k) by the equation n (A*) = n (k.k, k, k ), 
so that each sequence {n(i,j, m, k)} contains all but a finite 
number of the members of the sequence (n(A)j. It is evident 
that n{k)-><x> and AyS?* Aijm when A*-*co. 

From the convergence of the sequence {///], where 
Ajjm * = f i9 fj) we can deduce the convergence of the 

sequence {(jK/” c/c)} /, g)} for arbitrary / and g in §. In the 
inequality 

\(E\ n J k>) f, .g)-(R ( C k,) ft, fj) 

£ | (f-fi),g)\ + \ ft, 0 -fj ): 

^ \g\+m 

we can make the last member small by choosing /< and /) 
sufficiently close to / and to g respectively. If we fix i and j 
we see that the sequence {(Ei^ k)) f, g)} oscillates in a neigh¬ 
borhood of the value Au m when k becomes infinite. Since, 
Avith a suitable choice of i and,;, we can render this neighbor¬ 
hood as small as may be desired, the sequence must converge. 

If A 0 is a bounded closed subset of A and if 6 is an 
arbitrary number in the range 0 < 6 < 1, then the distance 
from a point l in A 0 to the spectrum of H (n) exceeds 6 d (I) 
for sufficiently large values of n, where clQ) is the distance 
from l to the boundary of A: for if the spectra of infinitely 
many of the transformations H 0l) had points in common Avith 


24 * 



HILBERT SPACE 


O i l 

the circle with center at l and radius 6 cl(l), then A would 
have a boundary point in the circle, in contradiction with the 
fact that the boundaiw of A is at distance cl (I) from the point L 
When l is restricted to the bounded closed set A 0 , the distance 
d(l) assumes a positive minimum c7 0 - Hence w r e can write, 
by the inequality given above, 

\Bff\<mied{T)<[f[iQd 0 

for all sufficiently large values of n when l is in A 0 . Now 
we can select a finite subset of the sequence { l m ) with the 
properties: every point of the subset is within distance \cl 0 
of A 0 ; if l is an arbitrary point of A 0 there exists a point 
of the subset within distance e of /, where e is a given positive 
number. The distance from an arbitrary point l m of this 
subset to the spectrum of H {n) exceeds ^ d d 0 for all sufficiently 
large values of n\ and for such values of n, the inequality 

I<7I^2|/|/etf 0 

is satisfied. If l is an arbitrary point in A 0 and l m is a point 
of the chosen finite subset of the sequence {l m ) such that 
l — lm <l we have 

(RT ,p)> f:u)-{R?' qr, f,g) 

< : — g) - OCV, g) \ 

+ g) [. 

The first and last terms of the expression on the right can 
he modified and appraised on the basis of the functional 
equation for the resolvent noted in Theorem 4.19; the first 
term, for instance, satisfies the relations 

(Rf m> ~R ( C py: )f,g)\ 

< ■?-?„; (ST^R^Ag). < 2f|/| \g\l6' 2 do, 

the inequality being a consequence of those stated above. 
We obtain, therefore, the result 

(Ri‘ m f ; g)-(R < i‘ m Ag)\ 

< dl + j(4fV, g-)-(K™f, g) i- 
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When £ and 6 have been chosen, the last term can be made 
uniformly small for the finite number of admitted values l m 
by taking jp and q sufficiently large. Thus, by arranging 
these preliminary selections suitably, the entire right-hand 
member is made small independent of l for all sufficiently 
large values of p and q. This result establishes the uniform 
convergence of the sequence { g )} in the set . 
The limit function /(/,#; l) is defined for all / and g in § 
and all l in the open set A\ for fixed l, it is a bilinear 
function of / and g } and, for fixed / and g, it is analytic 
in l. We note that it satisfies the inequality 

\l(f,g-,D \^ \f\\gMed{i) 

satisfied by each member of the sequence defining it. The 
parameter 0 can be allowed to tend to 1, with the result 
that the inequality 

is found to hold for every / and g in § and every l in A . 

The remaining assertions of the theorem now follow 
without any difficulty. By the familiar argument based on 
Theorem 2.28 we construct the transformation Xi satisfying 
the equation 

mf, 9) = 

and verify that it is a bounded linear transformation with 
domain § for which the inequality 

\Xifl < 


holds. From Theorem 5.7 we know that ( Ri ] f,g ) admits 

1 

an integral representation of the form I -r-- d (E m (/)/, g), 

A —so v 

where is a real, monotone-increasing function 

of by applying the reasoning used in the proof of Lemma 5.3 
we find that (Xif, g) has an integral representation of the 
form indicated above and that q (/, /; /-) is real and monotone- 
increasing. The further stated properties of q(/, g\ A) can 
be established by reasoning parallel to that used in the 
demonstration of Theorem 5.5. 
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Before attempting to analyze the nature of the trans¬ 
formation Xi in greater detail, we shall prove a preliminary 
result concerning an important type of equation. 

Theorem 9.18. If H is a closed linear symmetric trans¬ 
formation, K* its adjoint , cind(£ 0 ,(i*, the related sets of ele¬ 
ments defined in § 1, then the set of all elements y satisfying the 
relation H* y — ly = f, 3(0 + 0, has the following properties: 

(1) for ip = 2 i 3 (0 y +/ the relation 

l/P-M s = - 43(0 3(H*y, 9) 

subsists; 

(2) when 3 (l) > 0 (3(0<0) /7/e element y is in (E°, £ + 
(E + ? <£°. £”) according as \ff~ \ty\ 2 75 positive, zero , or 
negative: 

(3) ///ere ex/ 5/5 a unique solution y 0 with the property that 
y + implies \d , l>l t hh 

(4) when, for 3 (7) > 0 (3(l) < 0), the element y ranges over 
the set of all solutions in £“+-£ 0 (in £ + +(£ u ) the complex number 
<90 9) ranges over the interior and circumference of the circle 
with center (y 0 . g) and radius \g Q \ V \ f\ 2 — | ^oP/21 3(0 |, 
where g u is the projection of g on the closed linear manifold 
51(0 constituted by the totality of solutions of the homogeneous 
equation H*% — 1% = 0; in particular, a necessary cmd sufficient 
condition that (y f g) lie on the circumference of this circle is that 
y belong to £ 0 and that y — y 0 and g 0 be linearly dependent. 

From the definitions of E*, E°, (£“, we see that (2) follows 
immediately from (1); and (1) can be verified directly on the 
basis of the equation E*y — lyfi-f 

In proving (3), we first show that the equation H*y — ly —f 
has at least one solution when 3(0 + 0; in other words, that 
the range of the transformation E* — l • I is the entire space $. 
This range is evidently the same as that of the transformation 

0 aS+lIf—il 33 aH* + (Z> — i) I 

where 

a = 1/3(0, b = — SI (0/3(0- 

Since aH-fibI is a closed linear symmetric transformation, 
the results of Theorem 9.4 can be used to identify the range 
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in question with §. Our equation thus has a solution 
a necessary and sufficient condition that an element y a be 
a solution is that it be congruent (mod 97®) to 9 q. We start 
from an arbitrary solution to form the required solution c/ 0 : 
using the projections ^0 and % x of the element ip x — 2i3{l)cp l J r f 
on § © 97 (Z) and 97 (Z) respectively, we set 

9o = (yo—f)/2i3(l) = 9>i — Xi/2id($' 

It is evident that cp 0 is a solution. If 9 is an arbitrary 
solution it can be written in the form y 0 + X where % is an 
element of 97 (Z). Thus 

V = 2 i3(l) 9 +f= ifj 0 + 2 i 3 (!) % 

and 

W = IV'o I s -f- 4 1 cT(?) 1 2 lx|* ^ I H’o I s , 

the inequality holding unless [%\ = 0 , 7 = 0 , 9 == y 0 . 

It is now comparatively easy to prove the fourth assertion. 
If 9 is an arbitrary solution we write it in the form <p 0 + X 
indicated above. The condition that 9 lie in G"+S° or 
6 + +®° according as 3(Z)>0 or 9(Z)<0 is that |/j 2 —|t/'p 
be positive or zero. Using the evaluation of |^| 2 given in 
the preceding paragraph, we can write this condition in the 
equivalent form 

Ixl 2 < [|/T—l’M 2 ]/4|3(0! 2 . 

The inequality 

\(f, ff) — (90 , ff)\ = |(*,</)I = l<X, £o)| 5s Ixl \9o\ 
thus reduces to that demanded by (4). In order to show 
that ( 9 , g), in addition to being confined to the circle described 
in (4), also ranges over the entire circle we can proceed 
as follows: assuming that the radius does not vanish, we 
define xo = Qo/lgoh X = ?Xo, 9 = 9o+X where \z\ does not 
exceed the radius in question; it is evident that 

(&,g) = (gpo, g) + (x, g) = (spo, g) + z 

thus describes the circle indicated when z is varied. In order 
that ( (p,g ) lie on the circumference of the circle, it is necessary 
and sufficient that the equality sign hold in the two inequalities 
above. The result stated in the theorem follows at once. 
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We return now to the study of the transformation Xi of 
Theorem 9.17. We employ the notations already introduced. 

Theorem 9.19. For a fixed value l = m, the tram- 
formation Xi has the following properties: 

(1) the adjoint Xm exists and is identical with Xm; 

(2) the element X m f is a solution of the equation 

H* tp — ru (p = f he!origing to or (£ + -l-(E 0 ac¬ 
cording as 3(m)>0, 3(m) — 0, or 3 (m) < 0; 

(3) there exists a closed linear transformation T, dependent 

on m, which satisfies the relations and ( T — m-Ifi 1 

= X m ; when 3(in) f 0, the spectrum of T is confined to that 
one of the two half planes 3(1)12 0, 3(1) 0 which does not 

contain the point l = m; and when 3 (m) — 0 the trans¬ 
formation T is self-adjoint. 

If Pi (/) and F 2 (I) are polynomials and if f and g are 
elements such that Pi(H)f and P 2 (H)g exist, then 

(Pi(E)f, P- 2 (H)g) = ff P L (l) KW d Q (/: g- X) 

where o(f g\ /) is the function associated with the trans¬ 
formation Xi in the manner described in Theorem 9.17. When 
f is an element such that H n f exists, the behavior of the ex¬ 
pression (Xif g) for large values of \l\ is displayed by the 
relations 

(Xif, g) = -Z o (S a f, g)iP+ l + (Zi R n f, 9)H n , 

lim CKiH»f,g) = 0 

\l [—>00 

uniformly in the sectors 

0<s ^ arg l < tv — e, rr-f-6- <: ar gl ^ 2re—£ . 

Since X m is a bounded linear transformation with domain § 
its adjoint Xm exists. We have 

= (X^JTf) = lim (Bm k)) g, f) 

= lim g) = {X Wl f,g), 

and thus conclude that Xm and Xm are identical. 
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In view of the relations H C H i0 \ H* 2 = (i? (0) )*, 

it is sufficient in discussing (2) to prove that X m f is a solution 
of the equation (I? (0) )* y — my = /, To this end we employ 
the inequality 

Hig)-(J, g)\ 

< I dm/, <?) - tsL’fV, g) j 

+ | Hm (j) - (X/™/ J2&%) | 

< I {X m f. Hm g) - {Bm m f, Hi' cj) \ 

+ I/I I (Hi - Hi m ) g\/t (m). 

The last expression tends to zero with Ilk whenever g is an 
element of the domain of H (Q) . Thus the equation (X m f, Hjh } g) 
= (/, g) must hold; and X m f belongs to the domain of (H (0, )* ? 
satisfying the equation 

(Hi)* X m f = (H(°->rX m f— «z»/= /. 

We must show further that X wl /belongs to the set of elements 
specified in (2). First, if 3 (m) = 0, we have m = m, 
X m = Xm = X*i. Consequently 

(S* X m f 9 X m f) = (/+ rnZm/, X*/> = (/, X m /)+m JX W /| 3 

is real and, by definition, X w /belongs to (£°. When 3(m) ^ 0, 
we employ the inequality 

|X m /| < liminf 

7>:->oo 

which is an immediate consequence of the relations 
\X m fV = lim (fiS*"/, X»/) 

fc —>00 

/ lim inf |^f )) /||X M /|, 

k—>OG 

in order to establish the inequalities 

3 (m) 3 (-ff* Z m / X»/> = | 3(«0 j 2 |X m /| s + 3(»») £(/ X„/) 
S lim inf (| 3 (m) | 2 | 2& w, /|*+ 3 (m) 3 (J, RT\ff) 

fc —>00 

f/ liminf (3 (m) 3 (H Mk)) R ( i k)) f 2^ (ft), /» •= 0, 
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the last expression vanishing because E n) is self-adjoint. It 
follows that X m f) either vanishes or has sign 

opposite to that of 3 (m), so that X m f belongs to the set 
g- 4 _ go or t0 the set S + +E° according as 3 (m) is positive 
or negative. 

Since X m f satisfies the equation H* y> — m y = f, it is 
evident that X m f = 0 implies f= 0. Consequently the 
inverse XX 1 exists and satisfies the relation K*— m . j. 

The transformation T = XI 1 + m-1 is closed and linear, 
since both X m and XX 1 have these properties, and evidently 
satisfies the relation TQH*. The range of X m is every¬ 
where dense in §, since an element g such that {Xmf, g) = 0 
for every /has the properties (/, Xm g) = 0, X^g = 0, g — 0. 
By reference to Theorem 2.7, we now see that XX 1 has an 
adjoint (in 1 )*. T* therefore exists and can be computed 
according to the identities 

T* ss (.XX' + m-I)* = (XX 1 )*+m • I = (X^ + m • I 

= XX 1 + m • I. 

The relation T* g E *, which has already been established, 
implies the further relations T = T** 2 77** 2 H which 
we wished to prove. We may note here that when 3 (m) 
vanishes T is self-adjoint. 

Next we must ascertain some of the major properties of 
the spectrum of T when 3 (m) ^ 0. First we prove that 
the point spectrum of T lies in that one of the half-planes 
3(7) 2 0, 3(1) < 0 which does not contain the point l = m. 
If g = X m f is an element in the domain of T such that 
Tg = lg. g^ 0, we can apply the inequality 

3(m)3(l)lgl 2 = 3(rn)3(H*X m f,X m f) < 0 

to show that 3(1) vanishes or has sign opposite to that of 
3 (hi); the point spectrum of T thus has the location de¬ 
scribed. The residual spectrum of T has a similar property. If 
1 is in the residual spectrum of T, then l is in the point 
spectrum of T *, as we proved in Theorem 4,15. Now the point 
spectrum of T* = + I is confined to the half-plane 
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3(1) I> 0 or 3(0 < 0 which does not contain the point 
l = m. It follows that the points of the residual spectrum 
of T lie in that one of these half-planes which does not con¬ 
tain the point l = m. We now see that, if l is any point 
such that 3(m)3(l) is positive, it belongs either to the con¬ 
tinuous spectrum or to the resolvent set of T. In order to 
show that it is the second alternative which is realized, we 
discuss first the case in which l satisfies the additional con¬ 
dition | 3 (l) | 2^ 1 1 — w |. Under this assumption we prove 
that the transformation TC 1 = (T — hi)~ 1 , whose existence 
has been established, is bounded and, in particular, satisfies 
the inequality 

\Tr 1 g\<[gli\3(l)\. 

The restriction on l can then be removed. The inequality 
to be proved can be expressed in an equivalent form by noting 
that, since Ti takes X m f into f+(m — l)X m f by definition, 
we can put 

g = Tf l g = X m f, 

and can therefore write the inequality as 

I Zm/I ^ 3(1) |. 

This relation is equivalent to 

0 < {| 3(0 I 2 — ! z— 7711 2 } I Xm fV £ I/P+ 2&{(m — l) (Xmf,/)} . 

The latter inequality can be established by a limiting process. 
We have 

I = I Bi nm (/+ (« - 1) I 

so that the inequality 

0 ^ {| 3(1) I 2 - I l—m j 2 } | 

< 1/V+ 2 & {(m-l) (BTV, /)} 

is satisfied. If we allow k to become infinite so that the 
middle term tends to its inferior limit and then replace 
liminf lB>n k)) f\ 2 by the smaller term \X m f\ 2 , we obtain 

k~>oo 

the desired inequality in the last of the three forms 
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given above. Thus, whenever l satisfies both conditions 
3(m)3(Z)>0, j 3(0 I ^ — m \> ^ belongs to the resolvent 

set of T\ and, according to Theorem 4.11, every point 
at distance less than 1 3 (l) | from l also belongs to the 
resolvent set of T. The locus defined by the inequality 
3(01 > \l — m\ is readily identified as that portion of the 
plane containing the point m and bounded by the parabola 
with focus at m and directrix along the real axis; for points 
of the locus the inequality 3 (m) 3 (Z) > 0 is automatically 
satisfied. If we now select an arbitrary point l such that 
3 (m) 3(0 is positive, we can determine a real number X with 
the same sign as 3(0 such that the point l-\-iX belongs to 
the locus described. Since the point l is at distance | X | 
<: j3(Z + U)| from the point l-\-iX , it is evident from the 
remarks made above that l belongs to the resolvent set of T. 
If w r e now use the notation of Theorem 4.11, putting Bi = Tf 1 
and Bi+a = Ttjk, we can write 

(Rif, 9)\ = \X(~0-) a (.E‘tth.f, g )I 


< 1/1M 

13 (l + i X) ] — | X 


= \A\g\/\3(i)\ 


bv virtue of the inequality established above. This result 
implies that the inequality 

\TV x g\ = \Big\ ^ |y|/|3(0| 


holds for every l such that 3(m)3(Z) is positive. 

We come finally to the examination of the properties of 
the expressions ( Xif 7 g ) and q{f,g\X) when f and g are 
appropriately restricted. We shall base our deductions upon 
the equations 


(A) 


Q(S m f, g; X) =£ x g m d Q (/, g- g), 

/M-oo 

(H m f : g) = j x g m dq{f,g ; g), 
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where g is arbitrary and / is an element such that H m f 
exists. We shall establish them by means of mathematical 
induction. 

When m = 0 the first of these relations is trivial while 
the second requires proof. We begin by showing that the 
expression —l (Xi /, g) tends to the limit (f,g) when \l 
becomes infinite in such a manner that |£|/|3(0| remains 
bounded. When g is an element in the domain of H we can 
write 

<X Z /, Hg) = (H* Xif, g) = + 


where the term on the left tends to zero with 1/|3(Z)| because 
of the inequality 

(Oi/, Hg)\ £ 1/11^1/13(01 

If g is arbitrary we can select g 0 in the domain of H so close 
to g that the inequalities 

I if, a ) — if, 9o) I is \A\g—go\< s ' f - , 

\-HXif, g) + g 0 )\ = \l\ \{Xif, g-gd\ 


are satisfied for fixed positive e and arbitrary l subject to the 
restriction noted above. Combining these inequalities and 
allowing l to become infinite in the prescribed manner, we 
deduce the inequality 


lim sup | — l(Xif, g) (f.g )| < «. 

1 1 j —00 


The desired limiting relation follows at once. On the other 
hand, we can evaluate lim — l (Xi /, g) by writing 

m- 


■nxif, 




,+M IclgJJ, ff; [*) 


l — g 


n -foo n 

= dg(f, g\ g) + J 


oo g 


■i 


dsif.g; p) 


and allowing l to become infinite through pure imaginary 
values, for the second integral on the right then tends to 
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zero by virtue of the fact that its integrand tends boundedly 
to zero. We equate the two different expressions for the 
limit of — 1 (Xj f , g) and thereby obtain the second of equa¬ 
tions (A) for m — 0. 

Next, we assume that the equations (A) hold for m = 0, • • * 
‘ n — 1, and then prove that the} r also hold for m = n. 
We use the properties of the transformation Xi to write 

(Xi 

= (H 71 - 1 /, 9) + l & g) 

and then employ the equations (A) for m — n — 1 to rewrite 
this equation in the form 



where we have denoted g\ g) by the symbol g m for 

in = 0, ■ • • . n. In order to take advantage of the equality 
between these integrals, we turn naturally to the range of 
ideas developed in the proof of Lemma 5.2. We cannot apply 
the lemma directly to the last integral on the right but are 
able to circumvent this difficulty. We first select real num¬ 
bers A and r, A >r, assuming for convenience that the points 
[i = A and g = v are points of continuity for Q n —i and Q n - 
We introduce the contour C (A, v\ a 7 s) described in the lemma 
cited above, noting that its length does not exceed 2 (A — ^)+4«. 
Next we choose a negative number A and a positive number B, 
satisfying the inequalities A O and 23 > A, in such a manner 
that the inequality 



holds for given positive g and arbitrarily l on the contour 
(?(A, r: a 7 e). Such a choice is possible since there exists 
a positive constant X(6), independent of e, with the property 
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that 


t* 


ft — l 


K(d) for every p outside the open interval 


(V— <3, A 4 * fyf ^ > 0; and for every l on the contour C(A, v\ a 7 e ), 
and since the variation of Q n -1 over the combined intervals 
— co <Cfi A and B <[ tends to zero when L4| 

and 5 become infinite. By virtue of these various facts we 
can assert the truth of the inequality 


h f 1 

r x <*<?» 

f* ,« fZ?n-X 1 

\ 2 TV i iJC(k,r;a, s) It 

1 

8 

1 

Ja fl — l 1 


r\ [(A — v)~\-2 cc]/tt. 


dl 


If we define a function a n by the equations 


<r»0) = o , 

ff»0) = J A I* d()n-1, 

On0*) = f A H'dQn- 1, 


— cc << ? 

.4 < /« < B, 


we see that <s n is a function of bounded variation in the 
usual normal form with the property that 


r B ,» do,,-! r +x ji 

Ja p — l J-oc l*’ 


d(S n 


the points fi = A and ,u = v are points of continuity of a n . since 
by hypothesis they are points of continuity of Introducing 
the new function cr n , we allow £ to tend to the limit zero 
in the inequality just established; by reference to Lemma 5.2 
and to the hypothesis concerning A and v, we see that the 
result is the inequality 

I (?n 00 — Qn 0) ) — Oh 00 ~ (*0) i L0- — v) + 2 a ]/ Jt. 


Here we can allow q to tend to zero so as to established 
the equation 

P A 

Qn(fy — Q>i(v) = <r„(A)— a n (p) = pdQn-l* 

In the last integral we replace Q n ~ 1 by its value 

£ J^ 1 d o (f , g: fi) 
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and can therefore mite 

§«(/•) — Qn{v) = f r g n dg(f, g; g). 

When v becomes negatively infinite, g n (v) tends to zero and 
this equation reduces to the first of equations (A) for m — n, 
namely ^ 

Q n (X) = o(H n f ? g\ X) = ft). 

The hypothesis that X is a point of continuity of q r - x and 
of Q n can now be circumvented. The equation just established 
holds save for a set of values of l at most denumerably 
infinite; but it is an equation connecting' two functions of 
bounded variation in the usual normal form and must there¬ 
fore hold for every value of X. The second of equations (A) 
for m = n now follows without any difficulty: in the equation 

X -r-oo 

^ dg(f, g- g) = lim g(f, g\ g), 

fJL— H-00 

we replace f by H m f, obtaining 

{H m f. g) = lim g\ g) = f g m dg(f, g\ g), 

as we wished to show. 

The facts established in the two preceding paragraphs 
enable us to apply the principle of mathematical induction 
and to assert the truth of the equations (A) for m = 0, 
1 , 2 , .... 

The application of these relations to the derivation of the 
results stated in the theorem is now r quite simple. The 
assertion for general polynomials Pi (a) and P 2 (P) is an ob¬ 
vious consequence of the results for the special case P 1 {X) = X m 
and P 2 (/) X n f so that we coufine our attention to this case. 
We have 

<ff" 1 /, E»g) = JP a Q(f, H n g-, g), 

Q(f, H n g: g) = o{H n g,j\ g) = P g n d q( g, f; g) 

fj —oo 
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so that the desired equations 

(H m f H n a) — lim f. d ?(/, S n g; g) 

j,si. y, a _ > _ 00iJ ^ h . 00 Ja 


lim 

A—>—oo, J 5 —(-00 
ra+oo 


X 


'B 

'A 


f* m+n d Q (/, ,§f; ft) 

X -foo 

t* m+n dgif, c/\ g) 


follow immediately. 

The behavior of the expression ( Xif,g ) for large values 
of 1 11 is easily ascertained as follows: when H n f exists we 
■write 

■ >+0 ° do{f,g\ A) 

-•00 A-i 

^-j-00 / n —1 yi?i j Jn \ 


te 

<2./,«)=JX 

-r 


2 >- a /l a+1 -T 1J 

cSo 1 t' 


do(f, g\ /■) 


and then apply equations (A) to express the last term in the 
form 

-2?Ca*/, <7)/z a+l 

= (BV, <f)/Z K+1 +<X*lP/, '/)/?"• 

We obtain further information about the last term by writing 
down the inequality 

| (XiH‘ l f, .9)1 <1 H n f\ |flr|/|3(0i 


and noting that on the sectors s £ argZ <; a — e, n-\-s 
< arg l < 2 tc — £ the inequality 

13(01 ^ IX sine 


is satisfied: combining these inequalities we have 

| (Xi H n f, g)\ 7 I H n f\ \'jV\ l \ sil1 * 

and infer that (Xi H n f, 9 ) tends uniformly to zero when l 
becomes infinite in the sectors described. 


25 
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Ill certain cases the general results described in Theorems 9.17 
and 9.19 assume a somewhat simpler form, as we shall show 
at once. 

Theorem 9.20. If {E {n) } is a sequence of self-adjoint trans¬ 
formations approximating amaximalsymmetrictransformationH, 
then the sequence of integers {n(A;)} of Theorem 9.17 can he 
defined hy the equations n{k) = k, Jc = 1,2,3,**-, and 
the transformation Xi is identical with Ef 1 or with (H* — l ■ I)~ l 
for 3Q)^0 according as l is in the point spectrum of E* 
or not . The transformation T = Xff -\-m* I coincides with 
E or with E* according as m, 3(m) f 0, belongs to the point 
spectrum of E* or not. In particular, if E is self-adjoint 
and Ei is its resolvent , then Xi = Ei and T = H. 

If E is a maximal symmetric transformation, then for 
a point m in one of the two lialf-planes 3(0 >0, 3(Z)<0 
the range of the transformation E m ^= E — m • I is the entire 
Hilbert space §; such a point m is a characteristic value for 
the adjoint H* when E is not self-adjoint. If we form the 
transformation T = X™ 1 + m * /, discussed in Theorem 9.19, 
we know that T—m • I is an extension of E—m • /; since 
its range coincides with that of H — m-I and since the 
equation Tf=mf has no solution other than f=0, we 
see that T-m-I must coincide with E-m-I , T with E. 
It follows that Em 1 exists and coincides with X mj for 
every m in the half-plane indicated. To pass to the con¬ 
sideration of points in the second half-plane, we have merely 
to replace m by its conjugate hi: Xm is then found to he 
determined by the relations 

X m = X* = {Hn 1 )* = (H* — m ■ J) — 1 

and the related transformation T= Xm lj r m-Jreduces to H*. 

Iii order to show that in Theorem 9.17 we can put n(k) = k 
we have only to observe that the sequences {A$m} constructed 
in the proof of that theorem can now 7 be chosen so as to 
converge when n becomes infinite through integral values. 
On the basis of the assertion that the sequence {(Ei l) f g)) 
converges for every possible choice of/, g , and l, 3(0+ 
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the desired selection can be effected without difficulty. In 
proving this assertion it is sufficient for us to confine our 
attention to values of l situated in just one of the two half¬ 
planes 3(Z)>0, 3©<0: for we can always pass from one 
to the other by the equation 

ff) = iSfg.f). 

Furthermore, it is sufficient for us to consider elements f 
and g picked from a sequence {gi} everywhere dense in § 
and not necessarily independent of the number l: the situation 
for arbitrary / and g can be treated along the lines of the 
argument used in proving Theorem 9.17. In view of these 
facts, we shall select l as an arbitrary point such that the 
range of H — l-1 is the entire space §; remembering that 
our hypotheses require that H {[)) and H be identical, we see 
that we can select a sequence {f} in the domain of C H 
in such wise that the sequence of elements gi — H y "J\ — If 
is everywhere dense in §. We now write (Ilf gi, gj) in 
the form 

(B\ n> Hl n) f u gj) + {RT (Hi 0) — gj) 

= (ft, gj) + (R < i n \H m -H , “’)f i , gj). 

The last term satisfies the inequality 
|\ < \{H"»-H w )f t \ \gj I/13 (J) 
and therefore tends to zero with 1 in. Thus we have proved 
that the sequence {(Ilf gi, gj)} is convergent and have brought 
our demonstration to a close. 

We shall continue these investigations with a few remarks 
concerning the case in -which the set A of Theorem 9.17 
contains points on the real axis. Since yi is an open set 
in the Z-plane, its intersection with the real axis is either an 
empty set or an open set on the axis. Thus if A contains 
a point on the real axis it contains an open interval including 
that point. 

Theorem 9.21. If the closed linear symmetric transformation 
Hhas an approximating sequence of self adjoint transformations 
{jCjroo} SUC } L i} ia i tj ie se f contains an open interval of the 

25* 
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real axis in the l-plane, then H has the deficiency-index (m, m) 
and possesses a self-adjoint extension ivhose resolvent set includes 
the interval in question. In particular, if H is a definite 
symmetric transformation satisfying an inequality of the form 
(Ef, /) S 0\fV or < Hf, f) < Cl/P, then H has the defi¬ 
ciency-index (m, m) and possesses a self-adjoint extension satis¬ 
fying the same inequality. 

Let A contain the interval y — d < X < y -f- d of the real 
axis. Then the transformation T^Xf 1 -fy* I exists and 
is a self-adjoint extension of H by Theorem 9.19. It is 
immediately clear that H must have the deficiency-index 
(m, m). The transformation X^ is bounded and self-adjoint, 
satisfying the inequality \X^g\ < \g[I d, as we showed in 
Theorems 9.17 and 9.19. Its spectrum is therefore confined 
to the interval — d X d of the real axis in accordance 
with Theorem 5.12. Its inverse is a self-adjoint transformation 
whose spectrum must lie outside the interval — d<.X< d, 
as can be verified by reference to the discussion of inverses 
given in Theorem5.11. The spectrum of ^2 H is therefore 
outside of the interval y — d < X < y + d, as we wished to prove. 

Next let A contain the interval — co< X<C C or the interval 
C< X < + co. By simple transformations we can reduce both 
cases to the particular case in which A contains the interval 

— cc < l < 0. When A contains the interval — oo < l < C 
we replace H and by H — C • I and H° l) — C • I respec¬ 
tively and find that the set A associated with the sequence 
{ H ° l) — C'l) contains the interval —co<2<0; and when 
A contains the interval C< 2 < -f oo we replace H and H Cn) 
by — H4- C • J and — JS 0l) + C -I respectively, with a similar 
result. If {H {n) } is a sequence of self-adjoint transformations 
approximating H in such wise that A contains the interval 

— cc</<0, then for sufficiently large n the spectrum of 
H (n} lies outside an open interval — y n <X< — v n , where 
the positive numbers y n and v n tend to + oo and to 0 
respectively when n becomes infinite. We choose an arbitrary 
positive number y and consider values of n sufficiently large 
that the inequality v n <y<y n is satisfied. By reference to 
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Theorems 5.11 and 5.12 we verify that the self-adjoint trans¬ 
formation E'-u = • I)~ l has its spectrum located on 

the interval 

—-— < /. < — ~ — 

[a — {-in — — {i — r n 

and therefore satisfies the inequality 


(E%f,f) < 


In the latter relation we allow n to become infinite through 
values in the sequence fn(A*)} of Theorem 9.17. thus obtaining 


the inequality 

0 < -J-I./1 2 - 


which implies that the spectrum of the self-adjoint trans¬ 
formation lies on the interval 0 < A < —-■. Finally, 

we conclude that the self-adjoint transformation 
T = 3 H 

has its spectrum confined to the interval 0 / < 4- x, as 

we wished to prove. H must have the deficiency-index (m , m) 
as in the case discussed in the first paragraph. 

If H is a given definite symmetric transformation, satisfying 
an inequality of the form ( Hf\f) > C\f\ 2 or of the form 
W,f) <L C\ff, we can study its properties by relating 
it in the manner indicated in the preceding paragraph to 
a not-negative definite transformation: for H — C • I or 
— H-\-C • Tis a not-negative definite transformation according 
as the first or second inequality holds. Now if we consider 
the particular case of a not-negative definite transformation H, 
for which the inequality ( H ’/,/)> 0 holds, w T e know from 
Theorem 9.16 that there exists an approximating sequence 
of not-negative definite self-adjoint transformations. By 
applying the results of the preceding paragraph we can 
construct a self-adjoint transformation T such that T 2 JT? 
( Tf,f ) > 0. Thus H has the deficiency-index (m , w) and 
possesses a not-negative definite self-adjoint extension. 
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Finally, we shall analyze more carefully the relation 
between the family of transformations B(X), introduced in 
Theorem 9.17, and the sequence { E {n(k)) (A)}, where Q) 
is the resolution of the identity corresponding to H (n) and 
{ n Qi) } is the sequence described in that theorem. By 
confining* our attention to the subsequence {IT n(k)) } and 
renumbering it in a suitable manner, we can state our result 
as follows: 

Theorem 9.22. Let { H 0l) } be a sequence of self-adjoint 
transformations approximating a closed linear symmetric trans¬ 
formation H, and let 

X -f-OO 1 

T UT d 0)/, g), & (?) + o, 

-CO / “ v 

where is the resolvent of H in) and B (A) is the family of 
transformations described in Theorem 9.17. Then 

lim (EM(X)f,g) = (BWf, g) 

n —>oc 

except possibly on a finite or demmerably infinite set of 
values independent of the elements f and g, where E in) (X) 
is the resolution of the identity corresponding to H {n) . The 
inequality 

I (B (A) — B 00) fV £ ((-B (A )—B 00)/, /) 

is valid for l 7> y and for all elements f in §. The trans¬ 
formations B (A— s). B (A + € ) tend to limit transformations 
B (2 — 0), B(l + 0) respectively when e tends to zero through 
positive values ; and the transformation B if) tends to a limit 
transformation B (—co) or B (+ co) when A tends to —oo 
or to +oo respectively . The identities B (A + 0) = B (A), 
B (—oc) = 0. B (+ co) = I are valid. 

We first consider the relation lim (E (n) (A)/,/) = ( B (A)/,/) 

n—>oo 

for a fixed element / in ig. If {n(fc)} is an arbitrary 
sequence such that n (fc)-*co, lim (E {,uk » (A)/,/) = o (/,/ A) 

fc—>co 

when Tc oo, we can reason as we did in the proof of 
Lemma 5.3 to show that 
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lim 

k—> oc 

= lim I (T)/./) 

/l—— co " t 

= '•) 
p-roc X 

= J _ T=id(B (A)/,/). 

Applying Lemma 5.2, we see that (/ /; 2) = (I? (/.)/, /). 
Now, since (E {n) (2)/ /) is a real monotone-increasing function 
tending to zero at 2 = — cc and to (././) = |/| 2 at 
2 = +co, the limit function q (/, /; 2) is a real monotone- 
increasing function with all its values included in the range 
0<*^ |/| 2 . On the other hand, we know that {B (2)/,/) 
is a real monotone-increasing function in normal form, tending 
to zero at 2 = —co; and by the results established in 
Theorem 9.19 we find that 

, lim = r d (B(l)ff) = if, f) = lf\\ 

A-»-foo e / -00 

Consequently, we must have 

f? if, /; -f c°) —o (/,/; — =e) 

= <?*(/,/; + '^)-///■/; -*) = |/| 2 . 

The monotone character of the function 5 (/./; /.) thus permits 
us to conclude that q (/,/; + =0) = |/| 2 , q (/./; — x ) = 0. 
Hence we can write e* iff; 0 = ?(//; ^ + 0), ?*(//;'-—0) 
= Q (/>/; ^ — 0) and can conclude that q* (/,/; /.) = (B 
and q (/, /; A) coincide except possibly at their (common) 
points of discontinuity. It is now easy to show that 
lim (S (,!) (f)f, /) exists and is equal to (B (/-)/,./) at every 

W—3>-00 

point where the latter function is continuous. We first 
select a sequence of integers {n (k) } such that, for an 
arbitrary fixed value 2 = /z, 

lim (E {n(Jc)) (/)/,/) = lim sup (E (n) W/,/) ? n (k) -> sc, k -> cc . 



392 


HILBERT SPACE 


To the sequence {(#<»<*»(*)/,/)} we now apply the theorem 
of Helly to determine a subsequence which converges for 
every a. As we pointed out above, the limit function of 
this subsequence coincides with (B(X)f, /) except possibly 
at the points of discontinuity of the latter function; and it 
assumes the value lim sup (E m 0*)/, /) at l — p. Since fi 

W—>QC 

can be chosen arbitrarily, it follows that lim sup (E <n) (2) f,f) 

n—>co 

== (H (/.)/, /) except possibly at the points of discontinuity 
of the latter function. A similar argument shows that the 
equation lim inf (E° l) /)//) = (B (i)f, /) holds in the same 

n —>oo 

sense. Hence we find that 

lim = 

n-> oo 

except possibly at the points of discontinuity of 
Next we shall prove that the set of all points of dis¬ 
continuity of all the functions (2?(A)/,/) is at most denumer- 
ably infinite. If {f n } is a sequence of elements everywhere 
dense in §, the set of all points of discontinuity of all the 
functions (B (/-) f n , f n ) is at most denumerably infinite. Hence 
it is sufficient to show that any point of discontinuity of 
the function (B (7,) /, /), where /is arbitrary, must be a point 
of discontinuity for some of the functions (B (l) f n , f n ). When 
/ is given, we choose from {f n } a subsequence {fn} which 
converges to /; and we show that (B (7.) ft, ft) tends uni¬ 
formly to (B(/-)f,f) when n becomes infinite. The inequalities 

{B^)fj')~{B{i)fl\f;t)\ 

^ \(B(f) (f-f?),f:)\+\(BWf,f-f:)\ 

< If ~ft 11 fn 1 + I/I 1/ fn I 
^ 2 I/I \f~ff I + I/—/* I 2 

are sufficient for this pui^pose. It is clear, therefore, that 
a common point of continuity of the functions (B (/)/*? ft) 
must be a point of continuity of (B (2) /, /). This result 
implies the desired characterization of the points of dis¬ 
continuity of the function (B (>-)/*/)• 
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Finally, we write 
{E™ (*)/, 



[eM (Z) 

f+ff 

2 ’ 


- (/) 

f—9 


+ *| 

(e w > (/.) 

/+ V 

2 ’ 

f+iff\ 

2 t 

- (e<»> (/.) 

f—ifj 

2 

' , T 

(B(Z)f,g) 







1 TtOi'S 

/+.? 

/+ fJ \ 


f—9 

f-g\- 


1 -O W 

2 ’ 

2 / 

1 & V-) 

2 ? 

2 /-i 

+ *' 

[( BO.) 

f+iff 

2 ? 


( BQ.) 

f—iff 

2 

W 


and allow w to become infinite in the first equation. Since 
the right-hand member then tends to the right-hand member 
of the second equation, except possibly on a finite or demon er- 
ably infinite set of values l independent of /and r/, we see 
that lim (E (n) (X)f, g) = (B(l)f, g), in the sense stated in 

71 —> 0 © 

the theorem. 

If we allow n to become infinite in the relations 

l<(£ (,!) («))/, 

£ | (E<“> (/?) - EM («))/| | (JB (/-) - J5 (,«))/! 

= i(E (n) (/i) - («))/, /) 1; -1 (B 0) - J? (/<) vi • 


where /3 > a and Z > g, we find from the preceding results 
that 

< (UW-£(«))/, fy j2 KB(V-BM)f\, 

except possibly on a finite or denumerably infinite set of 
values of a and fi. Since the expressions on both sides of 
this inequality are functions of a and ft continuous on the 
right in accordance with the definition of B(X), we can 
readily show that the inequality holds without exception. 
If we put a = ^ and ft = X, we obtain the desired inequality 


|(£0)-£W)/|* < {{B{Z)-B^))f,f), I ^ a*. 
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Since the term on the right may he expressed in the form 
(B (/) /, /) — (B(g) /, /), it is clear that both terms tend to 
zero when l and g become positively or negatively infinite. 
Hence there exist transformations B{— co) and oo) such 
that B{l)->B{— co) when — oo, oo) when 

A-> + oo, throughout From the relations 

0 = lim ( B(X)f,g ) = (B(—co)/ f g) } 

00 

(/,#) = lim = (B (+<»)/, #), 

A —> -f-GO 

the second of which is taken from Theorem 9.19, it is evident 
that B(— oo) ss 0, H(+oo) = J. Similarly, from the 
inequality 

I(B(A ——^J/l 1 S <(*(*-0—5 (* — *))/,/) 

where 0 <Oi<£ 2 , we see that both terms tend to zero 
with and e s . Hence we infer the existence of a trans¬ 
formation —0) such that BQ* — e)-*B{l —0) throughout § 

when s tends to zero through positive values. Finally, we 
establish the existence of a transformation B (l + 0) such 
that H(/- + f)->J5(^ + 0) throughout § when £ tends to zero 
through positive values; and by virtue of the relations 

lim | (B(l+e) ~~BW)fV [{B{l+e)f f ) - (B(l)f /)] = 0 
£-»0 £->0 

we can identify B(l- f-0) with B(l). 

For subsequent use, we shall establish certain results con¬ 
cerning the range of the transformation B(g) — B(g — 0). 
It is convenient to retain the simplifying assumptions of the 
preceding theorem. 

Theorem 9.23. If A is cm arbitrary interval a X < fi 
and if B(A) is the transformation B (Jt) — H(«), then 

(B{A)Hfy) = £ l cl (B (I) /, g) for every element f in the 
domain of H and every element g in §. Every element different 
from 0 in the range of B(g) — B (g — 0) is a characteristic 
element of H* corresponding to the characteristic value g. 
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It is evidently sufficient for us to treat the case where a 
and fi are finite values such that lim (E (u) (X)f, g) = (BiX)f.g) 

n— >oo 

for l = a, and for all / and g in £>, since the general 
case can then be handled by simple limiting* processes. For 
such values of a and fi and for an element / in the domain 
of which has the property we have 

lim (E™(A) (f) = lim Ph cl (E <n> (}.)/, <j) 

o n— >oc Ju 

= lim o)ti2i- f'W'O)/. g ) d?.\ 

n —>oo 1 • «jci i 

= [i(B().)/, g) dh 

= ^Xd(B{l)f,g), 

the passage to the limit under the sign of integration being 
justified by the observation that the integrand tends boundedly 
to its limit almost everywhere on A. From the relations 

(E^(A)ROD y; g ) = (E^{A)H ®\/, g)—{E^KA){H^—H^)J\ g), 
lim (E™(A)H^f,g) = (B(A)HMf,g ) 9 

n—>oc 

] (E™(A) (jy<°> —#<">)/, g) j ^ \{H^ — H w >)f\\gl 

f. 

we see at once that lim (E'^iA) H 0 l) f, g) = (B(A)H ( 0 ) f. g). 

«—> co 

Thus v r e have (B(A) g) = l g), under the 

indicated restrictions on a, and /. If / is an arbitrary 
element in the domain of H g H i0) , we can determine 
a sequence {/ ? J v T hich satisfies the restriction noted above 
and which has the property that f n ->f } Such 

a choice is possible because of the relation between the 
sequence {H in) } and the transformation H which is demanded 
by Definition 9.9. If we allow n to become infinite in the 

equation (B(A) H (0) f n7 g) = d{BQ)f n , g), treating the 
integral on the right by integration by parts just as in the earlier 



896 


HILBERT SPACE 


discussion, we obtain the relation(5(4)-H/, )g) —£ U(BQ)f ,g), 
which was to be proved. 

We shall now show that, if h — (BQ*) 0))g, 

then E*h = i lh - Setting « = /* — £ > & — 9, e>0 ’ m the 
equation just established, we obtain 

«)) 9) = £_ s 7 - $)■ 


We then let « tend to zero, with the result 
((50) — J5(/i — 0)) Ef,g) = r«B( t *)-B(r- 0))/,</)• 

Since the transformation — — is self-adjoint, we 

may write this equation in the form (Hf , h) (/> ,« h) and 
thus conclude that E*h = as we wished to do. 



CHAPTER X 


APPLICATIONS 
§ 1 . Integral Operators 

As a first application of the general theory developed in 
the preceding chapters, we shall consider integral operators 
with kernels of Carleman type, which were defined in 
Chapter III, § 2. We denote by E an arbitrary Lebesgue- 
measurable set in n-dimensional Euclidean space, with infinite 
or positive finite measure, by So the space of all Lebesgue- 
measurable functions/(P) defined in E such that the Lebesgue 

integral |/(P) j 2 clP exists. The Lebesgue-measurable set 
in 2 ^-dimensional Euclidean space consisting of all point- 
pairs (P, Q) where P and Q are in E, is denoted by E-,\ 
and the associated space of functions P(P, Q) is denoted 
by ^2*" • The kernel K{P, Q) is a Lebesgue-measurable 
function defined almost everywhere in E, with the following 
properties: K(P, Q) is (Herm itian) symmetric, satisfying the 
equation K(Q, P) = K{P, Q ) almost everywhere in E.,\ and 

the integral j K{P, Q)\ 2 dQ exists for almost every point 

(J jB 

P in E. 

It is convenient to introduce the real not-negative Lebesgue- 
measurable function K(P) defined by the relations 

X(P) — (JjZ(P, Q)| 2 when the integral exists, 
2T(P) = 0 elsewhere in E. 

The kernels of Hilbert-Schmidt type are characterized by the 
requirement that K 2 (P) be integrable over E. Here we 
abandon any such integrability assumption. Associated with 

397 
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the function K(P) is the set 2 in S 2 which consists of those 
functions f(P) in S 2 such that the integral J\sT(P)|/(P) j dP 
exists. We shall consider also the set 2* which consists of 
those functions f(P) in S a such that/* (P) =J^K(P, Q) /(Q) 
is also a function in S 2 . 

We can now prove a theorem which brings all integral 
operators with kernels of Carleman type under the general 
theory of Chapter IX. 

Theorem 10.1. Let H be the integral operator ivith kernel of 
Carleman type, K{P, Q), defined for the domain 2, described 
above, by the equation 

Hf(P) = J/(P, Q) f(Q) d Q, f(P) in S; 

and let T he the integral operator defined in the domain 2 * 
by the same equation, valid for /(P) in 2)*. Then H is 
a linear symmetric transformation in the Hilbert space S 2 ; 
and its adjoint P* coincides with T. 

It is evident directly that 2 is a linear manifold. By the 
customary argument we show that 2 is everywhere dense in S 2 : 

if cj(P) is an element of S 2 such that J^/(P) g{P) dP = 0 
for every element /(P) in 2, we must have g{P) = 0 al¬ 
most everywhere in E. The simplest proof consists in special¬ 
izing the function /(P) as follows: HE (a) is the Lebesgue- 
measurable set specified by the inequality K{P) a and 
if e is an arbitrary Lebesgue-measurable subset of E(a) with 
finite measure, we put /(P) equal to one or to zero according 
as P is in e or in E— e. Thus /(P) is in 2 and 

J/(P) gW)dP = J]^CPj dP = o. 

The arbitrary character of the set e requires that g(P) = 0 
almost everywhere in E(ci); and, since lim E(a) = E, the 

& —> 03 

relation g(P) = 0 must hold almost everywhere in E, as 
we wished to prove. When f{P) is in 2, the function 
P/(P) described in the statement of the theorem is a Lebesgue- 
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measurable function defined almost everywhere in E. We 
must show that the integral 

Jjg/( P); 8 ( ;p 

==jJf E K(P, Q)f(Q) dQ .J e K(P, P)/(P) cIr) dP 

exists. For this purpose, it is sufficient to show that the 
function K(P, Q) K(P, R)f(Q)f(R) is absolutely integrable 
with respect to P, Q, and if, the integration being performed 
in any convenient order. Now, by virtue of the symmetry 
of the kernel K(P, Q), we have 

Jj K{P,Q)K{P^R)\dP 

< (JjW, Q)| 2 dPj^|A'(P, R)\-dpf~= K(Q)K(R), 

for almost every Q and almost every if; and, since f(P) is 
in 3>, we can integrate first with respect to P and then with 
respect to Q and if, with the desired result. We are now 
permitted to integrate in any other order; in particular, we 
may integrate first with respect to Q and if and then with 
respect to P. Thus H takes its domain into a subset of S 2 , 
as it should. The linear character of H can easily be verified 
directly. We pass on to the determination of the adjoint iP, 
which exists by virtue of the fact that 3 > is everywhere dense 
in £ 2 . A necessary and sufficient condition that an element 
g{P) in S 2 belong to the domain of H * is that there exist 
an element g* (P) in S 2 such that 

J £ (jP(P, Q)f(Q) dQjg{P) dP =f s AQ)gAQ) dQ 

for every element f{P) in 3); and, w T hen this condition is 
satisfied, H*g = g*. In view of the inequality 

Jj-TO Q)AP)\dP < (Jj K(P, Q)\*dPJ E \ff(P)\ s dpf 2 

= xmgl 

and of the fact that /(P) is in 3), the function K(P ; Q)f(Q)g{P) 
is absolutely integrable over P 2 . We may therefore invert 
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the order of integration in the condition above, writing it in 
the form 

£/(Q) HQ) clQ = 0, h(.Q) =JA(Q, P)g{P)dP-g*{Q), 

after taking account of the symmetry of the kernel If(P, Q). 
A sufficient condition that this relation hold is that h (Q) = 0 
almost everywhere in E. This condition is also necessary. 
'Wheng and g* are given, it is evident that h(Q) is a Lebesgue- 
measurable function defined almost everywhere in E. If E(a) 
is the Lebesgue-measurable set specified by the inequalities 
KiP) < a, \h(P)\ £ a, and if e is an arbitrary Lebesgue- 
measurable subset of E(a) with finite measure, the function 
f(P) equal to one or to zero according as P is in e or in 
E—e belongs to 2) and satisfies the equation 

f E f(Q)HQ)d(Q) = J e HQ)dQ = 0. 

Since e is arbitrary, we find that h(Q) = 0 almost every¬ 
where in E(a)\ hence, also, h(Q) = 0 almost everywhere in 
the set E* = lim E(a). Evidently, E —P* is a set of 

measure zero, so that the desired result is established. We 
have thus shown that H*g(P) exists and is equal to g*(P) 

if and only if J^X(P, Q)g(Q)clQ is an element of S 2 equal 
almost everywhere to g*(P). This implies that if* and T 
coincide. Since we obviously have H £ T = if*, it is clear 
that H is a linear symmetric transformation: its domain is 
a linear manifold everywhere dense in S 2 , and the relation 
is true. 

In view of the theorem just proved, we can deduce from 
the theory developed in Chapter IX, § 1 , complete general 
information concerning the integral operators H = if** and 
T = H * with kernels of Carleman type. The special case 
of a real kernel K(P, Q ) = K(Q, P) = K{P , Q) is easily 
treated by the results given in Chapter IX, § 2: we introduce 
the conjugation E which carries f(P) into /(P) and note that 
E3f(P) = EJ 2 f(P)j the equation being valid whenever 
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either term is significant. In this way we obtain the general 
theory of integral equations given by Carleman.* 

Many of the results of Carleman depend upon the approx¬ 
imation theory given in Chapter IX, § 3. The application 
of that theory is made possible by the following result: 

Theorem 10.2. Let K° l) (P, Q), n — 1,2, 3, ■ • he a (Her- 
mitian) symmetric kernel of Hilbert-Schmidt type defined over E.>, 
H (n) the associated integral operator with domain S 2 ; let K (P, (?) 
he a kernel of Carleman type defined over E», H the associated 
integral operator described in Theorem 10.1; and let the relations 

\K (n) (P, Q)\ < | K(P, Q)|, lim JE™(P, (?) = K(P, (?), 

n —> oo 

hold almost everywhere in E 2 . Then the sequence ap¬ 

proximates H in the sense of Definition 9.9. A particular 
sequence of kernels K (a) (P, (?) satisfying the conditions stated 
can he formed as follows: let E{ci) he the set of pohits P such 
that K(P) < a, d(OP) < a , where d(OP) is the distance 
from a fixed point 0 to the point P; let {a n } he a sequence . of 
positive numbers such that a n becomes infinite with n; we then 
set K 0l) (P, (?) = K(P, Q ) when P and Q are in E(a h ), and 
K (n) (P, (?) = 0 elsewhere. 

It is evident upon inspection that the special sequence 
constructed above satisfies the general conditions laid clown 
in the first part of the theorem. We shall therefore concern 
ourselves only with the properties of the general sequences 
described. It is sufficient to show that H in) -> H in Now 

JjSfiP) -H^fiPyfdP (P, Q,E) dPdQdB, 

F (n) (P. Q, P) 

= (TO Q) - K™ (A Q)) (TO, R) - K™ (A E))f(Q)f(R). 

Since f(P) is in S> and since, under the hypotheses of the theorem, 
the inequality | P (,i) (P, Q, E) | < 41 K(P, Q) K(P, P)/(Q)/(P) | 
is valid, the integrand on the right is absolutely integrable. 


* Carleman, Sur les equations integrates singulieres a noyau reel et 
. symetrique } Uppsala, 1923, Chapter II; and, Annales de Flnstitut H. Poinear6, 
.1 (1931), pp. 401-430. 
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Furthermore, the inequality just noted can be combined 
with the relation lim F 0l) (P , Q, R) = 0 to yield the result 

n—> co 


lim f f f P°°(P, Q, P) d P clQ clR = 0 . This requires 

n—eJE tJE tjE 

that H {n) f(P) ->Hf(P) in S 2 and that H° l) ->H in 2), as 
we wished to prove. 

In order to take advantage of this theorem, we must first 
examine a few properties of integral operators with (Hermitian) 
symmetric kernels of Hilbert-Schmidt type. Our analysis is 
based largely on Theorem 5.14. 

Theorem 10.3. Lei H he a self-adjoint integral operator 
with (Hermitian) symmetric kernel K(P, Q) of Hilbert-Schmidt 
type, and let P( 2 ) be the corresponding resolution of the identity. 
Then the transformation A (2) defined by the relations 


A(2) = P(2), 2<0; A(0) = O] A(2) = P(2)—I, 2>0, 


is an integral operator with (Hermitian) symmetric kernel 
A (P, Q: l) of Hilbert-Schmidt type , which satisfies the relations 

( 1 ) Q; A) Q, B-, 0 dQ = -sgn l-A(P, R- >.), 
where sgn l is equal to — 1 , 0 , + 1 , according as 2 < 0 , 
l = o, 2>0; 

(2) for P = Q, A (P, Q; l) reduces to a function A(P , P; X) 
such that A (P, P; 2) | £ K 2 (P)!X- for 2 + 0 ; 

(3) I T U(P ? Q; 2); i) ^ P(P)P:(Q)/d 2 , 25 cm 

arbitrary finite or infinite interval at positive distance d from 
the point 2 = 0; 

(4) r(C4 (/.)/, ffh A) <jf E K(P) K(Q) !/(Q) \g{P)\ dPdQ/d° 
where f and g are arbitrary elements in S 2 . 

According to Theorem 5.14, the operator H has a complete 
ortlionormal set {<p n } of characteristic elements, only a finite 
number corresponding to characteristic values outside the 
interval —d<2<+d, where S is any positive number. We 
denote by l n the characteristic value associated with y n , 
and introduce the function A (P, Q- 2) defined by the equations. 
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■4(P, <3; >•) = 2 9>«(-P) S>«(Q), ^(P, Q: i.) = 0, 

/t a - X 

A{P, Q; ;.) = — 2 y„(P) gV(Q) 

*a > * 

according as A<Q, l = 0, or A>0. It is to be noted that 
the sums which appear in the definition of A(P, Q: ).) are 
finite sums. Since each of the products <p n (P) fn{Q) is 
a function in 2f\ ^(P, Q\ P) is evidently an element of & 
and., hence, a kernel of Hilhert-Schmidt type. Its (Hermitian) 
symmetric character can be read directly from the defining 
equations. By virtue of the relations 

SWAP) = , 2s>«(P) f/(Q) Am AQ. 

A < ) e/ ^ 

n a = A 

co p ______ 

AP) = 2<f«(P) L/(Q) <MQ) clQ, 

a = i 

it is clear that A(X)f(P) = (p, Q-, /.) f(Q) dQ, for 

every function /(P) in S 2 . In accordance with Theorem 3.9, 
relation (1) of the present theorem expresses in terms of 
kernels the identities 

A\l) = Ail), l ^ 0; 

A 2 (2) = (P (A) — I) 2 = I—EQ.) = — A (/), /. > 0. 
The inequality in (2) is established by use of the equation 
= § e K{P, Q)cp n (Q)dQ = l n <f'n{P) and of Bessel’s 
inequality for functions in S 2 . We have 

I -*(P, P;A)| 

= 2sP«(P)s>«(P) = 2' S>«(P) 2 

= 2 f JC(P, Q)<f a (Q)dQ 2 

A„<;. JE 

<^2 |£*(P, Q)y«(Q)^Qf 

^ J^IXCP, ©NQ/* 3 
= P 3 (P)/P 


26 * 
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when A< 0, together with a similar sequence of relations 
when A>0. If we consider A(P, Q ; A) for fixed (P, Q) as 
a function of A alone, we see that it is constant on any 
interval which contains no characteristic value A = A n and 
discontinuous, in general, at each of the points A = A n , 
provided merely that we avoid the set of poin ts (P, Q ) in P> 
for which one or more of the products (P) y n (Q) fails to 
be defined, a set which obviously has zero measure. Thus 
A(P,Q;X) is a function of bounded variation over any 
interval A of the type described in (3). The explicit appraisal 
of the variation is established by reasoning similar to that 
used in the proof of (2). It is sufficient, evidently, to con¬ 
sider the intervals —c© < A < — 6, d < A < -f ao , where S 
is an arbitrary positive number. We shall give the cal¬ 
culations in full only for the first case. We have 


TV(P,Q; A); J) 


< .2 ?«(P)<(«(,Q)\ 

'■ a = ~d' 

= .2 \k{P. R) dS • P K{Q, R) 9a (R) clR il~ 

mJE v E 


= W>2 rJ . L K{P > R) (i2) dB -f E K (Q> ^ 

S{.Z \] E K{P,R) 9 a{E)dR'\ 

'•a = d m 


x . 2 (K(Q,E) 9tt (R)dR Y 2 / 


s(X 


/8 s 


K(P, R) -dR 


•J E !m-B)i 2 ^) 1/2 /<5 2 


= -ST(P) K{Q)ld s . 


Finally, we can deduce (4) from (3). For any collection 0 
of intervals J i? • * *, 4„, no two of which have interior points 
in common, contained in a given interval A of the type 
described in (3), we have, in the notation of Chapter V, § 1, 
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Vx (a (*)/, g)) 

= i; i a (A) a «7)i 

CC = 1 

= t Z I w Q; A>/(Q).AA dPd q | 

^ 1" XJp^(P, <3; 4 «>! i/(© g(P) dPdQ 

= J1JL t eM(p.. q ; ;.)) \/(Q)\\g(P)\dPdQ 

*U. V(^(P, Q ■,'■)■, 4) !/(Q); y (P) I rfP<?(? 

< J^£p(P)P(Q) f(Q)\\g(P) dPdQ <3% 

The last integral is absolutely convergent since K(P), f(l J ), 
and g (P) are all elements of S s . This inequality implies 
the relation given in (4). It is to be observed that (4) 
supplements the earlier appraisal, according to which 

r((i(i)/,?);4) = V ((E (A)/; y)- (1 + sgn /.) (/. y); J) 

= Y((E (A)/, y); A ^ I/I |y |, 

where i is any interval which does not contain the point A = 0. 

We propose to use the two theorems just proved, together 
with Theorem 9.17, in order to analyze more thoroughly the 
nature of integral operators with kernels of Carleman type. 
If we approximate the integral operator H ? described in 
Theorem 10.1, by a sequence of integral operators { H (n) ) of 
the type discussed in Theorem 10.2, we can assert the 
existence of a sequence of integers {?i(&)} and of a family 
of bounded self-adjoint transformations B (>-) such that 

»(fe+l)>n(ft) J lim g) — f d{BQ.)f,g), 

k —>00 A 

where Bi n) is the resolvent of B w , / and g are arbitrary 
elements of 8 2 , and l is not real. In general, different 
sequences (n(fe)} lead to different families B (/-) , although 
in the special case w r here the integral operator H=S ** 
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is a maximal symmetric transformation, we know that it is 
possible to take n (k) = k and that the family B (2) is unique. 
These facts have been established in Chapter IX, § 3. We 
shall examine the properties of the family B (l) in some 
detail. For convenience in stating our results, we shall 
suppose that the sequence {H in) } has been so chosen that 
we may take n (k) = k: in other words, if the sequence 
{ H {n) }, as given, leads to more than one family 2 ? ( 2 ), we 
select a subsequence which leads to a unique family and 
confine our attention thenceforth to this subsequence, appro¬ 
priately renumbered. 

Theorem 10.4. Let P (w) (P, Q), B (n) , K(P, Q), and H be 
defined and interrelated in the manner described in Theorem 10.2; 
and let J5(2) be the family of self-adjoint transformations 
characterized by the relation 

lim (fii'V, g) = f" f~j d (B (A)/, g), 3 ( l ) + 0, 

in accordance with Theorem 9.17 and the remarks made above, 
where B ( j l) is the resolvent of H {>1 \ Then the transformation A (2) 
defined by the identities 

A(l ) ees P( 2 ), 2<0; A(0) = 0; 

A(l) = B(l) — I, 2> 0, 

is an integral operator with kernel A(P, Q; 2) of Carleman 
type. This kernel has the following properties : 

(1) if Bo' is a suitably chosen Lebesgue-measurable subset 
of E 2 such that Bo — E 2 has measure zero, and if A is an 
arbitrary interval a X < ft ( the improper values cc = —go 
and /? — -(~gc being admitted) at positive distance d from the 
point 2 = 0, then A (P, Q; 2), considered for fixed (P, Q) 
in Ei , is a function of 2 of bounded variation over A, 
satisfying the relations 

\ A (P, Q.; T) \ < K (P) K (Q)/ 2 2 , 2 + 0, 
V(A(P, Q ; 2); A) ^ K{P) K(Q)/d 2 , 

A (P? Ql 7~ + 0) = A (P, Q; 2), 2 + 0, 
A(P,Q--cv)=A(P,Q; +OD) = 0; 
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(2) if A is an interval of the type described above, then 

f E K(P, B) A{R, Q; A) dB = f XdA(P, Q- ?.), 

where the integral on the right is to be interpreted as an im¬ 
proper integral convergent in the mean {in So) if a = — x 
or ft — + co; and 

X +GO 

^ XdA(P,Q;X), 

ivhere the integral on the right is to be interpreted as an im¬ 
proper integral at l = — co, X = 0, X = -f ao, convergent in 
the mean (in So); 

(3) if f(P) is an arbitrary element of So, then 

f E W, Q)f(Q) d Q = Q- ).)f(Q) dO), 

the integral xvith respect to l being improper at X = — x. 
X = 0, and X = + go; 

(4) if f(P) is an arbitrary element of So and g(P) is an 
arbitrary element of then 

LL K(p ’ Q) f(Q) iao dPdQ 

= A d [d E f E A(P, Q :;.)/((?) JW) dPdQ 
the integral with respect to X being improper at X — —x and 

x = + 00 ; 

(5) if f(P) is cm arbitrary element of S^ and if y and s 
are positive numbers, then the integral 

converges in So to f(P) — (B ( 0 ) — B (0 — 0 )) f(P) when 
y —> OOj S —> 0. 

We begin by establishing the existence of the function 
A (P, Q; X ). Let E(a) denote the set described in Theorem 10.2, 
for arbitrary positive a\ and let E 2 (a, b) denote the set of 
point-pairs (P, Q ) where P is in E(a) and Q is in E(h). 
Let 2ft (a) be the set of all functions in S 2 which vanish on 
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E—E{ci), 2H s (a, b) the set of all functions in which 
vanish on E s — E*(ct, &). It is easily verified that 3Ji(a) 
and 3Jl 2 (« 5 S) are closed linear manifolds. We select an 
orthonormal set (P)} which determines the closed linear 
manifold Wi(ct), for 0< a< +oo. By the reasoning used in 
the proof of Theorem 3.8, we show that {ip ( f (P) • 
is an orthonormal set which determines the closed linear 
manifold (a, b). In terms of the latter set, w 7 e construct 
a function 4 ab (P, Q; l) in 9JL (a, b) according to the equations 

CO _ 

^(P, Q -, i) = 2 Vi a, (P) Vf(Q), 

a,fi — 1 r r 

= UO) n 6) > v^)- 

To justify this procedure, we must show that the series 

SO 

^ j^«j 6) (2)| 2 is convergent for every value of l. The 

case >. = 0, where ^^ ,&) (0) = 0, is trivial and will be dis¬ 
regarded in the sequel. By virtue of Theorem 9.22 w T e can 
write, except possibly on a finite or denumerably infinite set 
of values of X, 

i = lim i e 1 )! 2 . 

where J. (w) (/-) is associated with JT (,W in the manner described in 
Theorem 10.3. By the use of Bessel’s inequality forfiSP, the results 
of Theorem 10.3, and the inequality |PP ?) (P ? Q) | < |P(P, Q) |, 
we can appraise the sum appearing on the right, as follows: 

C “ i ” 1 V . „ „ 

=A. : ® *> *?<«> * F 
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s Jl z ‘ iF)d F,x ‘- 

It follows that J |^S w W|*<; f K-(P)dP,P- for all 

a % fi = i e/-E(«) 

values of A with the possible exception of a finite or denumerably 
infinite set; but the two terms in this inequality are functions 
of A which are continuous on the right whenA^O, so that 
no exception other than A = 0 need be made. Thus the 
function A a b(P, <2; A) exists and is an element in 9) U(a T b) 
satisfying the inequality 

Us i -*■* ««; i ■ <*« <ip s L, * ! <p) *»»•. 

From the defining equations we obtain 

= a (2) v#*, ^f) = M'-) 4'u ) = 

^ 6 «(Q,P;2) = 5 ^W <(Q) <(P) 

«, p = 1 

= Z v4 n> (P) V'f(C) 

a,/? = l 

= A a b(P, Q ; A), 

by virtue of the self-adjoint character of the transformations 
5(A) and -4(A). In particular, the function A aa (P, Q\ A) is 
(Hermitian) symmetric. If /(P) and #(P) are arbitrary 
elements of 3Ji(&) and 9K(a) respectively, then the equation 

UW/ 0 ) = JJ^CP. Q;*) /«3) WP 

is satisfied. The term on the left can be written 

aw/. 9 ) = Z 4®w</^)(^.ff). 

cc, /S — 1 

as we see by substituting f = (/> ^f } ) ^ ( J } an( * 

£=i ^ ^ 

g = ^ (g, ip<f) ipw > and evaluating. Since /(© y(P) is 

a —1 

a function in 3ft 2 (a, b), we have also 
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£f s ^(P, Q; '-)f(Q) ffCP) dQ dP 

= ^ f \'jab(P, Q; ?•) Wi P) Vf(Q) dQ dP 

a,jj = l 

-u, VSKP) yf(Q) /(«) 9(P) dQ dP 

= 2 

«,/S = 1 

Our assertion is established at once by comparison of these 
results. We are now in a position to show that 


A a 'v (P, Q; X) = Am (P, Q\ P) 


almost everywhere in E 2 (ci,V) whenever a! ]> a, b'^b. 
Since we have E{g!) 2 .27 (a) and E(V) 2 E(b) under these 
circumstances, we see that 2ft (a') 2 2ft (a) and 9ft(fr') 2 2ft(&). 
Thus the relation 

W)f, 9 ) = § F j E Aa ' v (P ’ & VmV&dQdP 

=SeSe Am (p ’ *>mm*QdP 

holds for arbitrary functions /(P), g{P) in 9ft (b), 9ft (a) 
respectively. We can put this relation in the form 

Q^)]f(Q)g(P)dQdP = 0, 

and can thus conclude that the desired equation is true. Con¬ 
sequently, if a and b become positively infinite through any 
prescribed sequences of values, we must have 

lim 27(a) = E, lim E(fi) = E, lim E»(a, b) = 27 s , 

a—>oc 5-»oo a— *-oo,&->oo 

lim A ah (P, Q; ;.) = A(P, Q; 2) almost everywhere in E 2 . 

a—>yz,b—>zc 

The function A{P : Q-1) defined by this limiting relation is, 
except for modifications affecting its values on a subset of E 2 
of zero measure, the function whose existence is asserted in 
the theorem. Its (Hermitian) symmetric character is obvious 
by virtue of the equations 
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■A(P, Q\ X) = lim A aa (P ; Q- 4 -4m (Q, P; A) = ^ M (P 0; A), 
which, hold almost everywhere in E 2 . From the relations 

£«Jp (P ’ Q ’ ^ drpip Q-, WdQdP, 

W p =U E MP,Q\WdQdP 

^X'WdPIX', 

we conclude that the integral I . \A(P, Q\ X) 2 dQ dP 

t) E{fi) t)E 

exists and does not exceed K 2 (P) dP/X 2 . The theorem 

jE(a) ' 

of Fubini shows at once that the integral J e \A(P, Q; a) 2 dQ 
exists for almost every P in E{a), 0<fl< + 2C ; in other 
words, for almost every P in E. Thus A (P, Q ; 2) is a kernel 
of Carleman type for every value of l, the case / = 0 being 
included because A(P, Q; 0) = 0. If f(P) is an arbitrary 
element in S 2 and g(P) is a n arb itrary element in 
the function A(P, Q ; X) f(Q) g (P) is absolutely integrable 
over the set of point-pairs (P, Q) where P is in P(«) and Q 
is in E. Thus, if f b (P) denotes the projection of f(P) on 
we have 

g) = lim (A(X)f b , g) 

b—> co 

= lim f |\* a »(P, Q; Z)fb(Q) g{P) dQ dP 

=£zLu>J™ j ‘ (p ’ q • , - )/< ® jlF) ,,p 

=L»(/^ (p ' «i '■)/(« <*«) ^ 

It follows that A(X) /(P) = f A (P, Q; fyf{Q) d Q almost 
everywhere in PO), 0<a<+co; in other words, almost every¬ 
where in P. Thus the transformation AQ l) is an integral 
operator with kernel of Carleman type, as we wished to show. 
It is easily vended that the kernel is essentially unique: for 
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if A (/.) were defined by two kernels of Carleman type, 
their difference would be a kernel A 0 (P, Q; l) of Carleman 

type such that jj 0 (P, Q; Ij.fXQ) dQ = 0 for every element/ 
in 2, and almost every P in E, and would therefore vanish 
almost everywhere in E*. 

We turn now to the study of A(P, Q; ).) as a function of l. 
We shall first prove that, if 4 is an arbitrary interval at 
positive distance <? from l = 0 and if / and g are arbitrary 
elements of 2?, then 

new,'?); J) <£J/'cP) k\Q) m\ i^(P)i dQdP/dK 

Tills inequality follows by the application of suitable limiting 
processes to the result given in Theorem 10.3(4). By virtue 
of the relation \K in) (P , Q) j \K(P, ©I we have 

rjh A) 

<£ E £ E K ,n) (P) Z^iQ) AQ) \ff(P)\dQ dP/8* 
<£J e K(P) K{Q) | AQ) I \ff(P) I clQclPI6\ 

During the remainder of the paragraph, it will be convenient 
to denote the integral appearing in the last expression by 
the letter I . We can now apply the theorem of Helly to 
the sequence {(4 00 g )}, considered on the interval A. 
Thus we find that there exist a sequence {n Qc )} and a function q (A) 
defined oil A such that 

lim n (k) = cc , lim (A (n(k)) (k) /, cj) = q (A), ; A) £ 1/ S 2 . 

k —>x 

We know, however, that o(2) = (A (fyf, cj) except possibly on 
a finite or denumerably infinite set, and that £(A-fO) = (A{X)f, g ) 
without exception. Thus if A is restricted to be an interval 
with extremities at which q(1) = e(2 + 0) we. can conclude 
that 

7((i(2)/^) ; i) = V(qQ. + 0);A) £ V(qW; A) < I/d\ 

The details of the argument are similar to those given in 
the discussion of the relation F($*) £ V(q) at the beginning 
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of Chapter V, § 1. If A is an arbitrary interval, ive choose 
a sequence of intervals {4»} of the restricted type, with the 
properties A n 3 4»+i, lim A n = A. If <5„>0 is the distance 

n— 

from A n to the point A = 0, we have lim <S» = S. Hence 
we find that 

V((AWf, r/); 4) < V{(A(l)f, g)- A n ) £ I/d*. 

When we allow n to become infinite in this relation, we 
obtain the desired result: 

V(iAWf, g); A) < I/d\ 

Since g ) vanishes at A = ±gc, in accordance with 

Theorem 9.22, we can apply this inequality over the interval 
(—oo, A) or the interval (A, + cc ) 7 according as A < 0 or 
A>0 ? and can thus establish the inequality \(A (Ay/; g) <; I 
The results of the preceding paragraph enable us to calculate 
the function A(P, Q; A) from the integral 

W)f, ff) = SeSf A[P ’ Q; dQrlP 

by the consideration of appropriately chosen sequences of 
elements f and g in 2). We introduce the function y n (P. Q) 
defined for all point-pairs (P, Q) as follows: if S n (Q) is the 
hypersphere consisting of all points P at a distance not ex¬ 
ceeding 1 In from the center Q , we set y n (P, Q) equal to 
1/m {S n (Q)) or to zero according as P is in S n (Q) or not. 
We then denote by y^ (P, Q ) the function which is equal 
to y H (P, Q ) when P is in the set E{ci) and equal to zero 
when P is in the set E — E{a). It is evident that y^f (P, Q) 
is a function in S I ft (a), ©, £ 2 , for fixed Q. If we form the 
expressions 

(A{l)yf{S, Q), yf{B, P)) 

= 8; X) (8, Q) yf (3, P) d5 tf-R 

= JL, ^(5, -ST; A) (5, Q) sp» (J?,Pj 
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=X.™ X ,»«^ cp» »(«, («», 

J^-STC-B) 2T(S) iy«> (-9, <2j| Ispf (P, P)| ^cZP 

=X,™ /««., ™ ”>«(«», 

we see by the theory of the generalized derivativet that 
when n becomes infinite these two expressions tend to the 
respective limits A(P, Q\ P) and K{P)K{Q) almost every¬ 
where in E 2 (a, a), to the common limit zero almost every¬ 
where in E> — E 2 (a, a). We shall denote by E? ( a ) the set 
of points (P, Q) in E 2 (a, a) where the second expression has 
the limit K(P) K(Q ). On the other hand, the inequality 

naw 

< §J E nR) K(S) 1 9? (S, <2)1 Wf (R, P)| dSdR/d* 

enables us to apply the theorem of Helly to the sequence 
{(.4 (a) cp<f (S, Q), <p ( f (P, P))} on any interval A, whenever 
(P. Q) is a point-pair for which the integral on the right is 
bounded with respect to n —in particular, whenever (P, Q) 
is in E 2 (a). For a point in E* (a), therefore, we can select 
a sequence {n(k)} such that 

lim »») = «, lira (A0: )9 ^(S, Q), 9 ^(R, P)) = Qa (P,Q- 2) 

7c-~»oc k—>o o 

for all values of / different from zero. In choosing this 
sequence we must employ the usual ‘‘diagonal process”: we 
first select a sequence {n( 1, A;)} which ensures convergence 
on the range — co < l < —1, + 1 < X < + oo ; tvhen we 
have obtained a sequence {n (i, A:)} which ensures convergence 
on the range —cc </ < —1 /?, +1 + co, we choose 

a subsequence {n(i +1? k)} which ensures convergence on 

fLebesgue, Annales de PEcole Normale Superieure, (3) 27 (1910), 
pp. 395-401; de la Yallee Poussin, Integroles de Lebesgue , Paris, 1916, 
Chapters IV and Y. 
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the range — oc< A —l/(i+ 1 ), + l/(i + l) ^ A< +oo, 
for i= 1 , 2, 3, • • •; and our final choice is then determined 
by the equation n(&) = n(k,k). We know by a familiar 
argument that 

n*a(P,<2;A);4) ^ K(P)K(Q)/c5 2 ; 

and we find, by reference to the inequality 
| (A(X) 9 *>(8,Q), *?>(P,P))| 

< SeL K{R) K(8){S ’ Q)l W P)\*SdRll*, 

that 

I Qa(P, Q; A)| ^ K(P)K(Q)/X*. 

Thus the function <s a (P, Q; A) = (P, Q; A + O) exists and 

satisfies the relations 

7(<r«(P,Q;A);4) ^ K(P)K(Q)/d », 
l*«(P, Q; A)| < K{P)K{Q)/l\ 

By the manner in which (P, Q; A) was defined, it is 
evident that g a (P, Q; A) = ^(P, Q; A) almost everywhere 
in E 2 ( a ), and hence also in P 2 (a, a), for each value of A. 
Thus, if /(P) and #(P) are arbitrary functions in 9)1 (a) ? 
we have 

= lim UO + «)/, <?) = (iffl/, 9) 

e —>0 

- Mnwnwr 

when s tends to zero through positive values. In the first 
expression, we can interchange the limit and integration 
processes by virtue of the inequality 

\QaiP J Q^+e)f(Q)^)\<K(P)X(Q)\fm |*CP)|/(l*i-*) a r 

where the term on the right is integrable over P 2 (a, a). 
find therefore that 
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f L A0a(P,Q;l)—4(P, Q;Z)]f{Q)9(P)dQdP = 0 

JJS(a) *J E (a) 

and. conclude that <r 0 (P, Q; X) = ^.{P, <3; X) almost every¬ 
where in E -2 (a, a). We now form the sets E*i = E? (1), 
E* n = E* (n) — E -2 (n-l)E-T(n), n = 2, 3^4, • • •, and put 
E-t = £ E* a . It is evident that E* = E->' (<*) differs 

«S=1 « = 1 

CO 

from the set P 2 = .2 P 2 («) only by a set of zero measure. 

a — l 

We modify tlie function A(P, Q; 2) by making it coincide 
on the set P 2 * with the function c r n (P, Q; 2), n = 1, 2, 3, • • •. 
The modified function differs from the original function only 
on a set of zero measure and therefore serves equally well 
as the kernel of the integral operator A (2); but, in addition, 
it has on the set E£ the various properties described under (1) 
in the statement of the theorem. Our construction is thus 
brought to an end. 

As a first step toward the proof of (2), we note that by 
Theorem 9.23 we have 

(A (A) Ef, g) = JJ X cl U «/, g), 

where A is an arbitrary interval a < 2 < fi at positive 
distance S from the point 2 = 0, / is an arbitrary element 
in 2), and g is an arbitrary element in S s . We next show 
that 

XX/(Q) aW) (JJ d A( * p > <3; b dQdP 

= I! ld (b b A (p > Q->0f(Q)7(P)dQap), 

where A is a finite interval a < 2 ^ at positive distance 

d from 2 = 0, and /(P) and g (P) are arbitrary functions 
in 25. If we write each of the Stieltjes integrals involved 
as a limit of the usual type, we have 

d-QdP 

= lim 2 


W ( P,Q;A y )\dQdP, 
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I d (LL E (p Q ’ 9(P)dQdP 

= Km J^Jy«2) <7 (P) ^2; ^ (P, Q; A )J dQ dP. 

We have only to show that the resulting expressions are 
equal. Writing* ^ = max[|«[, we have 

/(Q)<KP) ZX^(P,Q; A): 
r — 1 I 

^ /JpCP, Q;Kv)| |/(0 ! :<KP)j 

^ yVu(P,Q;A);4) |/(Q)j i<7(P)j 
^ yK(.Q) i/(Q)| P(P) |<7(P)|/<5 2 . 

Since / and g are elements of 2), the last term is integrable 
over Thus the processes of integration and of passage 
to the limit can be applied interchangeably to the sequence 

1 n 

(P \ Q, 

= 1 

established. By combining the two results so far obtained, 
we find that 

U (4) Hf, g) 

= SeLL a (p > P; 4) p(p - Q)/( ® ^ (p) dE dp 
- /,/,»«(f < p . «= *>)"«' !P 

where 4 is a finite interval at positive distance d from X = 0 , 
and / and <7 are arbitrary elements in 5). If we further 
require that g (P) belong to some one of the closed linear 
manifolds 9 Ji(a), 0< a < + go, described above, we can then 
perform the integration in the second term in any order 
that we please. For, by virtue of the inequality 

established above, we have 


and the asserted equalit} 7 is 
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J e \A (P,B;X)K(B,Q)\dB 
< K{Q) [J E A(P,R^^dR} ! \ 

/ E 1^(P)I [§ E \A{P,R-A)\*aR) v \iP 

S (J>W> H“ (L^’W^V 

XXXP (P ’ -5; l)K{B, Q)f{Q)g{P)\dRdQdP 

and thus conclude that the function ^{P, B\ A) K(B, Q) 

• f(Q) g(P) is absolutely integrable with respect to P, Q, B. 
AYe can therefore write 

J E / E /(® W) (J^ P ’ P; 4) 2T(22, Q) dp) dQ <*P 

= / E J E /(QJi7(P)(X^- d4(P, Q; 2)) dQ dP, 

for / in ® and g in 90^ (a), 0 <«<+qo. It follows imme¬ 
diately that 

J^4(P, 22; 4)Z-(P, Q) dS =ff l dA(P, Q- X) 

almost everywhere in E 2 , for an arbitrary finite interval A 
at positive distance from X = 0. In order to ascertain the 
behavior of these expressions when a -»—c© or /S-> + GC > 
we write E(P, Q) — Kq(P) for fixed Q and observe that 
for almost every Q in E this is a function of Pin £ 2 . Thus 
we have 

J e A(P, 22; 4) K(R, Q ) dR = 4(4) Kq(P) 

and can apply the results of Theorem 9.22. We find that 
the relation established for a finite interval A subsists provided 
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that the integral on the right be treated as an improper 
integral convergent in the mean— that is, convergent in S* 
for fixed Q. By interchanging P and Q and then taking 
conjugates, we obtain the results stated in (2). By similar 
reasoning, we see that 


(A (— *) — A (— (i)) K q (P) 

•-r/n 


- [fy + Jfy 

converges in 2« for fixed Q to 


(-!(,«) — -4(f)) Kq(P) 
1 1d A (P , Q: y.) 


(-4(0 — 0) — A (— «)) Kq (P) 4- (-4 (+ X) — .4 (.0 - 0 )) Kq (P, 
= Kq (P) - (P (0) - P (0 - 0)) Kq (P). 


In order to evaluate the second term on the right, we ob¬ 
serve that, for an arbitrary function f(P) in 8*. we have 

(/, (P (0) — P (0 — 0)) Kq) = ((P(O)-P(O-O))/, A’„) 

= X.(5(0) - P(0-0))/(P) K(P, Q) dP 

= Jfy(Q, P) (P(0) - P(0—0))/(P) rfp 
= P r *(P(0) — P(0 — 0))/(Q) = 0, 


in accordance with Theorem 9.23. Since f(P) is arbitrary, 
it follows at once that (P(0)— B(0 — 0 )) Kq(P) = 0. Thus 

we find that K(P, Q) = \ A dA (P, Q; A), in the sense 
described in (2). 

We turn next to the proof of (3). By an argument similar 
to that used in establishing Theorem 10.3 (4), we can verify 
that for almost every P in E the function of A defined b\’ 

the integral J^^fyP, Q; has the property 

y(J\*(P, <2; ).)f{Q) dQ ; i) ^ P(P) Jfy(Q) /(Q) dQ <5 2 . 

whenever Ai is an interval at positive distance d from A = 0 
and /(P) is a function in ©. Seasoning analogous to that 
used in the preceding paragraph shows immediately that 
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£ (f£.cU (P, Q; dQ =£U (JL(P, <2; *)/(Q) <Zq) , 

whenever A is a finite interval a <; 2 <; at positive distance d 
from £ = 0 and /(P) is a function in 3). If we now apply (2), 
we find that 

£ [£ A (Q, P;4) JT(P, P) cl R)f(Q) d Q 

«£(J>CP, P) <2; 4) rfp) /(«) <^Q 

= JJ Ad (JL(P, <2; *)/(«) d q) • 

If for fixed P we write K(Q, P) = Kp (Q), then this function 
of Q belongs to S 2 for almost every P in P; and we can put 
the equation just established into the more convenient form 

t f, A(A)K p ) = £ld{£ E A(P, Q- X)f(Q)dQ) . 

Thus we can obtain the relation 
£a(F, Q-,A)AQ)dQ 

-JT md [f« ! * d (L' i(I> ’ Q ’ l*)f(Q)dQ) 

=£ i fidtr, a(i)k p ) 

by an obvious application of Lemma 5.1(6). We may now 
remove the restrictions previously imposed upon/(P). If f(P) 
is an arbitrary function in &> and {f n (P)} is a sequence in 3) 
which converges in S 2 to the limit f(P), then (f n , A(l)Kp) 
converges boundedly to (/, A(l)Kp) for —go<A<+ c ^. 
Hence, by a familiar argument, based on the formula for 
integration by parts given in Lemma 5.1(9), we find that 

lim ^ md(f n , AQ^Kp) = Pi /Xd(J\A(X)Ep). 

n—> x v « c/ez 

Since 

lim P A(P, <2; A)f„ (Q)dQ = P A(P, Q; A)/(Q)dQ, 

7i->ccjE Je 
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we find that 

jL'CP, Q; A)f(Q) dQ =f v 1 :Uif, A(/.)K F ) 

for every function/(P) in fi 2 . Thus, by using Lemma 5.1? 5). 
we see that, considered as a function of /. the integral 

J f A (P, Q\ l)f(Q) dQ is of bounded variation over any inter¬ 
val which is at positive distance from / == 0; and. by using 
Lemma 5.1 (6) in the same manner as above, we obtain the 
equation 

(/, A(A)Kp) =j'' J /.d(£ : A(P. Q; /.)f(Q)dQj 

for every finite interval A at positive distance from /. = 0 
and for every function /(P) in S 2 . Thus it follows that 

I-I Xd (L: Ai - P ’ Q; VfMW) 

= tC+JCl 2 j (X-w"«i 

= if, U(0-0) — A{-*))Kp) + <J, U(+=c)-.-K0+0))Ap) 
= if, Kp) — if, (B( 0) - 5(0-0)) Kp). (t >0. 6>0. 

The first term in this result can be written in the form 

if, K P ) = J e /(Q) KJQ P) d Q = J e K(P, Q)f(Q) dQ. 

The second vanishes, by the argument used in the preceding 
paragraph. Thus the proof of (3) is completed. 

The proof of (4) is immediate. If /(P) is an arbitrary 
element in S 2 and g(P) an arbitrary element in 5), then 

IJ e K(P, Q) f(Q)i(F)dQdP 

= L/ {Q) {Se K(Q > p ) O(P) dp)dQ, 

as we showed in the proof of Theorem 10.1. The second 
integral can be written 
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if, Eg) = /_ + J A d(B(A) /, g) 

=XT «; vmgWdQdp), 

by virtue of the formulas given in Theorem 9.19 and the 
representation of A (X) as an integral operator. 

Finally, we may observe that (5) is merely the concrete 
form of the abstract relation 

W(— *) - i*))f+ (1W -A(e))f 

- U (0 - 0) — A (- go)) / + U (+ go) - A (0 + 0)) / 

where the second term can be written as f — (I?(0) — B(0 — 0))/. 
This appears at once by reference to Theorem 9.22. 

In conclusion we shall make a few remarks concerning the 
cases where the integral operator H has the property that H 
is maximal or self-adjoint. We have* 

Theorem 10.5. If S is a maximal symmetric transformation, 
then the kernel A (P, Q ; X) constructed in Theorem 10.4 is 
independent of the sequence {H {n) ) used in the construction . 
If H is self adjoint, then the kernel A (P, Q\ X) has the property 
that 

p (P, <3; y ), p < x <r o] 

J8; Z)A(S, = < 0, p < 0 < k\. 

I ~A(P,Qil), 0<p£X) 

The results of Theorem 9.20 show that, whenever H is 
maximal, then BiX), A{X), and A(P, Q; X) are unique, in 
the sense that they are independent of the approximating 
sequence {JS in) } in terms of which they are constructed. The 
particular relations satisfied by the kernel A(P, Q; X) in 
case H is self-adjoint merely reflect the relations 

* Carleman, Sur les equations integrates singulieres a noyau reel et 
Bymhtrique , Uppsala, 1923, Chapter m. Carleman considers real operators 
so that H is maximal if and only if it is self-adjoint. A real kernel such 
that the associated operator ft is self-adjoint is caUed by Carleman 
a kernel of Class I; aU other real kernels constitute Ms Class II. 
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f Afa), g <S /. < 0) 

A(i) = < o, t i<: o< . 

I — A&), 0< iW ^;J 

which are valid because B{X) = E(l) is the resolution of 
the identity associated with H. We shall give the proof 
in detail for the case p <L &< 0; the other cases can 
then be treated in an analogous manner. In the equation 
(A (70 A O)/, #) = (A(fi)f, g), fi £ A< 0, we take / and g 
as arbitrary elements in the closed linear manifold 3)c (jt ), 
described in the opening paragraph of the proof of Theorem 10.4. 
The equation can then be put in the form 

R; Q ’ 0/W)^CP) dQ (IPdB 

= SeL A (P > Q ’ AP) dQ d P ; 

where both integrals are absolutely convergent. The absolute 
convergence of the first integral can be established by means 
of the inequalities 

§ E \A{P,B-X)^L{R,Q-r)\dR 

s (Jj-o p > p ; onp ) 12 (Jj a{r, q. n)\*dBj ia . 

S.iS. \A(B, Q; ^)| 2 ^p) 1,2 |/(<2)I dQ 

< (Q>%■’ ^)i 2 dB ^q) 1/2 [£,!/(«)! 2 dQ) 12 , 

/.If. \A(P, B-,l)\ 2 dB) m \g(P)\dP 

< (f f \A(P,B-,X)\*dBdQ) 1:2 ( f ;< ? (P)i 2 tfp) 1 ' 2 ; 

= \JS(a)JE / \JE / 

and that of the second integral can be proved in a similar 
manner. We can therefore write 

f f (f A(P,B^X)A{B,Q^)dB]f{Q)JW)dQdP 

t) E ej JE \tjE ‘ 

= £J^(P, Q-, dQdP 
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for all / and g in SDKa) ; 0<a<oc. It follows that 

J e A(P, P', '•) Q; clB = A[P, Q; fi), /< <: a<0. 

as we wished to prove. 

§ 2. Ordinary Differential Operators of the First Order 
We shall now apply the general theory of Chapter IX to 
the study of symmetric transformations associated with formal 
differential operators. It is not our object to develop a com¬ 
plete theory; we wish rather to illustrate the abstract results 
of Chapter IX by a detailed discussion of some special cases 
of recognized importance. In this section we shall examine 
ordinary linear differential operators of the first order, and 
in the next we shall consider those of the second order. 

In order that the formal differential operator P-f- — \-Q- 

Cl x 

coincide with its formal or Lagrang*e adjoint —(P-)+Q *> 

we require that P=— P and Q = — P' + Q, where the 
dash indicates differentiation with respect to x, These con¬ 
ditions imply that P = -pH, Q = — p r /2 where p 

and q are real functions. We shall therefore consider the 

formal differential operator —b(— p f • on an 

arbitrary finite or infinite interval (a, 5), where the coeffi¬ 
cients p and q have the properties: 

(1) p(x) is a positive absolutely continuous function* on 
the open interval a<.x<b; 

(2) q(x) is Lebesgue-integrable over every closed interval 
interior to ( a, b). It is possible to show that the study of 
this formal differential operator is equivalent to the study of 

the operator 4 - on an appropriately chosen interval (a r , V). 


*We shall say that a function is absolutely continuous on an open 
interval if it is absolutely continuous on every closed subinterval. For 
the properties of absolutely continuous functions which we use here we 
may refer to Caratheodory, Yorlesungen ilber reelle Funktionen , second 
edition. Leipzig, 1927, Chapters IS and X. 
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The indicated reduction depends upon the following theorem. 

r*x 

Theorem 10.6. Let a(x) = A\ \!p% ■— B and 

ft(x) = (|-4 \lp(x)) m exp [i j q(%)/p(£) d'i'j , -ichere A^O and 

B are arbitrary real numbers, x = c is an arbitrary interior 
point of the interval ( a, b), and exp,e = e z \ let a' and V he 
respectively the lesser and the greater of the numbers cc(a) 
and ct (b ); let 2 2 {a, b) be the Hilbert space of all complex- 
valued Lebesgue-measurable functions f{x ), a <L x < b. such 

that the Lebesgue integral \f(x)\ 2 dx exists: and let 2 2 l//\ //> 

be the Hilbert space similarly defined over the interval (a . V). 
Then 2 2 ( a, b) and 2* ( a ', V) can be put in one-to-one isometric 
correspondence by defining f{x) = g (« (x))/3(x) as the corre¬ 
spondent in 2* (a, b) of gix) in 2* ici , V). If fix) in 2 2 \a. b\ 
and g(x) in 2 2 (a', b') are corresponding functions , then a 
necessary and sufficient condition that gix) be absolutely co)t- 
tinuous on the open interval {a 1 , b f ) and have a derivative g'ix) 
in S 2 (a', b') is that fix) be absolutely continuous on the 
open interval ( a , b) and have a derivative f f (x) such that 
pft i + (—P V 2 i + g)f is a function in 2* ( a , l). When 
these conditions are satisfied, the functions Acfii and 
V f Vi + (— p'/2i + q)f are in correspondence. By appropriate, 
choice of the constants A and B, the interred (V, b') can be 
reduced to one of the three intervals (0 7 1), (0. -f cc). (— x, -j- x), 

according as both, just one, or neither of the two inteejrcds 
C c _ t C b 

1 !p (?) cl £ j l/p (?) d £ is convergent. In the second and 
«J c 

third cases, we may restrict A to the vednes ±1. 

Our assumptions concerning the function p show that a is 
a real monotone function of x with no interval of constancy, 
increasing or decreasing according as A is positive or negative. 
The relation y = a{x) therefore determines a one-to-one 
correspondence between the open intervals a <Cx<C b and 
a f <y< b so that x can be expressed in terms of y by the 
relation x = y{y), where / is a real monotone function of y. 
It is easily shown that y is absolutely continuous on the 
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open interval (a', b f ): for if two sets on the intervals (a, b) 
and (a', V) respectively are in correspondence by the relation 
x = y(y), y = y(x) , then one is a Bore! set if and only 
if the other is a Borel set; and, by virtue of the inequality 
\A\lp{x)'>Q, one is a Borel set of zero measure if and only 
if the other is a Borel set of zero measure. The function 
fi(x) is also absolutely continuous on the open interval ( a , b), 
since it is built from the absolutely continuous functions 

X X 

£ (£)/#(£) £ by operations, such as multi¬ 
plication and exponentiation, which are known to be applicable 
within the class of absolutely_continuous functions. Finally, 
we observe that lift = fi/fifi = 0p/\A\ is absolutely con¬ 
tinuous on the open interval (a, 6). 

Between the class of all functions f{x) defined on the open 
interval (a, b) and the class of all functions g(x) defined on 
the open interval ( a !, &'), we now determine a one-to-one 
correspondence by the relations 

f(x) = g{a{x))/fi{x), g(x) = Piy(x)) f(y(x)). 


The absolute continuity of the monotone functions y = cc(x), 
x = y(y) implies that fix) is Lebesgue-measurable if and 
only if its correspondent g{x) is Lebesgue-measurable. By 
virtue of the relations l/|^(cr)| 2 = p!\A\ = \a r (x)\, we 
find that 

f a f(x)\ s dx = _\ a \g(,a(x))\ i /\0{x)\ s dx 



cc(x) | dx 



where the existence of the first integral implies and is implied 
by that of the last. Hence, fix) is in S 2 ( a , b) if and only 
if its correspondent g ( x ) is in (a', V ). The isometric 
character of the correspondence thus deter mi ned between 
S 2 (u, b) and 8 s (a', V) is a consequence of the relation 
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f fi(x)f 2 (x)dx 

zJ Cl 

— ] n ( 9\ («(*))/(*)) (#> (« ix))/p (x)) dx 
— I (*)) S's (“ (*)) I “'(«)! dx 

e/ & 

= cj\ (x) g 2 (x) dx , 

where ^ and are the correspondents of/i and f 2 respectively. 
An important property of the correspondence is that fix) is 
absolutely continuous if and only if its correspondent gCx) is 
absolutely continuous. If, for example, fix) is absolutely 
continuous, then f(y(x)) and P{r{x)) are absolutely continuous, 
since each is an absolutely continuous function of a monotone 
absolutely continuous function; and their product gig) is 
likewise absolutely continuous. The converse result is ob¬ 
tained by similar reasoning. If now fix) and g (x) are cor¬ 
responding functions in S 2 (a, b) and 2 2 (a\ V) respectively, 
and if both functions are absolutely continuous, we find that 
the function /* (x) , where 

/* ( x ) = pf'/i + (—ja'/2 i + q)f 

= (p!i) (g{a(x))/fi(x))' + (— p'I2i + q) g (« (x))/fi(x) 
= Ag'(a(x))/ifi(x), 

and the function g*(x) = Ag{x)Ii are in correspondence with 
each other; and we know that the first belongs to S 2 (a. b) 
if and only if the second belongs to S 2 («', &')• With this 
result we have established all the assertions of the theorem 
concerning the correspondence under discussion. 

The final remarks bearing on the reduction of the interval 
(a) b') to a normal form require no detailed examination. 

As a result of the theorem just proved, it is clear that 
every linear transformation in S 2 (a, b) associated with the 

1 d 

formal differential operator p(x) -r--f-(— p r (x)/2i-\-q(x)) ? 
a<x<b, is isomorphic with a linear transformation in S 2 (a', b f ) 
associated with the formal differential operator A—-^—, 

% (b 
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a <x< b', where (a, b') is of the three typical intervals 
( 0 , 1 ), (0, +oo), (— cc, +co). Since the constant multiplier 
A^O affects spectral and other properties in an obvious and 
quite trivial manner, it is sufficient for us to examine the 

formal differential operator -4- on each of the three 

Z Cl X 

typical intervals. We describe the facts in the three theorems 
which follow. 

Theorem 10.7. Let 2)* be the class of all functions fix) 

in S 2 ( 0 , 1 ) such that f{x) is absolutely continuous for 0<x< 1 

and has a derivative f f (x) belonging to S g ( 0 , 1 ) —in other 

iv or els, the class of all functions fix) expressible in the form 
nx 

fix) = c+l g(£) d'§, where c is an arbitrary constant and 

g(x) is an arbitrary function in S 2 ( 0 , 1 ); let 2 )( 9 ) be the 
class of cdl functions fix) in 2 )* such that fi 0) — e t(p f(l) = 0 , 
0 ^ 9<2 tc — in other words , the class of all functions fix) 

expressible in the form fix) — c e ~ lcpxJ rJ* 0 #Q 0 & where c 

is an arbitrary constant and g(x) is an arbitrary function 
in S 2 ( 0 , 1 ) orthogonal to the function h(x) = 1 , so 

that g(fi) — 0 ; and let 2 ) be the class of all functions 
fix) in 2 )* such that fi 0 ) — fi 1 ) = 0 — in other ivords , 
the class of all functions fix) expressible in the form 

r*x 

fix) = I gif) d$, where gix) is an arbitrary function in 
So (0, 1 ) orthogonal to the function h ix) = 1 . Let H, H(f) 9 
and T be transformations with the domains 2), 2) ( 9 ), and 
2 )* respectively, each of which teikes an arbitrary function fix ) 

in its domain into the function ~r-f r ix). Then H is a closed 

linear symmetric transformation with the adjoint H* = T 
and the deficiency-index ( 1 , 1 ); and the transformation H{<p) 
is a self adjoint extension of H. If S is an arbitrary maximal 
symmetric extension of H, then 8 coincides with H{y) for 
exactly one value of 9 on the range 0 9 <C 2 . The trans¬ 

formations Hicpfip) and Hi 9 ) — ip • I are equivalent by the 
unitary transformation U{ip) which takes an arbitrary function 
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fix) in fi 2 ( 0 , 1 ) into e l ^ x f{oc), —zc -x. 

The transformation H(<p) has a simple point spectrum , con¬ 
sisting of the characteristic values 2 nrt — cp, n = 0, ± 1, —2. 
unth corresponding characteristic functions f m 

We must first establish the equivalence of the two character¬ 
izations given for each of the sets 2*. 2(V), In the 
case of 2)*, it is evident that any function f(x) expressible 
in the indicated form is absolutely continuous on the closed 
interval (0, 1 ), belongs to S 2 (0, 1 ) (by virtue of the fact that 
it is a bounded continuous function oil the closed interval), 
and has a derivative /'Or) = g{x) in So (0, 1). It is to be 
observed that, whenever \g{x)\* is integrable over the finite 
interval (0,1), g{x) is also integrable over that interval. Thus 
every function f(x) of the indicated type belongs to 2 :i: . On 
the other hand, if f(x) is an absolutely continuous function 
on the open interval ( 0 ? 1 ) and if its derivative f(f) — gif 

is in So ( 0 , 1 ), we can write f(x) = c+J 0 #00 df 0 <;/.■< 1 , 

where the constant c is determined by the substitution of 
some particular value of x, such as x = \. The validity of 
this equation at the points x = 0 and x = 1 remains in 
question. Since two functions in the Hilbert space bb (0, 1 ) 
are regarded as identical if they coincide almost everywhere 
on the interval ( 0 , 1 ), we may suppose that f[x) is modified, 
if necessary, so that the representation is valid for 0 < x ^ 1 . 
The modified function is then absolutely continuous on the 
closed interval ( 0 , 1 ). We shall therefore introduce the sim¬ 
plifying convention that, whenever we consider a function 
in 2)*, it shall appear in the modified, absolutely continuous 
form capable of the integral representation on the closed 
interval 0 x 1. The integral representations for functions 
in 2 ) and 2)($p) are now readily obtained, by applying the 
boundary conditions /( 0 ) = /(l) = 0 and/( 0 ) — e i(f f( 1 ) = 0 
to the integral representation of functions in 2)*. Thus, in the 

case of 2 ), we find that the equations fix) = c+L #(S) ds, 
/( 0 ) = /( 1 ) = 0 , are satisfied if and only if c = 0 , g(f)df= 0 , 
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as asserted in the theorem. The integral representation of 
functions in ®0) results immediately from the observation 
that fix) is in ©(9) if and only if fix) —/(0) e~ i( ^ x is in ®. 

The facts just established show that the sets ®, ©(y), ©* 
are linear manifolds in S 3 (0, 1) satisfying the relations 
© £ 2)(<p) C ®*. It is evident that for distinct numbers <p x 
and ^ on the range 0 <Ssp<2tt the sets ®(<jPi) and ®($p 2 ) 
have only the elements of © in common. We shall now 
show that © is everywhere dense in S 3 (0, 1); that is, that 
the only function f(x) in S 2 (0, 1) which is orthogonal to all 
functions g{x) in © is the function f(x) = 0. By an inte¬ 
gration by parts, we can write 

0 =j o fix) gix) dx — — Fix) g f (x) dx 
n*x 

where Fix) =J 0 /G?)c&£; the boundary conditions giO) = g(l) 
= 0 must be employed in the calculation. By the charac¬ 
terization of © given above, we see that g' is an arbitrary 
function in S 2 (0, 1) orthogonal to the function hix) = 1. 
We conclude that Fix) must be a constant multiple of h (x) 
and that fix) = F' (x) must vanish identically, as we wished 
to prove. Since the linear manifolds ®* and ©(y) contain ®, 
they must also be everywhere dense in &> (0, 1). 

The transformations H , Hip), and T, desciibed in the 
statement of the theorem, are obviously linear transformations 
satisfying the relations H C Hip) C T. Since the domain 
of H is everywhere dense in S 2 (0, 1), its adjoint K* exists. 
A necessary and sufficient condition that gix) belong to the 
domain of H* and that H*g coincide with g* is that the 
relation 

f 4 -f&)g(x)dx = f f{x)g*(x)dx 
JO i J 0 

be satisfied for some function y*(#) in £ 3 (0, 1) and all func¬ 
tions fix) in ©. By an integration by parts this condition 
becomes 

J o \fiv)gix)dx = — fix) G* ix) dx, 
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C x 

where G* (x) = \ g* (?) d't, and is therefore equivalent to 

the assertion that the function G*(x) — g{x)/i is orthogonal 
to f r (x) whenever f{x) is in 2. By the argument used 
above, we see that this condition is satisfied if and only if 
6r* (x) — g(x)ji reduces to a constant a; in other words, if 

and only if g(x) = a+l ^£*00 is a function in 2* and 

g {x)ji = g* (x). Thus the transformations H* and T are 
identical. Now from the relation H^T we conclude that 
T* £ H* = T. This means that the domain of T* consists 
of functions in 2* and that T* carries a function g(x) in 
its domain into g (x) Ii . Hence we see that g{x) is in the 
domain of T* if and only if it satisfies the additional con- 

J *i i _ pi ~i 

— f (x) g(x) cl x = f (x) — g {x) cl x for every 

0 % <J0 % 

function f(x) in 2*, the domain of T. The formula for 
integration by parts shows that this condition is equivalent 
to the equation f(l)g(l) —/(0)#(0) = 0. This equation is 
satisfied if and only if g{0 ) = g{ 1) — 0, as we see by setting 
fix) = ax-\- b, where a and b are arbitrary constants. Thus 
the domain of T * is the set 2, and T* is identical with H. 
The relations H C T = H*, T* = H show us immediately 
that IT is a closed linear symmetric transformation. The 
deficiency-index of H is easily calculated by determining 
the characteristic functions of the transformation H* = T , 
as we have shown in Theorem 9.8. These functions are the 

solutions of the differential equation —j-f' — If which belong* 

to 2*. It is easily ascertained that the desired solutions 
are constant multiples of e ilx . Every complex number l is 
therefore a characteristic value of multiplicity one for H*\ 
and the deficiency-index of H is (1,1), as we wished to prove. 

We shall now determine all the maximal symmetric ex¬ 
tensions of H, by the methods described in Chapter IX, § 1. 
According to the general theory, we must first find all 
the isometric transformations of 2 + = £ 2 (0, 1) 0 into 
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ST = S 2 ( 0 , 1 ) 0 9Th where and 9R_* are the ranges of 
the transformations H+i and H-i respectively. By Theorem 9.4, 
2) + consists of all the functions f(x) = ae~ x , Sr of all the 
functions f(x) = cie+ x , where a is an arbitrary constant. 
Hence the desired isometric transformations are those which 
cany ae~~ x into cae^ 00 , where c is an arbitrary complex 

constant subject to the condition^ e~~ 2x dx = |c| 2 J^ e+ 3x dx. 

It is found that c = e~ 1+z ‘ e , where 0 6 < 2 tv. Corresponding 

to each value of 0, there exists a maximal symmetric extension 
of H which we denote by 8(6). The process given in 
Theorems 9 .1-9.3 for the construction of 8(6) shows that 
a function f(x) is in the domain of 8(6) if and only if it 
is expressible in the form f(x) = g(x) + a(e~ x — e~~ lJrie e*) 
where g (x) is a function in the domain of H . Every such 
function evidently belongs to S)* and satisfies the boundary 
e — e ie 

condition /(Q)— as we see by simple 

calculations depending upon the fact that g( 0 ) — g( 1 ) = 0 . 
Conversely, any function fix) in S* which satisfies this 
boundary condition is in the domain of 8(6)] for the function 
g(x) =f(x )— ci(e ~ x —e “ 1+z0 e®), where a = e/(l)/(l— ee id ), 
is a function in S* satisfying the boundary conditions g( 0 ) 
= g(i) = 0 and hence belongs to 2). If it be observed 

that the linear fractional transformation w = ———- takes 

1 — ez 

the unit circle z = e ie into the unit circle w = e i<r> , it is 
immediately clear that there is a one-to-one correspondence 
between the ranges 0 6 < 2 n and 0 < q> < 2 n such that 

a — 

Y — f e iQ ~ ^ ^ oimclai T condition which character¬ 

izes the domain of 8(9) can be put in the form/( 0 )— e icp f( 1) = 0 . 
Since S(6)czH *, we see that 8(0) and JS(f) are identical 
for corresponding values 0 and <p. By reference to the 
results of Theorem 9.3, we find that all the maximal sym¬ 
metric extensions of the transformation H , with deficiency- 
index ( 1 , 1 ), are self-adjoint. Hence 8(6) and H(f) are 
self-adjoint transformations. 
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We shall now examine the connection between the trans¬ 
formations Hiy-fty), Ihpif) = H{y) — *p-I, and Z7(tb). 
The unitary character of U(U>') is evident from the defining 
relations given in the statement of the theorem. The family 
of transformations TJ(rp), —cc < < + oc ? is seen at once 

to be a group, by virtue of the identities Z 7 ( 0 ) = I, 
U- 1 (Ip) = U(— y), U{%) U(ip 2 ) = U(^ + zi'o). We first 
show that TJ(\p) takes 3* in a one-to-one manner into itself. 
If fix) is absolutely continuous, then U(il f ) fix) — e ix ^ x f{x) 
is also absolutely continuous; and if fix) further has a deri¬ 
vative fix) in 2 2 ( 0 , 1 ), then e^ 30 fix) also has a derivative 
e i ^ x f , (x) J r iipe it ^ x f{x) in So (0, 1 ). Hence X7{U>) takes 3* 
in a one-to-one manner into a subset of itself. Since this 
statement is valid for L 7-1 (U») = U{ — ip ). we see that the 
image of 3* by the transformation Uity) is 3* itself. In¬ 
cidentally, we have shown that 

TU(ip)f(x) = UW>) Tf(x) +xpUif) fix) 


whenever fix) is in 3*. This relation can be written in 
the form 

Trp = U(f)TU ~ 1 (ip). 

We show next that 17 if) takes 3(g p) in a one-to-one manner 
into 35(y — f). For this purpose it is sufficient to observe 
that, if f(x) is a function in 3* satisfying the boundary 
condition /( 0 ) — e iq> f{ 1 ) = 0 , then 

f*(x) = Uif) fix) = e ix ^' x fix) 

is a function in 3* satisfying the boundary condition 
/* (0) — A (1) = 0, and conversely. By virtue of this 

result and of the equation H(f) = T, holding in 3 (gp), we 
see that the identity Ty = l r if) TTJ~~ X if) established above 
can be written as a relation holding in 3 ( 9 ) and can thus 
be put in the form 

Hrp (y) = XI if) H(c f + ip) U - 1 if). 

Hence the transformations if) and Hiy + f) are unitary 
equivalent, as asserted in the theorem. 


28 
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Finally we shall determine the spectral properties of the 
transformation The characteristic values and charac¬ 

teristic functions for H (gp) are easily found by applying* to 
the characteristic functions e iLx of H* = T the boundary 
condition which characterizes the domain ®(y) of 
The admissible values of l are calculated from the equation 
1 — e iff e il — 0 and are thus found to be l = 2utx — 
n = 0, ± 1 , dz 2, • • *. Each of these values is a charac¬ 
teristic value for •); and the characteristic functions 
associated with l = 2nrc — <p are constant multiples of 
e H2h7i-q>x, so that each of these characteristic values has 
multiplicity one. We shall now show that any number l 
different from these characteristic values is in the resolvent 
set of if(<sp). For this it is sufficient to show that the 
equation iffy )/—If = g, where l is not a characteristic 
value and g is an arbitrary function in 8 2 (0, 1), has a unique 
solution, as we see by reference to Theorem 4.18. The 
equation to be solved is equivalent to the differential system 

— //(*) = rj(x), f(0) — e iv f(l) — 0, where g{x) 
is given and fix) is to be determined as a function in 2*.. 
The general solution of the differential equation 4 - f — lf= g 

is the function f{x) = ae ilxJ r ie ilx e- a »g (?) cl% } where a 

is ail arbitrary constant; and this function is clearly an 
element of 2*. In order that f(x) satisfy the boundary con¬ 
dition, it is necessary and sufficient that a have the value 

e~ a *gCi) d'S: (1 — e^+U), 

as we see by direct calculation; the denominator here cannot 
vanish because of our restriction on L With this value 

for a, we find that fix) = G(x, £; l) g(£)d%, where 

0 is a kernel of Hilbert-Schmidt type given by the 
equations 
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& (X, | ; 0 = ^_ e -id-(f) 

Q<£ 

lx pf 1 , 

_S_ t.v—'ii 

Cr(pc, ?; 1) — ^_ e -rW~(f) 

0 < 


Cr (pCj x ; l) = 0, 

0 < 

: i. 


Thus the transformation Hiig) has an inverse which is 
a bounded integral operator of Hilbert-Schmidt type with 
domain 2* (0. 1), whenever l is not a characteristic value 
of H{y). This result shows that all such values l belong* 
to the resolvent set of R{f). Hence R(y) has a simple 
point spectrum, as we wished to prove. 

We turn now to the study of the differential operator 

“ on the interval (0, + x). It is convenient to state 
t ax 

our results in terms of the negative of this operator, namely, 

the operator i~4~. 

ax 

TheoremTOtSv^ Let X* he the class of all functions fix) 
in (0, -f-x) such that f [x) is absolutely continuous for 
0 <T a; < + x cold has a derivative belonging to 2* (0, + x )—in 
other words, the class of all functions f{x) in 2 a (0, x) ex- - 


nx -n, 

press ible in the form f{x) = ce~ XJ r I gf) (If where c \ 0 
an arbitrary constant and g (V) is a function in (0,ay- ' ^ ^ 
let X be the class of all functions f(x) An X* sues pa 
f( 0) = 0 —in other words , the class e x ‘ alf functions /it 1 


2.i (0, x) expressible in the form f(x) 


(*x 

Jo 9® 


dr m f 

ltm* 


m 

gipc) is in &>(0, x); and let R and T be tran$f~ iU '' 
with the domains X and X*- respectively, each of ir / ./'^^^ ions 
an arbitrary function f {pc) in its domain into the fun *- 4 • lC \ 

Then R is an elementary symmetric transformer^ 

and R* 


sense of Definition 9.6; and the transformations[ yp 


coincided 

If f{x) is a function in X*, we first ex?mne:its h r 


a finite interval (0, a): since f(x) is zffluply conti*^ 01 ' 

mi •_ _ •_ 4-~ T _ "VT_ offnAt/ ~ -—-_ 


f This theorem is tide to J. y. Neumann. 0n ma¥ 


161 (1929), pp. 234-2$. 


e &a tib 


2S* 
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for 0< x < a and since/'Or), considered on the interval (0, a), 
is a function in S » (0, a), we can proceed as in the first 

paragraph of the proof of Theorem 10.7 to show that f(x) 

is an absolute]}’ continuous function on the closed interval (0 , a), 

expressible in the form/hr) = /(0) + j gif') g (a*) ~f'(x). 

Since a is arbitrary, this expression is valid over the entire 
interval (0. — x). When/(O) == 0, so that f{pc) is in 2, 
this representation is entirely satisfactory; but, when/(0) ^ 0, 
it causes some inconvenience due to the fact that the 

constant /(0) is no longer a function in 2 t (0, -fx). In 

the latter case, however, we observe that the function 
fix) —/ \$)e~ x is in 2 and can therefore be represented 

as the integral f g (?) d £, where g{x) — 

we thus obtain the more satisfactory representation for the 
function fix) in 2* given by the relation 


fiX) 


/(0) e~ x -f J 9 *T) (' ?, 


where gif) is in S s (0. x). We must call attention to the 
_ n that in these representations for functions in 2) and in 2* 
v. T umction //(/) is not an entirely arbitrary element of 
e " / c) : it must have the property that the indefinite integral 

df is alsu a function in § 3 (0, x). Under this eon- 
* on gix). the indicated representations always lead 
3nS * n ~ an< * respectively. It is evident that 

W; r iiL 2 

vv'e ea' 

it / xi. To this end. we prove that the only 
function ^ i n Ss(0, x) which satisfies the equation 

/(a*) (ar) d r = 0 


are linear manifolds satisfying the relation 2 C 2*. 
w show that 2 , and hence 2* also, is evervwhere 


j: 


for 

liX 

hi A 


ver v iuzctiftj gix) in S is the function fix) = 0. If 
is an arVAtri^ function in S, (0, =0 with the properties 

h u) dx= 0. then g(x) =J^ h (?) d i 


: 0 tor 
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is a function in 2) vanishing for x>ct. For such a func¬ 
tion g(x ), the relation above takes the form 

— F(pc) h (x) clx =J^ f(x) g(x) dx =J o f(x)g(x) clx = 0, 
where 

F(x) = 

By reasoning like that used in the proof of the preceding 
theorem, we conclude that F(x) is constant on the interval (0, a) 
and that f(x) = F'(x) vanishes there. Since a is arbitrary, 
we must have f(x ) = 0, as we wished to prove. 

The transformations H and T are evidently linear trans¬ 
formations with domains everywhere dense in S 2 (0? x). We 
shall give a direct proof of the symmetric character of H. 
By an integration by parts, we find that 

(Ht\ g) - (/, Hg) 

= lim [if (x)g(x) clx — J* Q f (x) ig (x) dxj 
= lim i f(a) g(ci) 

for all functions f(x) and g(x) in 2). Now 7 f(x)g(x) is 
integrable over (0, x) since each of its factors belongs to 
8 a (0, x); and it tends to a limit 'when x becomes infinite, 
as v 7 e have just seen. These two properties are compatible 
only if the limit in question has the value zero. Hence we 
find that (Hf. g) = (/, Hg) and that H is a linear symmetric 
transformation. Next w r e shall show 7 that the transformation H~l, 
the existence of which follows by Theorem 4.14 from the 
symmetric character of H. has S 2 (0, x) as its domain and 
is’ expressed by the equation 

fix) = HZ}g = - ie ~* fg(£ )cV§ ' 

For this purpose w 7 e must determine all the functions f(x) 
in 2) such that if(x) + if(x) = g(x), where g(x) is a given 
function in S 2 (0, qo). The general solution of this differential 
equation is seen to be 
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fix) = ce~ x — ie~ x £ e% g($) d%. 

In order that this solution belong to ® it is necessary that 
/(0) = 0, c = 0. We thus have to determine whether or 
not the function 

fix) == ie~ x J o git) dt 

belongs to' ®. It is evident that this is an absolutely con¬ 
tinuous function on the interval 0 < #<co, which vanishes 
at x — 0 and has the derivative f (x) = — fipc) — ig (x) ; but 
it is not certain that fix) or fix) belongs to S 2 (0, go). 
We observe, however, that when fix) belongs to 8 2 (0, oo) 
then fix) also belongs to S 2 (0, co). Thus, in order to prove 
that fix) is in 25, it is sufficient for us to show that it is 
in S 2 (0, oo). If we form the function g n ix) equal to g{x) 
or to zero according as 0 < x < n or x>n, n = 1, 2, 3, 
we see that the corresponding function 

fix) = — i e~ x J Q e ;c g n (?) dt 

is equal to fx) for 0 x < n and equal to C n e~ x , where 

Cn = —if 0 & g(£) dt, 

for x>n. It is obvious at once that fix) belongs to 
S 2 (0, co) and is therefore in 2) in accordance with the remarks 
made above. By applying Theorem 4.14, we find that 
\fn[ = | Ellg n | <\g n \. We can therefore write 

f*n gn g*> 

J o \f(x) j 2 clx = J o \f n ix) I s dx < J o \f n (x) | 2 dx 

=X 1 9 n{x)\* dx § o \g(x) | 2 dx, 

and can conclude that 

i o' f(x)\**x<f\g{x)\*dx. 

Thus fix) is in S 2 (0, go) and hence in 2), This result shows 
that H~i is a bounded linear transformation with domain 
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£2 (0, co), as we wished to prove. By reference to Theorems 2.23 
and 2.5 we see that Hi}, If-*-, and H are all closed linear 
transformations. Theorems 9.1-9.3 can now be applied to 
the transformation they show that H is a maximal sym¬ 
metric transformation with the deficiency-index (0,n). We can 
complete our analysis by means of the associated isometric 
transformation V = H+i BZ\ discussed in Theorem 9.1. The 
range of V coincides with the range of H+i, and consists 
of all functions 

gix) = i f (x)— i f{x) in £ 2 (0 ? co) 

where fix) is in S. This relation between fix) and g(x) 
assumes the form 

fix) = -te+f)e-S(,(;s) els 

when it is solved under the boundary condition /(0) = 0. 
Since e~ x , fix), and gix) are functions in £ 2 (0 jCo), the 
products e~~ x fix) and e~ x gix ) are integrable over (0,oo). 
The equation 

e~ x f (x) = — i g (?) d ? 

/>co 

shows that e~ x fix) tends to the limit — il e~* g (?) d (?) 

when x becomes infinite; and the integrability of cr x fix) 
requires that this limit have the value zero. Hence the closed 
linear manifold which is the common range of V and H+i 
consists of functions g (x) which are orthogonal to the 
function e~ x . In consequence, the deficiency-index of H is 
subject to the restriction n S> 1, and H is certainly not 
self-adjoint. By direct calculation from the formulas given 
above it is found that 

Vg{x) = g (x)—2 e~ x £ g (?) d '§ 

for all functions gix) in S 2 (0, co). We can now determine 
without difficulty the sequence of functions which can be 
obtained be repeated applications of V to the function <p 0 ix) 
~ V2 e~~ x . By the argument used in the proof of 
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Theorem 9.10 we see that the set {g>«(«)}, where <r»+i(*) 
= Y<pn(x) = fn (*)—2 e-xf* S fn (?) d $ for n = 0,1, 2, • • ■, 
is an orthonormal set in S 2 (0, oo). If we write g>«( x) 
— e~ x pn(x), we have 

_ f*X 

po 0*0 = V2, p n +l (*) = pn (x) — 2 J Q ^ (?) d 


and therefore conclude that p n (os) is a polynomial of degree n. 
Since these polynomials satisfy the relations 



e~ 2x p m (x) p n (x ) 


dx — dmn, 


m, n = 0, 1 , 2, * • • , 


they are essentially the Laguerre polynomials. Thus the 
orthonormal set {<p n } is known to be complete.*]' In terms 
of this set we have 

oo oo 

g = 2 cicc^pa, Vg = Zj a a y>cc+ 1 , 

a—0 a=0 


where a n = (g, gp n ), for every function g (x) in S 2 (0, oo). 
This result identifies V and shows that H is an elementary 
symmetric transformation; in accordance with Theorem 9.9 
and Definition 9.6. We may add that the range of V is the 
closed linear manifold of all functions in S 2 (0, oo) orthogonal 
to y 0 (a?) = V"2 e ~ x , and that H has the deficiency-index (0,1). 

Theorem 9.4 now enables us to determine the trans¬ 
formation H*. The linear manifolds 2), and 3)*~ associated 
with H are found to be, respectively, the set 0 described 
in the statement of the present theorem, the set 0 which 
contains only the function f(x) = 0, and the set of all 
functions ce~~ x where c is an arbitrary constant. It follows 
that the domain of H* consists of those and only those 
functions f(x) which are expressible in the form f(x) 
= ce~ x -\~h{x) where h(x) is in 3) — in other words, of 
those functions which belong to the set ®* described in the 
statement of the theorem. For such a function we have 


H*f(x) = H* ce XJ r &* h (x) — — ic e~ x + i h' (a?) = if'(x ). 


f Courant-Hilbert, Methoden der Mathematischen Physih, yoI. 1, second 
edition, 1931, pp. 81-82. 
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Hence JET* coincides with the transformation T defined above. 
This result completes the proof of the theorem. 

Theorem 10.9. Let ® be the class of all functions fix) in 
S s (—co, + oo) such that fix) is absolutely continuous for 
— oo <C x *< + 00 an d l ias a derivative f r (x) in S 2 (— co, 4" °o) ; 
and let H be the transformation ivith domain ® which takes 


fix) in 2) into -K- / (x ). Then H is a self-adjoint trans¬ 
formation ivith a simple continuous spectrum. If Uis the unitary 


transformation which takes f (x) into ■ - — P e ix * /(?) d'£, 

V 2n J—oo 

in accordance with Theorem 3.10; and if 8 is the self-adjoint 
transformation which takes fix) into x f (x ), whenever fix) 
is a function in S 2 (—co, + co) such that the integral 


—f—00 

-„ *■!/<*> !■ 


dx exists — then H= U8U~ 1 . 


The set 2) is evidently a linear manifold in S 2 (—oo, + co). 
As in the two preceding theorems, we find that 2) is every¬ 
where dense in S 2 (—oo, + co): if fix) is a function in this 

space such that I fix) gix) dx — 0 for every function gix) 


in S), we can write 


r*b _ f*b _ p-j-co ___ 

— Fix) hix) dx = fix) gix) dx — fix) gix) dx = 0 

tja eJU/ d —co 

F(X) = £fC§) dh gix) = £hQO dS, 


where 


and hix) is an arbitrary function in 2 S (— co, +co) with the 
properties h(x) = 0 for x < a, x>b, f hix) dx — 0; and 

do, 

we can therefore conclude that Fix) is constant on the 
arbitrary interval (a, b) and that fix) = F r (x) vanishes 
identically. 

The transformation H is therefore a linear transformation 
with domain everywhere dense in So (—oo, +oo). We can 
show by an argument similar to the one used in the proof 
of Theorem 10.8 that it is symmetric. We have 
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W,g)-(J, Hg) ^ ^ __ 

= lim I ) “ f'(x) g (as) dx — I fix) ~(/{x) dx\ 

a~$ —oo, &—>-\-oc LUa 1 U& ^ J 

= lim 4 /(&)#(&) — lim 4/(a) g{a), 

&-» -j-oo l a—> —oo t 

for arbitrary fun ctions fix) and g(x) in S. Since the 
function f{x)g (x) is integrable oyer (— cc, 4 -go) and tends 
to a limit when x becomes either positively or negatively 
infinite, each of these limits must have the value zero. Thus 
the equation (E /, g) — (f, Hg) is valid and implies that 
E is symmetric. The transformation Hi = E — l * I has, in 
accordance with Theorem 4.14, an inverse Ef 1 whenever 
l is not real. We shall prove that the domain of Ef 1 is 
the entire space S 2 (— oo, +co). Let us consider first the 
case 3 (l) > 0. The general solution of the differential equation 

_L y' — if = g y where g is an arbitrary function in 
S 2 (—<*>, + °°)> is given by 

fix) — ce llxJ r ie llx P e~ ll % g(£) dS, 3(1) >0, 

5/—OO 

where c is an arbitrary constant. The integral which occurs 
in this expression is absolutely convergent since and 

\g($) | 2 are both integrable over (— oo ? x). For large negative 
values of x, the function \f(x)\ is of the order of magnitude 
of \e \ \e ilx \ and hence cannot belong to S 2 (— oo, +oo) unless 
c — 0. We shall therefore examine the solution 

f (x) = i e ilx e~ il * g (?) df, 

with the intention of showing that it belongs to S 2 (— oo, -j-co). 
If g n {x) is that function in S 2 (—co, + oo) which is equal 
to g{x) for — n<x<,-\-n and equal to zero elsewhere, 
n = 1, 2, 3, • * •, then the function 

Mas) = ie ilx c/ n (Z) d% 
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is an absolutely continuous function for —co<^<-)-oo 
with the properties 

fi(x) — 0, a?<—W, 

fn (x) = / 0*0 ““* e"* e~ e7;c <7 (?) ^ ?, — n < a; < + w, 

X —(—’/Z. 

g (?) d ?, a: > + ^. 

From the behavior of ,/ n (a;) for large values of \x\, it is 
evidently a function in S 2 (— oo, -f oo). Hence f[ — ilf n + ig n 
is also a function in S s (—oo, -fco) and f }l (x) must belong 
to S). By applying Theorem 4.14, we obtain the inequality 

Uni = I Hf'gnl ^ |^|/|ST(0|. 

Now the expressions given above show that, on any finite 
closed interval, f n (x) tends uniformly to the limit fix) as n 
becomes infinite. By combining the relations 

lim f | f n (tv) \' 2 dx = [ | f(x) | 2 dx , 

—-v oo n tj cl 

\lhiV = J_ )4 \{/(x)\ 2 dx \g(x)\*dx, 

with the inequality given above, we find that 

f \f{x)\*dx < f |y(a;)| 2 da;/|3(0| 3 , 

( l eJ —00 

and thus conclude that f(x) belongs to S 2 (—co, 4- co )- It is 
now apparent that f = ilf-fig must also belong to 
8 a (— 00 , + 00 ), fix) to ®. Thus Hr 1 carries S 2 (—co, + co) 
in a one-to-one manner into 2D, according to the relation 

f(x) — H~ l g(x) = f g(%) d%. 

In the case 3(1) <0, which presents no essential novelty, 
we find that Hf 1 carries S 2 (— co, +co) in a one-to-one 
manner into 2D, according to the relation 

/(*) = HF'gix) 
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By introducing the function y>(g; l) defined by the equations 


w 

II 

o 

z<0, 

3(l)> 0; 

ip(z; 1) — ie ilz , 

z>0, 

3(0 >0; 

ip(z; T) = ie ilz , 

z< 0, 

3(0 <0; 

xp{z\ T) = 0, 

z>0, 

3(0 <0, 


we can express both these results by the single formula 

/H-00 

f(x) = Hr l g{x) = J_ x — h T)g($) clt. 


The symmetric transformation H is therefore self-adjoint in 
accordance with Theorems 9.1-9.3; and its resolvent Ei = Hf 1 , 
3{T) =(= 0? is given by the relation above. 

For fixed x and l, we may consider — £; l) as a function 
of § belonging to S 2 (— 00 ? +<»). By direct calculation we 
find that 

1 n+zo 

W* — S; 0 = y= xp{x~n\l) dy 

— e ixlj \ r 2n{% — l), 

and can therefore write 


— = TJ~ X (e fa */ V2 n (? — l)) 


X -foo 

Q—iS 7 ) e ixVj / (ji — 0 d 7 j 


1/^2 n 

= U(ir^lV2n(t— T)). 

We therefore have 

X +co - - - 

g (?) U(e~ ix V V r 2 vc (g — l)) cl § 

-00 

'i-j-OO 

rig 


1 r+°° / 

-t 

“ ^(-7=1^^)). 


by virtue of the unitary character of the transformation 27. 
We have thus shown that Hf 1 is equivalent by the unitary 
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transformation U to the transformation which carries an 
arbitrary function/(a?) in S 2 (— 00 , 4 - 00 ) into the function 

——r fix) iw S3 ( — cc,-\-co). The latter transformation is 
x — l 

clearly the inverse of Si = 8 — l-I, where 8 is the trans¬ 
formation described in the statement of the theorem. By 
Theorem 2.54, we see that Hi = USi If - 1 and hence that 
H= USU ~ 1 . We note that the transformation 8 , being 
unitary-equivalent to the self-adjoint transformation H, is 
self-adjoint by Theorem 2.55. 

We can now determine the spectral properties of S and 
hence those of H. Since the equation 81 fix) = {x — l)f(x) = 0 
implies fix) — 0 almost everywhere —co<#< + co, S has 
no characteristic values. Its spectrum is therefore a pure 
continuous spectrum. The resolution of the identity associated 
with 8 can be calculated by the use of Theorem 5.10, as we 
indicated earlier in the proof of Theorem 7.12, or by the use 
of limiting processes such as those described in the proof of 
Theorem 6.9. Denoting it by EQ), we find that E{l)j{x) 
is the function which is equal to f(x) or to zero according 
as x < l or x > A. If fix) is any function in S 2 (—co, -j- cc) 
which vanishes only on a set of zero measure, then the 
family of functions Eifyfix) determines a closed linear 
manifold 9ft if) which coincides with S 2 (— co, + °°) : for if 
gix) is a function in 2 2 (—co, +co) with the property that 

pM -00 _ 

J ^ Eil)fix)gix)dx = 0 
for all values of A, we have successively 

f ^ f(^)g{x) dx = 0 , f{x) g(x) = 0 , g{x) = 0 . 

According to Theorem 7.9, the transformation 8 has a simple 
spectrum. Thus H likewise has a simple continuous spectrum, 
as we wished to prove. 

On the basis of Theorem 10.9, it is possible to develop 
a sound theory of the Heaviside operational calculus, which 
has shown itself so useful in certain branches of applied 
mathematics. For various reasons we shall confine ourselves 
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to brief remarks of a general nature concerning this topic. 
As is well known, the Heaviside calculus is a body of rules, 
largely formal in character, for manipulating the differential 

operator its usefulness is due to its heuristic transparency, 

its flexibility, and its simplifying power. An obvious method 
for discussing the Heaviside calculus from a mathematical 
point of view is to apply the operational calculus of Chapter VI 
to the self-adjoint transformation H defined by the formal 

differential operator in accordance with Theorem 10.9. 

i ax 

By virtue of the connection established there between the 
transformations K, S, and U, it is easily shown that 
F(H) = UF(S) U~ 1 for an arbitrary function F(fy. It can 
be proved that the function F(X) is immeasurable if and only 
if it is ^-measurable and that it is ^-measurable if and only 
if it is Lebesgue-measurable. Now, if F(X) is a Lebesgue- 
measurable function, the transformation F(S) is characterized 
as follows: its domain consists of those functions f(x) in 

X +OO 

^ | F(x)f(x)\*dx 

exists; and F(8) carries a function fix) belonging to its 
domain into the function F(x)f(x). Hence, if F (X) is a 
Lebesgue-measurable function, the transformation F(H) is 
determined as follows: its domain consists of those func¬ 
tions f(x) in (—co, + 00 ) such that 

1 r*- 1-00 

g(x) = U~ x f(x) = 

is in the domain of F(8)\ and, for a function f(x) in the 
domain of F(H), 

F{E)f{x) = e te5 .F(2r) dy d'§. 

This formula appears as the defining equation for the operator 
F(H) in many treatments of the Heaviside calculus, notably 
that due to Wiener.* For practical purposes it is not suf- 

* N. Wiener, Mathematische Annalen, 95 (1925-6), pp. 557-584. 
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ficient to deal with operations confined to the Hilbert space 
S s (—go, + <*>). The definitions and theorems of Chapter YI 
must therefore be supplemented by others which apply to 
operands not contained in this space. Furthermore, an ade¬ 
quate theory must not be limited to a statement of rules as 
general as those given in Chapter VI; it must contain in 
addition many special rules for the convenient handling of 
typical problems which occur frequently in practice. For 
a detailed development of the program indicated, we refer 
to the paper of Wiener just cited and the book of Bush,t 
where a good bibliography is to be found. 

In connection with differential operators of the first order, 
we give the following curious illustration of some aspects 
of the theory of adjoint operators. 

Theorem 10.10. Let 23 be the set of all continuous functions 
of bounded variation on the closed interval (0, 1) with derivatives 
in S 2 (0, 1); let 23 0 be the set of all functions f in 23 such 
that f — 0 almost everywhere on (0, 1); and let A be the 
transformation with domain 23 ivhich carries f into f'ji. 
Then 23 and 23 0 are linear manifolds everywhere dense in 
(0, 1); and A is a linear transformation which is non- 
bounded and which possesses no dosed linear extension . Every 
function in 23 0 is a characteristic function of A for the 
characteristic value zero. The adjoint A* exists and has as 
its domain the set D which consists of the nidi element alone . 

It is clear that both 23 and 23 0 are linear manifolds in 
S 2 (0,1). Since 23 contains the sets 2) and 2)* of Theorem 10.7, 
it is also everywhere dense in S 2 (0, 1).. We now prove 
that 23 0 likewise is everywhere dense in S 2 (0, 1). Let <p a b(%) 
be the function defined by the equations 

tycib (f) — 1, a x b ; 

<pab(%) = 0, 0 x< a, b<x <: 1, 

where 0 < a < b < 1. We then construct an approximating 
function <p a i) (x\ s) in 23 0 as follows: we divide the interval (0,1) 


f Vannevar Bush, Operational Circuit Analysis, New York, 1929. 
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into the five intervals (0, a(l —*)), («(1— e),a), ( a,b ), 
( 6 , 5 + (1 — 6 ) s), (b + (l — b)e,l), where 0 <*< 1 ; on the 
first and last we put <p a b (x\ s) — 0 ; on the second we arrange 
that (fat 0 »; *) increase continuously and monotonely from zero 
to one and have vanishing derivative almost everywhere; on 
the third we put <p 0 .h (a?; e) — 1 ; and on the fourth we arrange 
that cpab (sr, «) decrease continuously and monotonely from 
one to zero and have vanishing derivative almost everywhere. 
It is easily verified that 5 M 0®; *) -*■ 9ai (x) in So ( 0 , 1 ) as 
e-+0. Since the set of all functions (fab (oc) determines the 
closed linear manifold S 2 (0, 1), we see that 23 0 is every¬ 
where dense in s 2 (0, 1 ). 

The transformation A is a linear transformation with domain 
everywhere dense in S a ( 0 , 1 ), as we see by inspection; and, 
in consequence of these properties, the adjoint transformation A* 
exists. If H is the transformation defined in Theorem 10.7, 
if 0 is the transformation which carries every element of 
S 2 ( 0 , 1 ) into the null element, and if T 0 is the transformation 
with domain 33 0 defined by the equation T 0 = 0 in 93 0 , 
then the relations A 3 H *, i D lo, are valid and imply 
the relations £ H , A* £ T* = 0. Thus the domain 
of A* consists of those functions / in the domain 3) of H 
which satisfy the equation Hf= A*f — T 0 f — 0. Obviously, 
the only function with these properties is the function / = 0 . 
Hence the domain of A* is the set 0, as we wished to 
prove. Theorem 2.29 shows immediately that the trans¬ 
formation A is non-bounded; this result also follows from the 
relation A £ H*< We show finally that A possesses no 
closed linear extension: for if there were such an extension, 
the transformation A defined in Theorem 2.10 would exist 
and would satisfy the contradictory relations A 2 T 0 = 0, 
PC1 = 0. 

§ 3. Ordinary Differential Operators of the Second Order 

In the present section we shall give a detailed examination 

of the formal differential operator- f— Jp (pc) ——b r (x) * , 

ct x & a? 
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a<x<b, where (a, h) is an arbitrary finite or infinite interval, 
and where p (, x ) and r(x) areLebesgue-measurable real functions 
such that l/p(x) and r(x) are Lebesgue-integrable over every 
closed interval interior to ( a,b ). We commence with a few 
introductory remarks of more or less heuristic nature, -with 
a view to justifying our choice of this operator. 

The most general formal linear ordinary differential operator 
of the second order can be written as the sum of a finite 
number of terms of the form 

pAx) ih Mx) iix Mx) - +qdx) ik qsix) - +nixy 

where the functions p, q, and r are complex-valued. Unless 
these functions are appropriately restricted, neither the sum 
nor its individual terms can be reduced to simpler form. 
We shall therefore assume at the outset that each of them 
is differentiable to an order sufficiently high to ensure the 
possibility of reducing each term to the form 

-p(x)^ F + q (x) 1 f x + r (x). 

where p — pip*Ps, Q = — ipip'sp* — 2 ipip^p's + #2 > and 

r = — pi 2)2 p's — pi p 2 p's — i qi Q 2 + n ; the given formal 
operator, as the sum of a finite number of such terms, then 
has the same form. In discussing symmetry properties of 
the transformations associated with the formal operator 

— p-rr 4 -q^~ —hr* , we must consider the formal or 

1 dx - 1 * idx 

( 2 % _ ^ _ _ 

Lagrange adjoint — ) + ) + »' By 

assuming the existence of the appropriate derivatives, we 
can reduce the Lagrange adjoint to the form 

+ jt + (-r-iQ+r) ■ 

In order that the given operator and its Lagrange adjoint 
coincide, it is therefore necessary and sufficient that p = p, 
q = —2 ip r +q[ 7 r = — p" — iq rj r~r or that Sp = 0 , 


29 
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3q~ — p r 9 3 r — —JIRg'. Similarly, in discussing reality 
with respect to the conjugation J 2 which replaces a function 
by its complex-conjugate, we are led to consider the formal 
conjugate operator 


In order to obtain transformations which are real with 
respect to J 2 , we require that the given operator coincide 
with its formal conjugate. For this purpose it is necessary 
and sufficient to require that 3p = 0, cRg = 0, 3r = 0. 

Thus the formal differential operator —p 7 - t> 4- q —- f-r- 

1 r dx z idx 

coincides both with its Lagrange adjoint and with its formal 
conjugate if and only if 3p = 0, 81 q = 0, 3q — — p r , 3r — 0; 
in other words, if and only if it can be written as 


d_ 

dx 


p{x) 


d 

dx 


+ r(x). 


where the functions p and r are real-valued. 

By means of the transformation-theory of Liouville, we can 
classify formal differential operators of the second order into 
various types. The result is similar to that obtained for 
differential operators of the first order in Theorem 10.6; but 
it is less satisfactory because it leads to no corresponding 
simplification. First, we may consider the unitary trans¬ 
formation in S 2 (a, b) which takes f(x) into f(x)/d(x), where 
| S (x) | = 1. The image or transform of the formal operator 

C l 2 C ( 

— ^~dx* ^Tdx JrT ‘ 9 a = x = hy this unitary trans¬ 

formation is the formal operator 




dx 2 

2 




d 


■ R • 


idx 

> + "• 


it is evident that 


p = p, Q = 2 pd'/id, JR = r — pd"/d + qd'/id. 
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If the original operator coincides with its Lagrange adjoint 
and if £R(q/p) is integrate over (a, b), we may determine S 
by the equation S'/S = -—£ i§L(q/p) so that P = p, Q = —~ip' J 
P = Sir — (§lq) 2 /4p, where the function p is real-valued. 
Thus the transformed operator coincides not only with its 
Lagrange adjoint but also with its formal conjugate, in 
accordance with the conditions indicated in the preceding 
paragraph. Secondly, we shall consider changes of variable 
analogous to those discussed in Theorem 10.6. Let fi(x) be 
a real function different from zero almost everywhere on (a, b) 
with the property that fi 2 (x) is Lebesgue-integrable over every 
closed interval interior to (a, &); let x = c be an arbitrary 
interior point of the interval (a, b ); and let C be an arbitrary 
real constant. We define a monotone real function with no 
interval of constancy by the equation 

If we denote the lesser and the greater of the numbers a (a) 
and cc(b) by a and b’ respectively, then the relation y = a(x) 
defines a one-to-one correspondence between the ranges 
a <x <b and a' < y b', with the inverse x — y (y). The 
equations g(x) = fl(p)f(a (x)), f{y) = g{y(y))tfi(y iy)) define 
a one-to-one isometric correspondence between functions f(y) 
in S 2 (a!, V) and g(x) in S 2 (a, b). We shall consider the 

result of transforming the operator- p — —f- r • , where 

p and r are real functions, by means of this isometric corre¬ 
spondence. Starting with a function f{y) in («', V ), we 
must pass to its correspondent g(x ) in ( a , b), apply the 
given operator to the latter function, and then determine from 
the resulting function g*(x) the corresponding function in 
£2 (a', V). Formally, the result of the first two steps is the 
function 

g* (x) = — {x) (x)f(a (as))) + r (x) fi (x)/(a (a?)) 

= —pfi a’ 2 f"(cc (a)) - (Cp fi aj+p /?'«')/'(<* (*)) 

+ (—(*)) . 


29* 
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The correspondent of this function is then seen to be 

f* ( y ) = — P(y)f" (y) — Q ( y)f (z/) + R (y)f(y) , 

where P, Q, and B are obtained by setting* x = y{y) in 
the functions pa' 2 , ({pftcc')'-{-pft f a')/ft, and (— (i> ft r ) f vft)/ ft, 
respectively. By means of the relation «'(#) = zb^ 2 (.r), it 

is easily verified by direct calculation that Q(y) — in 

other words, that ((pftcc'y+pft'u')/ft = (p<*' 2 ) '/V. It is 
therefore apparent that the transformed operator can be 

written —-~P(^)~- + P(2/) • ? o! y < V, where the 

functions P and R are real-valued. By selection of the 
functions a and ft we can control the interval (a\ V), the 
function P, or the function P; but it is not possible for us 
to assign all three arbitrarily. In order to prescribe P(y), 
for example, we must choose « as a solution of the differential 
equation p{x)a f2 = P(cc). Similarly, if we wish to prescribe 
R{y), we must choose a and ft as solutions of the simultaneous 
differential equations — {pft') ,J rrft = B(a)ft, a f — zb/S 2 . 
Some particular cases here are not without interest. If 
0 and l/p(x) is Lebesgue-integrable over every closed 
interval interior to (a, b), we can take P(y) = 1 by setting 
a' 2 = l/p(x), ft — (p (x ))~ xl4: ; the function R{y) is then 
given by the equations 

E (■ y ) = r (x) + ~p" (; x ) — jgP ' 2 ( x )> y = a O'). 


Similarly, if the equation — (pft’Y+rft — 0 admits a solution 
which does not vanish on the open interval {a, b ), we can 
take E(y) = 0 by choosing ft as the solution in question. 
Finally, we remark that we may combine transformations of 
the indicated types to reduce a given formal differential 
operator to its simplest and most convenient equivalent form. 

The developments sketched in the two preceding paragraphs 
show that under certain conditions we may treat the differ¬ 
ential operator - f- p (x) + r{x) * , where p and r 

Co X Cl X 



X. APPLICATIONS 


453 


are real functions, as typical of the entire class of formal 
ordinary linear differential operators of the second order which 
coincide with their Lagrange adjoints. Furthermore, it is 
a familiar fact that differential operators of this special form 
occur with great frequency in various problems of pure and 
applied mathematics. In particular, the Schrodinger equation 
of the quantum mechanics involves an operator of this type 
both in one-dimensional problems and in problems which can 
be reduced to one-dimensional problems by separation of 
variables or by an idealization of the physical situation under 
consideration. Thus we have both theoretical and practical 
grounds for considering the study of the indicated special 
operator as an important illustration of the general theory 
of Chapter IX. 

We must now recall some of the fundamental existence 
theorems for linear differential equations, as they apply to 
the operator which we wish to examine. Since we impose 
upon the functions p and r conditions somewhat lighter than 
those assumed in the more familiar treatments, we shall 
indicate the proof of the results which we need here. It is 
convenient to state these results in the following form: 

Lemma 10.1. Let Fix ), R(x ), and f* (x) be complex-valued 
Lebesgue-measurable functions defined on a finite dosed inter¬ 
val {a !, ?/), the functions 1/P, P, and f* being Lebesgue- 
integrable over (a', V); let x — c be an arbitrary point of the 
interval (a!, b '); and let c x and c 2 be arbitrary complex constants. 
Then there exists a unique function fix) with the properties 

(1) fix) is absolutely continuous on the closed interval ( a ', b r )\ 

(2) Fix) f' (x) is absolutely continuous on the closed interval 

{a 1 , V ); 

(3) —(P/')' + Rf = f* almost everywhere on ( a ?/); 

(4) /(c) = ci, P(c)/'(c) = c s ; 

and the function f{x) is real whenever P, 22,/*, c t , and <:« 
are real. If f ( x) and / ( x ) are two functions with the 
properties (1), (2), and (3) for f* (x) = 0, then the function 

W{fi,f 2 )=P(x) Oi {x)fi (x) —f[ (x)f 2 0r)) 



454 


HILBERT SPACE 


is a constant which vanishes if and only if f (x) and f 2 (x) 
are linearly dependent; and if f t (x), f 2 (x), and f s (x) are 
cmy three functions with the properties (1), (2), and (3) for 
f* (f) = 0, then they are linearly dependent. A function 
f(x) has properties (1)—(4) if and only if it can be expressed 
in the form 


fix) = a 1 fix) + a* ft ix) + 


£ 






where fi (x) and f 2 (x) are two functions satisfying conditions 
(l)-(3) with f* (x) = 0 and W (f , f 2 ) ^ 0> and where 
and a% are constants determined by the equations 


a±fi (c) + a 2 f 2 (c) =/(c) = c L , 
ai P(c)fl(c) + a*P(c)fi(c) = P(c)fic) = 

with determinant W (/i,/a) =1= 0* 

Before sketching the proof of this lemma, we note, in 
connection with condition (2), that the statement must be 
interpreted to mean that P (x) f (x) is equal almost every¬ 
where to a function which is absolutely continuous on the 
closed interval (a', b f ). 

Our first step is to treat the special case where Six) — 0. 
By direct integration of the differential equation — (Pf'Y =/*, 
we established the existence and uniqueness of the function 
fix) satisfying conditions (1)~(4) and we obtain for this 
function the explicit formula 

/(*) = <*+«. £ i/p(s) <*$— fa/pa)) (J> wdjjdn. 

On integrating by parts in the last term of this formula, 
we find that 

/(*) = k + c,£l/P®dS 

+ X (Jc 1 / - p (v) dy — J e 1 /P(*i)dqjf*®dg 

— c i + Ca u (x) + Y (m (?)—u (x))f*(jf) d%, 
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f*x 

where n(x) = J c 1 /P(?)d?; and we recognize this result 
as a special case of the last statement of the lemma, with 
E (as) = 0, fi(x) = 1, f 2 (x) = u (x) f and IF(/ x , / 2 ) = 1. 

We now see that in the general case a function f(x) 
satisfies conditions (1) — (4) if and only if it satisfies the equation 

c («(£)— u(x)) (/* (S)—22(E)/(f)) 

For the results of the preceding paragraph show that this 
relation is equivalent to conditions (1) — (4) with (3) written in 
the form —(. Pf')' = f* — Ef. To solve this equation by the 
method of successive approximations, we introduce the 
sequences {/«(#)} and {g n {x)\ defined by the relations 


AW = o, 

AliW = (\ + c 2 u(x) + J c (u(£)-u(x)) (/*(?) — 

,qo ./o (a?) 0, (aO «/■>*-!-1 (f) ,f m (&)> 

where n = 0, 1, 2, • • *. We then have 

n 

fn (x) — (]a (x) 

a — 0 

for all n, and 

1 (a) = (w («) “ u (£)) E (?) g n (?) cl ? 

for all n except ?2 = 0. We now show that on a certain 

closed interval, described presently, the sequence {f n (a?)} 

tends uniformly to a limit /(as); in other words, that on this 
00 

interval the series 2 g a (x) converges uniformly to the 
sum fix). Since the function u(x) is continuous on the 
closed interval ( a ', V), there exists a constant M such that 
| u(x) — 2*(?)| for all x and all ? on this interval; and 

since the function E{x) is Lebesgue-integrable on (of, b'), 
there corresponds to each positive number e a positive = 

such that | E (?) | d 5 < e for every subinterval A of (a , V) 
with length not exceeding y. We denote by q some number 
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on the open interval (0, 1) and set d = »/(?/ M). We then 
introduce the interval A which comprises those values of x 
on the interval ( aV) satisfying the inequality c—d <^x<^ c+d. 
For the present we restrict our attention to the interval A. 
If y tl is the maximum of the continuous function \g n (a;)| on A, 
we have 

I C x 

Yn +1 = max I I (u (x) — u (?)) E (?) r/ n (?) d ? 

<iMy n max |i2(?)|d? < qy n 

00 

for x in A and w = 1, 2, 3, • • •. Thus the series 2 g a (.r) 
converges uniformly on the interval A, as we wished to 
prove. It is easily verified that the sum of this series is 
a solution of the equation under consideration, for all x in A . 
We can now show that there is no other solution on any 
subinterval A 0 of A. In fact, if fipc) is the difference of 
two solutions valid on the interval A 0 and if y is the maximum 
of the continuous function \f(x)\ on A 0 , we have 

fix) = J^(«(*)-«(S))!2(S)/(S)d5, Y ^ er, 

and infer, by virtue of the inequality 0 < q < 1, that y and 
f(x) vanish. Thus we have established the existence of 
a unique function fix) satisfying conditions (l)-(4) on the 
interval A . In this result, the position of the point x = c 
on the interval (a!, b') is entirely unrestricted, the constants c\ 
and c 2 are arbitrary, and the length of the interval A is 
never less than the smaller of the two fixed numbers d and 
V — a'. We are therefore enabled to construct, by a finite 
number of applications of this result, a function / (x) satis¬ 
fying conditions (l)-(4) on the entire interval ( aV). We 
begin by covering the interval (a', b f ) by a finite set of 
overlapping intervals A X} • ••, A n , each of which has length 
equal to the lesser of the numbers S and V — a/. From all 
the functions satisfying conditions (l)-(3) on an arbitrary 
interval A k , we can select a unique function fh(x) by as¬ 
signing a point in A k and the values of f k (x) and P(x) f k (x) 
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at this point. When k has a value such that A k contains 
the point x = c, we determine f k (x) by the requirement 
that fk (c) = c*i, P(c)f k (c) = C‘2 • When (x) has been 
determined for a given value of k, we choose fi (x) on any 
interval Ai which overlaps A k by the requirement that f k (a*) 
= fi{x) on A k A h observing that the desired relation is 
satisfied if and only if 

fkipc o) = fi{x o), P(x 0 )f k (x 0 ) = P(x Q )fi{x o) 

at some point a? = ^ i n 4/ c 4*. It is evident that this set 
of requirements leads to a uniquely determined function f k (x) 
for ft = 1, n. The function f{x) which is defined as 
equal to f k (x) on A k , k — 1, • ••, n, is obviously a single¬ 
valued function satisfying conditions (l)-(4) on the entire 
interval («',&'). The method employed in the construction 
of this function shows that it is unique. 

The arguments necessary to establish the remaining state¬ 
ments of the lemma are sufficiently familiar that we do not 
repeat them here; they are strictly analogous to those given 
in the usual discussions where P and Q are assumed to be 
continuous.* 

As we pointed out in Chapter III, § 3, the formula of 
Lagrange is essential in the discussion of the symmetry 
of transformations associated with the formal operator 
d (l 

- _——|_ r . ? which we wish to study. In the present 

(IX Cl X 

instance, the formula is 

f a , [(— ( Pf'Yg + rfg) — (— f(p.(/’)'+ rfd)] dx 

= [— pf'g+fpg'&a’, 

where a<.a'<Cb'<.b. In using this formula it is convenient 
to denote the expression — p (x) f (x) g (x) + fix) p (x) g (x), 
for values of x where it is significant, by the symbol B x (f, g)> 
We shall write 

* See, for example, B6cher, Legons sur les methocles de Sturm . Paris, 
1917, Chapter I and Chapter Y, § 20. 
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B a if, g) = lim 5* (/, #) and £ 6 (/, #) = lim B x if ,,?), 

a?->a 

whenever the indicated limits exist; and we shall also write 

B(f,g) = B b (f,g)-Ba(f,g), 

when the two terms on the right are significant. 

After these preliminary remarks, we can proceed to the 
analysis of the various transformations associated with the 
formal differential operator under consideration. 

Theorem 10.11. Let p(x) and r (x) be real Lebesgue-measur- 
able functions defined on a finite or infinite interval ( a , b), 
where l/p(x) and r(x) are Lebesgue-integrable over every finite 
closed interval [a!, b') interior to b). Let 2)* be the set 
of cdl functions in S 2 (a, b) such that 

(1) f{x) is absolutely continuous on the open interval (a, b); 

(2) p(x)f f {x) is absolutely continuous on the open interval 
0 a, b); 

(3) — {pfy+rf is a function in S 2 (ct, b); 

and let T be the linear transformation with domain 2)* which 
takes f into — (vf) ,J rrf- 

Then B*{f,g), Bfifig), and Bifig) = ( Tf,g)-(f , Tg) 
are complex-valued bilinear functions of f and g defined for 
all f and g in $>*. Let 2) be the set of all functions f in 
2> : * such that B (/, g) = 0 for every function g in 2)*; 
and let H be the linear transformation with domain 2) which 
takes f into — ipf') f firf. Then H is a closed linear sym¬ 
metric transformation with the adjoint H* = T and the 
deficiency-index (m } m), ivhere m — 0, 1, or 2. Both LI and 
T ar e rea l with respect to the conjugation fi which takes fix) 
into fix). 

In connection with the descriptive properties of the class 2)*, 
we point out that a function fix) in S 2 (a, b) is considered 
to be absolutely continuous for a<x<b if it is equal almost 
everywhere to a function which has this property in the strict 
sense, and that the derivative of such a function is to he 
calculated by operating with the equivalent function which 
is absolutely continuous in the strict sense. 
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The formula of Lagrange shows us immediately that 
B(J, g ) = ( Tg) = lim f (Tfg —fTg ) dx 

a'->a,b' * Ja 

= I™ *>' (/; .?) — liin£V (/, ,?), 

the existence of the limits JB a (f,g), B b (f,g), and B{f,g) 
being established by the convergence of the integral of 
Tfg — fTg over the interval ( a , b), provided that / and g 
are functions in 2)*, The fact that B if g) is thus significant 
for all f and g in 25* allows us to define the set 2) in the 
manner indicated in the theorem. 

We now determine all pairs of functions g and g* in 
8 a (a, b) which satisfy the relation (Hf, g) = (/, //*) for 
every function / in 2). For this purpose it is convenient 
to restrict the function f to belong to a suitably chosen 
subset of 2), described below. Let {a', V) be an arbitrary 
closed interval interior to (a, b). Then Lemma 10.1 estab¬ 
lishes the existence of solutions of the differential equation 
— ipu'Y -\-ru = 0 on the interval (a', V). In fact, we can 
construct two real solutions u x and a 2 with W{u x , iu) = 1 
and we can express every other solution u in the form 
u = eh Ui + u 2 where a x and a 2 are complex constants. 
Since every solution u is continuous on (a', V), we see that 
the totality of solutions is a two-dimensional closed linear 
manifold in £ 3 (a', b'). Let /* be an arbitrary function in 
S 2 (a, b) which vanishes identically outside the interval {a', V) 
and which has the property that 

f, /* (x) u(x) dx = 0 

t/a 

for every solution u of the differential equation — (pu') r f-rn = 0 
on (a' ? V)\ and let fix) be the function defined by the relations 

fix) = 0, a<x<a', b'<x<b ; 

fix) = £ ( Ul (x) «, (?) — (i) w, (x)) f* (£) as, a' <x < V . 

The conditions imposed upon /* demand that fix) and 
pipe) f' (x), where 
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p(x)f'(x) = 0, a<x<a', V<x<b\ 

p{x)f'{x) = £fp{x)il 1 (x)iiv($)—ih(S)p(x)il 2 (r))f*(;i)d'§, 
a' < x <: V, 

be continuous for a<x<l, vanishing at x — a' and x=V. 
It is easily verified, with the help of Lemma 10.1, that / is 
in ® and that Hf — — (p/)' + »'/ = /*• Since both / 
and /* vanish identically outside (cl, V), the relation (Hf, cj) 

— (f; 9*)> which refers to £=>(a, it), can be written in the form 

£f*ffdx = £fg*dx, 

which can be treated as a relation holding in 2 2 (a r , b f ). 
Now the function h (x) defined for a’ < x <S V by the equation 

h {x) = f, (ux {x) u 2 (?) —Ux (?) (x)) g* (?) d ? 

eJ CL 

belongs to V) and satisfies the equation— (ph'Y+rJi=g*, 
in accordance with Lemma 10.1. The formula of Lagrange 
shows that 

£ UY-f*h) dx= £ (-fWy + (pfjl 0 dx 

= (pfh-fphXZ = o 

and thus enables us to write the relation (Hf, g) = (f, g*) 
in the form 

(*,/*(?— h)dx — 0. 

cJ a 

Since /*, considered as a function on the interval (a*, V), 
is arbitrary save for the condition that it be a function in 
2 2 (ci r , b') orthogonal to every solution u of the equation 

— (pu'Y + ru = 0, a' < x < V, we conclude that g — h 
= dx Ih + cu u 2 or 

g(x) — a 1 tt 1 (x)+a s u 2 (x)+£ (u 1 (x)u 2 (S)—u l (S)th(x))g*(S)dS 

for cl <Lx<b’. By Lemma 10.1, this relation implies that 
9 is a solution of the equation — (pgj+rg = g* on ( aV). 
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Since (a, V) is an arbitrary closed interval interior to (ci, b), 
and since g and g * belong to 8$ (a, b), this result means 
that the equation (Hf, g) = (/, #*) holds for every / in 2) 
only if g is in 2)* and //* = Tg. On the other hand, we 
have (77/; g) — (f, Tg) = (T 7 /, g) — (f , Tg) = £(/, .p) = 0 
for all / in 2) and all g in 2)*. We conclude therefore that 
the adjoint of 77 exists and is identical with T 7 . From 
Theorem 2.6 we infer that 2) determines the closed linear 
manifold S 2 (f ? &). Since 2>* contains 2) as a subset, it also 
determines the closed linear manifold 8 s (a, b). In view of 
this fact, the transformation T* exists. The relations 77 C 2\ 
77* = T imply the relations II^ T and H Q 7 T * C T 7 . Thus 
a function ,/' belongs to the domain of 7 7 * if and only if it 
is in 2)* and satisfies the relation 

0 - (7 7 *,/;.?)—(/, 7V/) = (7,y; //)-(/, tv,) - nu\ o) 

for ever y g in 2)*; in other words, if and only if it is in 2). 
Thus T* and H must coincide. The relations 77^ 7 7 , H C r J\ 
H= T* now imply that H is a closed linear symmetric 
transformation. We note that 2) and £)* are both linear 
manifolds everywhere dense in S d (n, b), in accordance with 
the relations 77= T*, T=H*. 

If / is a function in 2)*, then f is also in 2)*; and 

Tf = —(p/y+rf = -( rf'y+rf = 71/: 

Thus the transformation T is permutable with the conjugation <7,, 
and Tis real with respect to J 2 in accordance with Definition9.8. 
Theorem 9.13 shows that 77 = 7 7 * is also real with respect 
to J 2 . 

By Theorem 9.14, the deficiency-index of the transform¬ 
ation 77 must have the form (m, m). We know from the 
general theory of Chapter IX, §1, that m is the dimension 
number of the characteristic manifold of the transformation 
T = 77* corresponding to an arbitrary not-real characteristic 
value l. To determine m, we solve the differential equation 
— (vf) r — T)f=0 on the open interval {a,b). Lemma 10.1, 
with P = 2 ) and R = r — -l, establishes the existence of 
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solutions on an arbitrary closed interval (a', b f ) interior to 
(a, b)\ each solution can be extended to the entire open 
interval (a, b) by allowing a' and V to tend to a and to b, 
respectively. The lemma shows that there are exactly two 
linearly independent solutions of the differential equation. 
Hence the number of linearly independent solutions belonging 
to £ a (a, b) is 0,1, or 2. The solutions which belong to £ 2 (a, b) 
are precisely the solutions of the equation Tf — If — 0. 
It follows, therefore, that m has the value 0, 1, or 2. 

We shall now examine the three cases which may arise 
according as m = 0, 1, or 2. We first obtain the following 
immediate result, the discussion of which may be left to the 
reader. 

Theorem 10.12. In order that the transformation H of 
Theorem 10.10 be self-adjoint , it is necessary and sufficient 
that one of the four following conditions be satisfied: 

(1) the sets $ and S* coincide; 

(2) B(f, g) = 0 for all f and g in $*; 

(B) m has the value 0; 

(4) the differential equation — (pf') ,J c(r — l)f= 0, 3(l) ^ 0, 
has no solution in £ 2 (a, b) other than f = 0. 

Whenever these conditions are 'satisfied, the differential 
equation —(p/') + (r— T)f — f *, 3(1) 0, has a unique 

solution in % (a , b) for each function f* in £ 2 (a, b). 

We have next 

Theorem 10.13. A necessary and sufficient condition that 
the transformation H of Theorem 10.11 have the deficiency- 
index (l, 1) is that the solutions in £2 (a? b) of the differential 
equation — (pf) ,J r(:r — T)f— 0, 9 (7) 0, constitute a one¬ 
dimensional closed linear manifold. When H has the deficiency- 
index (1, 1), toe can select a normalized characteristic element u 
of the transformation II* = T corresponding to the charac¬ 
teristic value + i—in other words , a function satisfying the 

relations J* a \u\ 2 dx = 1 and —(puff (r — i) u = 0 —and 

we set ve — (e %612 u — e~~ l612 u)/2 i where 0 6 < 2 n . The do¬ 

main % of H and the associated sets 2) + and ST described in 
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Theorem 9.4 can then be identified as follows: 2) is the set of 
all functions f in 2)* such that B(f, u) = B(f , u) = 0; 
the set 2) + is the dosed linear manifold determined by u / and 
the set 2T is the dosed linear manifold determined by u . If 
2)(0) is the set of all functions f in 2)* such that B{f, vq) = 0, 
and if H (0) is the transformation with domain 2)(0) which 
takes f into — (pf') /J r rf, then H{6) is a self-adjoint extension 
of H real with respect to the conjugation J 2 ; and if 8 is an 
arbitrary maximal symmetric extension of H, then 8 coincides 
ivith jH( 0) for exactly one value of 0 on the range 0 < 0 < 2 rr. 
The differential system — (pf) ,J r{r — T)f = /*, 3(Z)^0, 
B(f, vq) — 0, has just one solution in S 2 (a ; b) for each 
function f* in S 2 (a,b). 

The condition that H have the deficiency-index (1, 1) has 
already been discussed in Theorem 10.11. Thus, if H has 
the deficiency-index (1, 1), we can choose a normalized so¬ 
lution u of the equation Tf = if. Since T is real with 
respect to the conjugation J 2 , we find that u = J 2 u is a 
normalized solution of the equation Tf = —i/, in accordance 
with the relations Tu — TJ 2 u = J 2 Tu = J 2 i u = —if u 
= — iu. By direct computation we find that B(u f u) — 2i, 
B{u, u) = —2 i f B{u, u) — B(u, u) = 0. According to 
Theorem 9.4, 2) + is the closed linear manifold determined 
by u\ 2r is the closed linear manifold determined by u\ and 
2)* consists of those and only those functions /in S 2 {a, b) 
which are expressible in the form / = fo + (h u + a 2 u, where 
f 0 is in 2) and a x and a 2 are complex constants. The con¬ 
dition that B (/, g) = 0 for every g in 25* characterizes 
those functions/ in 2)* which belong* to 2). This condition 
is now seen to be fulfilled if and only if 

B (/, g 0 ) + a i B (/, u) + a 2 B (/, u) = B (/, g 0 +a t u + a 2 u) = 0 

for every g 0 in 2) and every pair of constants a x and 
Since B (/, g 0 ) — 0 whenever / is in 2)* and since a x and a 2 
are arbitrary, this condition is satisfied if and only if 
B(f, u) = B(f , u) = 0. Hence 2) is characterized in the 
manner stated in the theorem. 



464 


HILBERT SPACE 


We shall now determine all the maximal symmetric ex¬ 
tensions of R, by the methods described in Chapter IX, § 1. 
According to the general theory, we must first determine all 
the isometric transformations of 35 + = 2 2 (« ? b) © 31-./ into 
Sr = 2 a (a, 6)©3t+i, where 31^ and are the ranges of 
H+i and R~i respectively. Hence the desired isometric trans¬ 
formations are those which carry an into e~ lQ au, 0 <; 6 < 2n. 
Corresponding to each value of 0, there is a distinct maximal 
symmetric extension of H, which we denote by 8(0), The 
process given in Theorems 9.1-9.3 for the construction of 8(0) 
shows that a function / is in the domain of 8(0) if and 
only if it is expressible in the form / = g-\-a(u — i~ ie a) 
where g is a function in 35 and a is a complex constant. 
By setting a = e ie!2 c/2i and (e i6l2 u — e~ i6,2 u)/2i — ve, we 
can write this relation as f— g + cz-e* A necessary and 
sufficient condition that f have this form is that it belong to 
the set 35(0) described in the. statement of the theorem, as 
we shall now prove. When f = g -\- eve, we see that it is 
a function in 3)* satisfying the condition 

B(f, vq) = B{g , v e ) + cB(ve, vq) = 0, 

since Big, vq) vanishes by virtue of the fact that g and v e 
belong to 35 and to 3)* respectively and since B(vq, vq) 
vanishes by direct calculation. Hence /belongs to 3)(0). On 
the other hand, if /is in 35(0) it belongs to 3)* and can 
therefore he written in the form /= g + % u + a 2 u where 
g is in 3); and it satisfies the condition B(f\ vq) — 0 which 
implies the relations 

B (a x u + a 2 u, v d ) = a x B (u , vq) -f- ct 2 B (u, vq) 

— — e~ i6/2 % — e i9 - 12 a 2 — 0 
and 

ctx = ce ie/2 /2i, a 2 = — ce~~ i6l2 /2i. 

Hence we see that / = g-\-cve, as we wished to prove. 
This result shows that 8(B) has 35(0) as its domain. Since 
we know that the transformation H* = T is an extension 
of 8(0), we conclude that 8(8) = R(B), as stated in the 
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theorem. The fact that H(6) is self-adjoint is an immediate 
consequence of Theorem 9.3; and the fact that H(9) is real 
with respect to the conjugation J 2 follows from Theorem 9.14. 
We can also deduce the reality of H(d) from the observation 
that the boundary condition B(f, v&) = 0 is expressed in 
terms of the real-valued function vq. Since the resolvent 
set of H(Q) contains all not-real values l, the equation 
If = /*, 3(1) / 0, has a unique solution /in S 2 (a,b) 
whenever f* is in 2 2 (a, b ). This equation is obviously equi¬ 
valent to the differential system — (pf') fJ r(r — l)f = f*, 
3(1) =j= 0, B(f v&) = 0, where the given function /* and 
the solution / are required to belong to S a (a, b). 

Theorem 10.14. A necessary and sufficient condition that 
the transformation H of Theorem 10.11 have the deficiency- 
index (2, 2) is that every solution of the differential equation 

— (pu'Yfi- (? ~~l)u = 0, 3(1) + 0, belong to 2 2 (a, b). When 
H has the deficiency-index (2, 2), we can introduce charac¬ 
teristic functions u± and u 2 of H* = T corresponding to the 
characteristic value + i and constituting an orthonormal set, 

( uj, Uk) = f ujuhdx = S Jk ; 

eJ a 

and toe set 

2 

V}ca :== Uk aka U a > h = 1 ? 2 , 

cc — l 

where a = { aju) is a unitary matrix, 

2 

Oja Ujca === $jk ? jj h = 1 , 2, 

« = 1 

The domain of H and the associated sets 2> + and ST 
described in Theorem 9.4 can then be characterized as follows: 
is the set of all functions f in 2)* such that 

- B(f, Ul ) = B(f u 2 ) = B(f u,) = B(f u 2 ) = 0; 

2/ is the closed linear manifold determined by the orthonormal 
set {toe}; and ST is the closed Unear manifold determined by 
the orthonormal set {uk }. Xf $ (a) is the set of all functions f 
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in 25* such that B(f , via) — B(f> ^<0 = 0 and if H(a) is 
the transformation with domain 2) (a) winch takes f into 
— (pf'Y-f rf, then H(a) is a self-adjoint extension of H\ 
and if 8 is an arbitrary maximal symmetric extension of H 7 
there exists a unique matrix a such that 8 = H(a). The 
differential system — {pf'Yf ( r — 0/ — ,/’% 3(1) ^ 0, 

B(f, via) = B(f, to a) = 0, /zas one solution in 8 2 (a, &) 
/br each function /* m 8 s (a, &)• transformation H(a) 

is real with respect to the conjugation J> if and only if the 
matrix a satisfies the condition a 2 1 = fli* • Th/zen fcs con- 

dition is satisfied, there exist two real functions ff and vf 
2 

such that vfi = ^bj&vp a , where det {&#} ^ 0; rm^ the set 
2) (a) zs the set of all functions f in 2)* such that 
B(f, t£>) = B(f, vf>) = 0. 

The condition that H have the deficiency-index (2,2) has 
already been discussed in Theorem 10.11. Thus, if H lias 
the index (2,2), we can select an orthonormal set which 
determines the two-dimensional closed linear manifold 25 + of 
all solutions of the equation Tf=if or— (pf'Y-fir —•/)/=? 0. 
This set contains two elements, which we denote by u t and u 2 . 
Since T is real with respect to the conjugation J 2 , we find 
that {wa} is an orthonormal set which determines the two- 
dimensional closed linear manifold ST of all solutions of the. 
equation Tf = — if . By direct calculation we have 

B(uj,uic) — 2 idjk, B(iij,Uh) = B(uj f mi) = 0 , 

B(uj,u 1c ) = —2id Jk} j, h = 1, 2^ 

Since we have characterized the manifolds 25 + and 2)™, we 
can apply Theorem 9.4 to show that 2)*, the domain of 
IT* = T, comprises those and only those functions f in 
^2 (a, b) which are expressible in the form f = f 0 + ch 
+ a 2 n 2 + a 3 u x + cii u 2 where / 0 is in 2) and a l7 a 2} a 3 , a 4 
are complex constants. The condition that B(f, y) = 0 for 
every g in 2)* characterizes those functions f in 2)* which 
belong to 2). This condition is fulfilled if and only if 
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B(f\ 9o) Ui B (f , Ui)-\-a%B (/, «a )+ a s B (/, u^-^-a^B (f, u 2 ) 

= B (/, + «i % + «a + Ch Ui + a±u 2 ) = 0 

for every g 0 in 2) and every set of complex constants a ± , , 

« 8 ; « 4 - Since B(f, g 0 ) = 0 for arbitrary f in S* and since 
the constants in question are arbitrary, this condition is 
satisfied if and only if 

B(f, ih) = B(f, u 2 ) = B(f, tii) = £(/, it,) - 0, 

as we wished to prove. 2) is thus determined in the manner 
stated in the theorem. 

We shall now determine all the maximal symmetric ex¬ 
tensions of H, by the methods of Chapter IX, § 1. According 
to the general theory, we must first determine all the isometric 
transformations of S) + = S 2 (a, b) © SR-* into ST = S 2 {a, b)Q 91+./, 
where 91 h and 91-* are the ranges of H+i and H~i respectively. 

Clearly, the desired isometric transformations are those which 
2 2 

carry f = a u Ua into/* = ciap up, where a — {ctjk} 

ct = l a,p—l 

is a unitary matrix. Corresponding to each matrix a, there 

is a distinct maximal symmetric extension of H which we 

denote by S(a). The process given in Theorems 9.1-9.3 

for the construction of 8(a ) shows that a function f is in the 

domain of S(a) if and only if it is expressible in the form 

2 2 

/=.</+ 2 (<?«/* Up — Clap Up) — f) + Clce V«a , 

d,p = 1 a = 1 

where ^ is a function in 2), ci x and a 2 are complex constants, 
and via and v 2a are the functions defined in the statement 
of the theorem. When f is expressed in this form, we see 
that it is a function in 2)* satisfying the relations 

B (f } Vjca) = B(g, Vka)+CliB(y la , Vfca)+ Ct 2 B(v 2 a, Vjca) = 0 

for h = 1, 2, since B(g,v?ca) vanishes by virtue of the fact 
that g and Vka are in 5) and in 2)* respectively and since 
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by direct calculation. On the other hand, if / is in S) (a) 
it belongs to 3)* and can therefore be written in the form 
f=g + aiu+ ch w 2 + «s + a±u 2 , where g is in ®. The 
conditions j? (/, v*a) = 0, Jc — 1,2, reduce by direct cal¬ 
culation to 

O! 5 (%, V&a) + $2 -B («a , Vfcfl) + «8 7? l > Wca) 4~ #4 B (w 2 , Vfca) 

= 2 i (cix dik + 4" $3 ^/Cl 4" #4 &/C2) = 0. 

The relations a 8 an 4“ ^ 4^12 = —Osasi+^ass =— as 
are thus seen to be valid; and they imply that a n — — a t a 21 
— Os Os 2 ? a 4 = — cti a 21 — a%a% s . In consequence the function / 
has the form / = g 4- »i via 4- i? 2 a» Hence the trans¬ 

formation ^(a) has 3) (a) as its domain. Since the trans¬ 
formation H* = T is an extension of S(a), we conclude that 
S(a) = 17(a), as stated in the theorem. The fact that H(a) 
is self-adjoint is an immediate consequence of Theorem 9.3. 
Since the resolvent set of 17(a) contains all not-real values l, 
the equation 17(a )/—lf = f *, 3(1) ^ 0, has a unique so¬ 
lution/in 2 a (a, 5) whenever /* is in 8 2 (a, b). This equation 
is obviously equivalent to the differential system — (j//')' 
+ (r—= 3(1) + 0, B(f, v la ) = B(f, via) = 0, where 

the solution / and the given function /* are required to 
belong to S 2 (a, J). In order to determine under what con¬ 
ditions the transformation JET(a) is real with respect to the 
conjugation J 2 , we have merely to examine the discussion 
under Theorem 9.14 with reference to the special case before 
us. We find that H( a) is real with respect to J s if and only 
if the matrix a has the property that aj c j — ajj c for j, Jc = 1 , 2. 
Obviously, these conditions reduce to the single relation 
Oai = coi 2 , the others being trivial. We may also obtain this 
result by examining the conditions under which J 2 carries 3 ) (a) 
into itself. Since J 2 carries 3) into itself, we have only to 
determine the conditions - under which vu and v^ a belong to 
3)(a). It is evident that the equations 

B(v Ja , Vjca) — 2 i(a~kj — ajk) — 0, j, h = 1, 2, 

furnish the desired criterion. When H(a) is real with respect 
to J 2 we find by direct calculation that for Jc = 1, 2 the relations 
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Vka = 

Vka = 


2 

— 2 a kS Vr 

2 




2 a kB VSa 9 

i5 = l 


SI Vjca = i 2 — ajcp) Vfia, 

P = 1 

1 2 

3 Vka = Y~ z 2^ Ipkp + Clkp) V0a ? 


are satisfied. Since the linear manifolds 2) + and ©~ are 
linearly independent in accordance with Theorem 9.4, we see 
easily that the functions v± a and vo a are linearly independent. 
We therefore conclude from the relations indicated above that 
we can choose a pair of linearly independent real functions 
v r a v and if } from the set Stv la , Siv 2a , 3 v la , 3 v 2a , and that we 
can express the two remaining functions in the set as linear 
combinations of them. It is now clear that we can express 
v la and v 2a as linear combinations of v™ and vf\ and con- 

2 

versely. Thus we have v ( /> = 2 bjp v p a > det {& ; J ^ 0* The 

boundary conditions B(f, vu) = B{f , V 2 a) = 0 which charac¬ 
terize 2) (a) are obviously equivalent to the real conditions 
B(f, v ( ^) — B(f, v^) = 0. This result completes our dis¬ 
cussion of the theorem. 

In order to make further progress in the study of the self- 
adjoint transformations H(d) and H(a) described above, we 
must first discuss certain special cases. In addition to providing 
tools for the treatment of the general problem, these special 
cases are of interest in themselves. The proposed specialization 
consists in restricting the behavior of the functions p (x) and 
r(x) at one or at both ends of the interval (a, V). There 
are essentially two different cases, one corresponding to the 
differential systems discussed by Weyl,* the other to the 


* Weyl, G-ottinger Nachrichten, 1909. pp. 37-63; Mathematisclie Annalen, 
68 (1909), pp. 220-269. 
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Sturm-Liouville differential systems.t It is the first case 
which will enable us to gain a deeper insight into the general 
problem. We shall use without further comment the notations 
introduced in the preceding theorems. 

Theorem 10.15. Let (a, b) be an arbitrary finite or infinite 
interval with a > — co; and let the functions p (x) and r (x) 
satisfy , in addition to the conditions stated in Theorem 10.11, 
the condition that 1 Ip(x) and r(x) be absolutely integrable 
over every interval (a, c), a <Cc<Lb. The set 2) is then the 
set of all functions f in 2)* such that f(a)=p(ci)f'(a) =0 
and Bb(f, g) = 0 for every g in ®*. Let ©*(y) be the set of 
all functions f in 2)* such that sin y .f(a) + cos y -p ( a)f r (a) ~ 0 , 
Q ^ y < 71 ; and let T{f) be the transformation with domain 
©*(y) which tcthes f into — (pf'Yf-'rfi Let &(<p) be the set 
of all functions f in ©* (cp) such that Bfif, g) = 0 for every g 
in ©* (cp ); and let G (cp) be the transformation with domain 
©( 9 ) which takes f into — (pf'Yfi-rf. Then G (cp) is 
a proper closed linear symmetric extension of H with the 
adjoint G* (y) = T(cp) . The deficiency-index ofHis either ( 1 , 1 ) 
or (2, 2). Loth the transformations G (y) and G* (cp) = T(cp) 
are real with respect to the conjugation J 2 . 

By applying Lemma 10.1 to the differential equation 
— (pf') ,J r r f ==/*> a < x <, c, ci<c<b , where /* is in 
S 2 (a,b), we see that each of its solutions / is absolutely 
continuous on the closed interval (a, c). The set 2)* consists of 
functions equivalent to such solutions. Hence, if /is a function 
in 2)*, we calculate f(a) by replacing/by the equivalent func¬ 
tion which is absolutely continuous on every closed interval 
(a, c). The expression p(a)f f (a ) is to be determined similarly. 

We first construct a function/,) in ©( 93 ) with the properties 

fcp(ct) = cosy, p(a)fip(a) = — sin y; 
fcp (x) = 0, b'<x<b, 

f We use this expression to denote a self-adjoint differential system 
of the second order, the cases actually considered hy Sturm and Liouville 
being* obtained from the general system by specialization of the boundary 
conditions. For an elementary discussion of these systems, see, for example, 
Bdeher, Legons sur les methodes de Sturm , Paris, 1917, pp. 69-91. 
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where x = V is a fixed point interior to (a, b). We begin 
by selecting two linearly independent real solutions, u± and u 2 , 
of the differential equation — (pf')' + rf = 0 which satisfy 

Uj iik dx =1 iij iik clx = djk . We then put 

CL eJ CL 

f ( p (x) = a L (y) tq (/) + ci 2 (<p) u 3 (x), a <x <*b', 

/<? (x) = 0 , b'<x<_b, 

where a t (y) and a 2 (y) are the solutions of the linear equations 


(u 2 (a) a L — Ui (a) a 2 )/W(ui , u 2 ) = cos y , 
(p (a) ii 2 ( a) a x — p (a) u[ ( a ) a 2 )/W (u± , u 2 ) = — sin y, 


with the determinant + 1 . The function f fp is obviously in 
S 2 (a, 5). We now define the desired function f (p by the 
formula 


fy (%) 


-r 


Ui (;r) iu (?) — n t (?) u 2 (x) 
W(ih , tii) 




Since, according to Lemma 10.1, f (p is a solution of the 
equation — (pf'Y + r/ = and since f (p vanishes on the 
interval (?/, b), it is clear that f (p is in ®*. By direct 
calculation we find that f p (a) = cos jp, p(a)f'{a) = —singp, 
so that / f p satisfies the boundary condition 

sin cpfcp (a) + cos yp (< a)f!p ( a ) = 0 


and therefore belongs to ©*(</>). Since / rp and pf! p vanish 
on (&', 6 ), the boundary condition Bb (fy, g) — 0 is valid 
for all g in ©*(<?), and f (p thus belongs to ®(y). 

By making use of the function /<p we can characterize the 
set®. A function /in® must evidently satisfy the relation 


B = — p(a)f(a)sincp — /(a) cosy = 0 


for every value of y, and must therefore have the property 
that f(ci) =p(a)f (a) = 0. Thus a function / in ®* belongs 
to ® if and only if it satisfies the relations f(a) = 0 , 
_p (a) f(a) = 0, and B b (/, g) = B b (/, g) — B a (/, g) 
= B(f \ g) = 0 for every g in ®*. This is the result asserted 
in the theorem. 



472 


HILBERT SPACE 


We are now prepared to discuss the transformations <?*(gp) 
and T*(y). The relations 3) £ ®(<jp) £ ©*(gp) £ 2)'* and 
iZ"c: 6r(y) £ T(gp) £ T are obviously true; and they imply, 
by virtue of the identities H* = T and T* = If, that 
T £ (?*(y) £ T*(y) £ H. Hence, in order to determine 
the transformations 6 r*(< p) and T*(gp), we have only to as¬ 
certain their respective domains as subsets of 3)*. If / is 
in the domain of (?*(g p), it is a function in such that 

</ gw*) = (e*(y)/,/ v ). 

If we write this relation in the form (/, T/ r ) = ( Tj\j \ v ) 
and make use of the properties of the function /<p, we find 
that 

sin <jp/(&) + cos (&)/'(/) = £(/,//> 

= (T/,/„)-(/, W = 0. 

Consequently /is in ©*(*); and the domain of £?*(*) is a 
subset of ®*(gp). On the other hand, if / and g are arbitrary 
functions in ©(/) and in ©*(/) respectively, we have 

(J) ~ if, Tg) = (Tf, g) - </ Tg) 

= BU\ 9) = & (/, 7/) - (./; ^). 

We know that (/, /) vanishes in accordance with the 
definition of ©( 9 ); and we can infer from the equations 

sin5P/(a)+cossP2^W/ / («) = 0 , 
sin <pg(a) + cos <pp (ct)g f (ct) — sin y g (a) + cos spp(a)r/(a) == 0 
that the expression 

Ba(f,g) = — p (a)/' (a) g («)+/(«) t <0 </'(«) 

also vanishes. Hence (G (cp)f, g) — (/, Tg) for all /in © (</>) 
and all g in ©* (gp). The domain of G* (</) therefore includes 
the set © * (<p). From the relations which have now been 
established we conclude that and T(g>) coincide. It is 

at once obvious that G (y) is a symmetric transformation, 
by virtue of the relations 

s c ff(jp) C T{ gp) = (?*(y); 
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and it follows that 

0 (y) c £**(y) = T*(?) C 0* (y) = T(y). 

If f is in the domain of T*(y), it must therefore belong to 
©*(y); and for all g in ©*(y) it must satisfy the equation 

B, (/, / = B {fig) = (Tfi g) - (f 9 Tg ) 

= (r*( 5 P)/^)-c/; r(y).?) = o, 

since B a {fig) vanishes in accordance with the earlier analysis. 
Hence / is in © (y), and the transformations T* (y) and 6 ?(y) 
must coincide. We conclude from the relations G (y) g: T(y), 
0* (93) = T(y), T* (y) = 0(y), that 0 (y) is a closed linear 
symmetric transformation. It is easily verified that T(y) is 
real with respect to the conjugation J 2 ; and it then follows 
by Theorem 9.13 that G (y) = T* (y) is also real with respect 
to J 2 . 

Since the function / p belongs to © (y) but not to X, it is 
evident that G (y) is a proper symmetric extension of if. 
Theorem 2.13 therefore shows that H is not self-adjoint; 
according to Theorems 10.11 and 10.12, H must have the 
deficiency-index ( 1 , 1 ) or ( 2 , 2 ). 

Theorem 10.16. Let the hypotheses of Theorem 10.15 be 
satisfied, and let H have the deficiency-index (1, 1). Then 
the relation Bb {fi g) = 0 is satisfied for all f and g in S)*; 
the set 2 ) consists of all those functions f in 2 )* such that 
f(a) = p (a) f f (a) — 0 . The transformation G (y) is self- 
adjoint; its domain consists of all those functions f in 
such that sin y/(a) + cos y p (ci)f (a) = 0 . The relation 
sin y vq ( a r) + cos <pp ( a ) v & ( a ) ~ 0 determines a one-to-one cor¬ 
respondence between the ranges 0 y < tt and 0 < 0 < 2 tc 
such that ® (y) = 2) ((9) and G (y) = ( 0 ) 2 / and only if 

y 0 are corresponding values . 

According to Theorem 9.3, IT can have no proper closed 
linear symmetric extensions save those with the deficiency- 
index (0, 0). Hence G (y) has the deficiency-index (0,0) and 
is therefore self-adjoint. Thus we see that © (y) = ©* (y) 
and that the domain of G (y) may be described in the manner 
indicated above. 
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If / and g are arbitrary functions in 2)* and if gn and gp 2 
are values such that gu + <T 2 > 0 ^ spi < 1 tt, 0 fA <p 2 < 7 r, we can 
determine the linear combinations / 0 ==/— 
and g 0 =g — h fq> t -~ hf<p % so that they belong* to © (gp) = @* (gp) 
for every 9 . In the case of /, for example, we choose 
and a 2 as the solutions of the linear equations 

/o (a) = f (a) — a-L cos gpi— a 2 cos gp 2 = 0 , 

p (a) /o' (a) = p {a)f f («) + «! sin gp x + «2 sin = 0 , 

with determinant sin (gp t — gp 3 ) =j= 0. If we treat f 0 as a function 
in ©( 9 ) and g 0 as a function in @*(g>), we see that Bbifo, go) 
vanishes by virtue of the definition of © (cp). It is immediately 
evident that Bb (/, g) = J5& (/ 0 , g 0 ) since the functions f (Pi 
and f<p a vanish on the interval ( 6 ', b). We have thus proved 
that Bb {f, g) vanishes for all / and g in 2)*. The characte¬ 
rization of the set 2 ) given in the preceding theorem may 
now be specialized to the case under consideration; it appears 
at once that the set 2 ) here consists of those functions f in 
S>* such that f(a) = p (a)f f (a) = 0 . 

By means of the preceding results, we can show that the 
transformations G (g >), 0 cp<rr, exhaust the maximal 
symmetric extensions of H. The central feature of the proof 
is the observation that <p and 6 satisfy the relation G (gp) 
= H ( 6) if and only if they are connected by the equation 
sin <jp ve (a) + cos y> p (a) vq ( a ) = 0. When G (gp) = H ( 0) , 
it is evident that vq } as a function in the domain of 6), 
must belong to the domain of G (gp) and therefore satisfies 
the indicated boundary condition. On the other hand, when 
this condition is satisfied, v 6 is a function in ©(g)). By 
reference to the description of 2) ( 0 ) given in Theorem 10.13 
and to the characterization of 2 ) just obtained for the present 
case, we see that 2 ) ( 0 ) must be contained in © (gp) and that 
H(d) must have G (gp) as an extension. Since H{9) and 
G{y) are both self-adjoint transformations, we must have 
H(d) = G (gp). As we have already shown in Theorem 10.13, 
there corresponds to a given value of on the range 0<,<p<Ctc 
just one value of 6 on the range 0 0 < 2 rr such that 
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G(cp) = H(0). On the other hand, if 9 is a given value 
on the range 0 < 9 < 2n, there exists at least one solution <p, 
0 < cp < rc, of the equation sin <p v 6 (a) — cos cp p (a) Vq (a) = 0, 
since the coefficients re (a) and p{g)v' e {a) are real numbers; 
and this solution is unique unless ve (a) and p (a) re (a) both 
vanish. We shall now show that the latter situation never 
arises. The equations v e (a) ~ p (a) vq (a) = 0 imply that v Q 
belongs to 2). By definition, however, v e is a linear 
combination with non-vanishing coefficients of functions in 
S)+ and 2 ) - ; and, by Theorem 9.4, w cannot belong to S). 
This contradiction shows that the exceptional case does not 
occur; and a given value of 6 leads therefore to a unique 
value cp. With this result, the proof of the theorem is complete. 

Theorem 10.17. Let the hypotheses of Theorem 10.15 be 
satisfied , and let H have the deficiency-index (2, 2). Then 2) 
is the set of all functions f in SD* such that 

f(a) — y ( a)f (a) = B b = B b 

= B b {f, Ml) = B b (f, m 8 ) = 0 , 

where u x and are the functions described in Theorem 10.14; 
and © {cp) is the set of all functions f in $* such that 

sin cp f(a) + cos cp p{ct) f\a) 

= B h (/, tfO = B h {f iu) = B b {f Ml ) = Bb C/T tit) = 0. 


The closed linear symmetric transformation G (<p) has the 
deficiency-index ( 1 , 1 ); in other words, the solutions in 8 2 (&, b) 
of the differential system — {pf'Y + (?'— l)f = 0 , cl (7) f 0, 
sin cp f{a)-\- cos cp p(a)f'(g ) = 0 , constitute a one-dimensional 
closed linear manifold . Let u (p be a normalized function in this 
manifold; let Vc P ,e denote the real function (e i6i2 u (p — e ~ idl2 uf)!2 i; 
let © (cp, 9) be the set of all functions f in S)* such that 

sin g>f(a) + cos cpp(a)f'{a) — 0, Bb(f,v<p 7 e) = 0; 

and let G(cp, 9) be the transformation ivith domain © (cp, 9) 
which takes f into — (pf'Y + rf. Then G {cp, 9) is a self- 
adjoint extension of G (cp) real with respect to the conjugation J%; 



476 


HILBERT SPACE 


and, if 8 is an arbitrary maximal symmetric extension of G(jp), 
then 8 coincides with 0- ($p, 0) for exactly one value of 6 on 
the range 0 0< 2tc. The transformations G(y>, 6) constitute 

a proper subclass of the class of all transformations H (a) 
which are real with respect to the conjugation J 2 . 

The description of ® given in Theorems 10.14 and 10.15 
shows that in the present case 3 ) is the set of all functions / 
in such that 

/(a) = P (a)/' (a) 

— B b (/, Mi) = B b (/, ih) — B b (/, Mi) = B b (/, m s ) = 0. 

By means of the identity B(f, g) — B(f,g), we can write 
the last two equations in the alternative form given above. In 
order to characterize © (gp), we proceed, as in the proof of Theo¬ 
rem 10,16, to form linear combinations u k , o = Uk—ajaf^ — ai&ftp* 
such that 

uj c ,o(a) = p(a)u'k,o(a) — 0 for k = 1 , 2 . 

It is obvious that ti 10 , w 20 , Ui 0 , u 2 o are functions in ©*(?>) 
for every cp. Thus a function / in ©(<?) must belong to 
and must satisfy the conditions 

sin cpf(a) + cos (jp(a)f(a) = B b (f, m 10 ) — B b (f, ?< ao ) 

= B b (f, « 10 ) = B b (f, u 20 ) = 0. 

The fact that f ffi and fq> % vanish identically on the interval (?/, V) 
enables us to write B b (f u k ) = B b (f u kz 0 ), B h (f u k ) = B b (f u k: 0 ), 
for k — 1 , 2 , and hence to obtain the conditions stated in 
the theorem. Let us suppose, on the other hand, that f is 
a function in S* satisfying the indicated conditions. By 
virtue of the equation sin y f(a) + cos yp (a) f f (a) = 0 , we 
can choose a constant c so that the function f 0 — f — cf p 
has the property f 0 (a) = p(a)fi (a) = 0 . Since f (p vanishes 
identically on the interval (bj b), the four remaining conditions 
on / imply that 

Bb Oo ; uj) = B b {f 0i uj) = B b (/o, uj) = B b (f 0 , uj) = 0. 

Thus f 0 must belong to 3) and f = f 0 + cf 9 to © (y), as we 
wished to prove. 
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In order to determine the deficiency-index of G{y), we 
must ascertain the multiplicity of the not-real characteristic 
values of the transformation G* (y)—in other words, we must 
determine the number of linearly independent solutions in 
S 2 (a, b) of the differential system —- (p //+ (r— l)f = 0 , 
3(1) ^0, sin (fif(a) + cos y p{a)f (0) = 0. Since H has the 
deficiency-index ( 2 , 2 ) by hypothesis, the differential equation 
has two linearly independent solutions in 2 2 («, b)\ and the 
solutions which satisfy the boundary condition therefore con¬ 
stitute a one-dimensional closed linear manifold in S 2 {a, b). 
Thus the transformation G(y) has the deficiency-index ( 1 , 1 ). 

The relations between G(<p), u fp , v (p%Q , G(y>, 6) can be dis¬ 
cussed by the same methods as those applied to the treatment of 
H, u, v e , H{6) in Theorem 10.13, with the results stated above. 
It is evident that each transformation G(<p, 0) coincides with 
just one of the transformations H{o) described in Theorem 10.14; 
and it is found that there exist some real transformations H(a) 
which coincide with no transformation G(cp, 6 ). In order to 
survey these relations in detail, we shall indicate the deter¬ 
mination of the matrix a such that H(a) = G(y>, 0 ). Accord¬ 
ing to Theorem 10.14, an arbitrary function / in 3)* can be 
expressed in the form / = fo + X x u y + X 2 it* + X H u± + X 4 u Sf 
where the X’s are complex variables and f 0 is in 3). In 
order that a function / in S* belong to ©(</, 6), it must 
satisfy conditions which reduce to linear relations between 
these complex variables. If we denote by W (p (/) the ex - 
pression sin g>f(a) + cos <pp(a)f(a) and write JV£\ W™, 
Wj® in place of W< p (u t ), W< v (u 2 ), Wcp(u(), Wcp{u 2 ) respectively, 
we can calculate Ucp and in terms of %h and u 2 by means 
of the formulas 

% = A v (W$u-WO>uJ,_~ 

Ve = A^W^h^-e^W^u.-e-^W^u^ 

where the constant A (f is chosen so that dx = 1 . 

In order that a function ,/in belong to @(y, 9), it is 
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necessary and sufficient that Wq> (/) — B(f, r fp , e ) = 0. By 
direct calculation we find that these conditions are equivalent 
to the relations 

W$> X ! + X 2 + W? X 8 + W? Xi = 0, 

wf X! - X 2 + e ie F<f X 8 - e ie F™ X 4 = 0, 

respectively. On the other hand, a function / in ©* belongs 
to % (a) if and only if B(f, vu) = B(f, V 2 a) = 0; that is, 
if and only if 

Xi a-n ^ 12 A 4 = 0, 

-ft 21 U 22 -5l*4 == 0 . 

In order that G(<p, 0) = IT(a), ©(?, 0) = S(a), it is thus 
necessary and sufficient that the first pair of linear forms 
introduced above be linearly dependent upon the second. 
This requirement is easily found to be equivalent to the 
following set of relations between the coefficients of the 
four forms: 

■fT’-(l) - JT->-(2) TT'd) 

— IT (f ci ii TT (f. ci 21 — 11 (f ? 

(1) __ (2) _ T rr<2) 

“H (f Cl 12 11 ([> a 22 = 11 (f , 

TT r\2) I TT’-li) iS T'f. r (2) 

—TT <p a ii + II ip ft 21 = e 1 v< r , 

TTr (2) — , TT r(l) — _ id -TTir (1) 

— IT (p ci 12 H - TT (p ft o*2 — —e II (p . 

By solving these equations, we obtain 

— (F^) 2 — e~ i6 {wff 

an !<| 2 +|Ff | 2 ' 

_ _ —wp tv1?+j-*w!P w? 

ttli C " 21 |F^+|F«f| 2 

I f +1F® 

where |F™ | 2 + |F® | 2 > 0. The matrix a = {ajh} can he 
shown by direct calculation to be a unitary matrix which 
satisfies "the conditions a 22 = e i6 ct u , a 12 = — e ie a 12 , as well 
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as the condition a l2 = a 2l . It is obvious that the elements 
of this matrix are rational functions of e ie , sin y, and cos cp. 
Our determination of this matrix leads, of course, to the 
identity JT(ci) = G (<•/>, 6 ), and thus shows that distinct pairs 
(cp, 6) on the range 0<,cp<n, 0<6<2n yield distinct 
matrices a. On the other hand, we find without difficulty 
that the most general unitary matrix a which satisfies the 
condition a X2 — can be written in the form 


a n = e iCi cosy, a X2 = zb e i{c<Jr P )l2 sin y, a 22 = —e^cosy, 


where 0 < a 2 rz, 0 <| J<2tt, 0 S r ^ Distinct 
choices of the arbitrary sign in a X2 and of the numbers a, 

Tf 

ft, y on the range 0 a <2 re, 0 <: ft <2 rc, 0 <y<~- 


yield distinct matrices; but when y has the value 0 or the 

Tf 

value —, distinct choices of the sign in a x2 and of the 


numbers a, ft may lead to the same matrix. We see there¬ 
fore that the transformations H(a) which are real with respect 
Jo depend upon three essential parameters, while those which 
satisfy a relation of the form If (a) = G (y, 0) depend upon 
only two. Since in each case the dependence is expressed 
by analytic relations which are in general non-singular, there 
exist real transformations H(a) which are not of the type 
6r(<p, (9); in fact, such transformations JZ(ci) form a class 
with the cardinal number c of the continuum. 

In the three preceding theorems we have considered the 
case where the functions p{x) and r(x) are restricted at 
x = a. The corresponding case where &<+co and the 
functions l/p(x) and r(x) are integrable over (c, b), a < c< b , 
can obviously be reduced to the one just considered by putting* 
y = — x, g{y) — f(x) and examining the formal differential 


operator —jp p( -- lj) 7k + r( ' 


tions g{y) in S 2 (— b, —a), 
case in detail. 


y) • , as applied to func- 

Hence we shall not study this 
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We shall now discuss the case where restrictions are im¬ 
posed at both extremities of the interval (a, b). We have 
the following result. 

Theorem 10.18. Let ( a , b) be cm arbitrary finite interval; 
and let the functions p (x) and r(x) have the property that 
Up (x) and r{x) are Lebesgue-integrable over {a, b). Then 
2 )* is the set .of all functions f such that 

( 1 ) fix) is absolutely continuous on the closed interval (a, b); 

( 2 ) p (x) f (j x ) is absolutely continuous on the closed interval (a , b); 

(3) — (pf f ) ,J r vf is a function in £ 2 (a, b); 

2) is the set of all functions f in 2)* such that 

/(a) = P («)/'(«) =/(&) = pQ>)f'Q>) = 0; 
and the transformation H has the deficiency-index (2,2). Be¬ 
tween the class of all self-adjoint transformations H (a) and 
the class of all self-adjoint differential systems of the type 

-(*/')'+C r-T)f = ff 

Wff) = aff^ + bipWffcO + cff'W + chpityf'ib) = 0, 
W 2 (f) = a 2 fia) + hpia)f\cO + c 2 f(b) + d,p(b)f'(b) = 0, 

where systems with equivalent boundary conditions are regarded 
as identical, there is a one-to-one correspondence such that the 
self-adjoint transformation defined by a system of this type 
coincides with the corresponding transformation H(a)] in other 
words, between the class of cdl unitary matrices a and the class 
of all pairs of self-adjoint boundary conditions W x (f ), W 2 (/) 

cl d 

associated ivith the formal differential operator - -p(x)- 

Q/jC CIX 

+ r (x) • , equivalent pairs being regarded as identical, there 

is a one-to-one correspondence such that corresponding elements of 
the two classes are connected by the relations B(f, t*i a ) = b lx Wff) 
+hsW 2 (f), B(f,t^ = b n W 1 {f) + b ai Wi(f), det{6jfc}+0, 
holding for every function f in 2)*. 

In the present case we can apply Lemma 10.1 directly to 
the entire interval (a, b). All solutions of the differential 
equation — (pf'Y+ir —Z)/ = /*, where f* is Lebesgue- 
integrahle over (a, b) are absolutely continuous on the closed 
interval (a, b) and therefore belong to S 2 {a,b), We see at 
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once that can be described in the manner indicated above; 
and we can apply the results of Theorems 10.16 and 10.17, 
which are relevant both at x = a and at x = b, to show 
that $ is the subset of determined by the boundary 
conditions/(a) = p(a)f'(a) =/(&) = p(b)f r (b ) — 0. Since 
all the solutions of the differential equation— (pf) rj r(r — T)f 
= 0 belong to S 2 («, &), we see that H has the deficiency- 
index (2,2), in accordance with Theorem 10.12. 

By definition, ©(a) is the subset of S>* determined by the 
boundary conditions B(f,vi a ) = B(f,v: 2 a) = 0, which can 
be written in the form W t (/) = W 2 (/) = 0 by a suitable 
choice of the constant coefficients in Wi and W 2 ; and, since 
H(a) is self-adjoint, we see that these boundary conditions 
must be self-adjoint with respect to the formal differential 
d d 

operator-- ~ p ( x ) + r (pc) • , as we have already pointed 

out in Chapter III, § 3. On the other hand, if we determine 
a transformation S by using self-adjoint boundary conditions 
Wi(f) = W 2 (f) = 0 to assign the domain of this formal operator 
as a subset of ®*, we can show by the arguments sketched in 
Chapter III, §3, that S is self-adjoint and hence coincides with 
one of the transformations H(a). We can give a detailed 
analysis of the situation by writing the functions belonging 
to in the form f = /o +Xi zq+X 2 u 2 +X 3 ui +X 4 U 2 and 
expressing the boundary conditions as linear relations between 
the complex variables X\ , X 2 , X 3 , X A . The substitution of 
the X’s for the variables = /(«), £ 2 =p(a)f\d ), £ 3 =f(V), 
? 4 = p(b)f'(b), which appear initially in the boundary 
conditions, is justified by the observation that the £’s are 
directly expressible as linear combinations of the X’s and 
that, conversely, the X’s can be similarly expressed in terms 
of the ?’s by virtue of the relations 


B(f,u 0 = 2iX u 
B(f, Mi) = —2 iX„ 


B(f , « a ) = 2iX 2 , 

B(fj u 2 ) = — 2 iXt. 


In order to define self-adjointness for boundary conditions 
expressed in terms of the X’s, we note that 


31 
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where 

and 


j B (, f , g) = 2 i (Xi 1 3 -j- Xg 1 2 X 3 1 3 X 4 1 4 ) 
f — fo + Xi Ux + + Xa u± + X 4 u 2 


g — yo + Xi?«i+ I 2 M 2 + FsWi + X 4 tu 


are arbitrary functions in ®*. Let Wr and V jc , k= 1, 2, 3, 4, 
be any linearly independent linear forms in the X’s and in 
the T’s respectively, connected by the relation 

4 

2 i (Xi fi+x,%— x s r 8 —x, iv) = £ w a f 5 - k . 

« = 1 


Then the . boundary conditions 7i = Ts = 0 are said to be 
adjoint to the boundary conditions Wi = TT 2 = 0 ; and the 
latter conditions are said to be self-adjoint if the forms "Fi 
and V 2 , when written in terms of the X’s, are linearly 
dependent upon the forms TIT and If 2 . It is now easy to 
show that the boundary conditions B(f, v la ) — B(f, r 2 a) = 0, 
associated with the transformation H(a), are self-adjoint in 
the indicated sense. X r e first introduce the forms 


H 7 — AjuXa, j — 1, 2, 3, 4, 
«= 1 

where 

B{f : Via) =r Hi == Xi an X 3 — (ix 2 X 4 , 

) V'2a) — IF 2 ^ X 2 Cl 21 X 3 — ft 22 X 4 , 

IL 3 — «n X x «2i X 2 + X 3 , 

II 4 #12 Xi -f- #22 X 2 -j- X 4 . 


It is readily verified that the matrix {A Jk } has the properties 
4 _ 

2-Icy X K / £ = 2 j, k = 1, 2, 3, 4. Thus, if we set 

h* = -ir 1; x? = -*r„ = iv* = nv, 

Xs-; = 24 /« > we obtain 

«=i 

^ _ 4 _ __ 4 

2 W a v 5 - a = 27 Aj» 4* X A I> = 2 Z Xs I? 

« = l _ «,/S,j-_=i ' r ' p £-i p p 

— 2 * (x x x+x s r,—x 3 r 3 — x 4 r 4 ) = £ (/, g ). 
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Hence the boundary conditions adjoint to B(f,via)=B(f,V2a)=0 
are obtained by equating* to zero the forms 

T 7 ! = — a 12 i Y\ — a 2 2 i Y 2 + i Y±, 

V 2 = — an i Y x — a 2 i i Y 2 + i Y 3 

If we replace the I r, s by the X’s in these forms, we see 
directly that 

Yl — — I* a ±2 Hi — i ci 22 W% , V 2 '■—- ‘i a 4 1 Wi i a->i T V 2 • 

Hence the boundary conditions B(f, via ) = B(f, V 2 a) — 0 
are self-adjoint. On the other hand, if W ± and W 2 are linearly 
independent linear forms in the X’s, we can define a trans¬ 
formation S which has as its domain the set of all functions 
f = fo + X x Ui + X 2 U 2 + x 3 it! + XJi 2 in 2)* such that 
Fi = W 2 = 0 , and which carries / into — ipf'Y+rf. 
From the obvious relations H c: S C H * = T we conclude 
that T = if* 2 8* 2 B[ — T*- Hence the domain of S* 
consists of those functions g = ga-\- Y t iii + Y 2 u 2 Y 1 3^1 + Y 4 v 2 
in 2 )* such that 

BU, 9) = ( Tf , — Tg) = ( 8f 7 Tg) = 0 

for all functions f in the domain of B\ and S* carries# into 

— (pg')'+rq. We introduce the linear forms W s , W 4 , V t , 

4 

V 2 , V s , V 4 connected by the relation B(f, g ) = ^ WaVe 

a = 1 

as described above. The condition on the domain of S* is 
then expressed by the equation W 3 V 2 + W 4 V 4 — 0. Since 
the values of W 3 and W 4 are independent and unrestricted 
when Wi = W 2 = 0 7 we conclude that the domain of S* 
consists of those functions g in 2)* which satisfy the boundary 
conditions V t = V 2 = 0. If, in particular, the boundary 
conditions W 4 — W 2 = 0 are self-adjoint, the transformations 
S and have the same domain and are therefore identical. 
In this case, S is a self-adjoint extension of H and must 
therefore coincide with just one of the transformations H(a). 
The condition that two sets of boundary conditions W t = W 2 = 0 
and Wi = Wi = 0 determine the same subset of 2)* is 
that they be equivalent in the sense that Wi — c 11 W 1 -\~c 12 W 2 , 


31* 
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W 2 = c 2 i W ± + c aa W 2 , det {cjjc} 4 0. The results obtained in 
this paragraph serve to establish the statements made in 
the theorem. 

Since the theory developed in Theorem 10.17 can be applied 
here, it is of some interest to indicate the significance of ©Op), 
©*(y), ®(y, 6), G(sp), G*(i jp), and (?(y, (9) in the present 
instance. We shall state the facts without proof. The sets 
®(cp) and ©*(<p) are readily identified as the subsets of ®* 
determined by the boundary conditions 

sin $p/(<*) +cos <pp(a)f'(ct) = /(&) = p(V)f(fi) = 0 
and 

sin cp f(ci) + cos cp p (a) f (a) — 0 , 
respectively. For fixed g>, the relation 

sin % u (p ,e(&) + cos x p(b) vlp,e(b) = 0 

determines a one-to-one correspondence between the ranges 
0 < 6 < 2 n and 0 < %<tt; if 6 and % are in correspondence, 
then @(<p, 6) is the subset of 3)* determined by the self- 
adjoint boundary conditions 

sm<ff(a) + cosyp(a)f'(a) = sinj£/(&) + cosx^(&)/'(&) = 0 . 

The transformations G(y>), G*{y>) = Tiff), and Gff, 6) are 
to be described accordingly. 

We shall now return to the general situation discussed 
under Theorems 10.11-10.14. It will be assumed henceforth 
that p{x) and r(x) are subject merely to the conditions stated 
there. With the aid of the special results obtained in 
Theorems 10.15-10.17, we are able to obtain much more exact 
knowledge concerning the general case. Both the methods 
and the results are suggested by a paper of Weyl.t We 
begin by treating the case where H has the deficiency- 
index ( 2 , 2 ), since this case throws light on the others. 

Theorem 10.19. A necessary and sufficient condition that 
the transformation H have the deficiency-index (2, 2) is that 
the solutions of the differential equation — (pf ( ) r + (r— T)f — 0 

f Weyl, Gottinger Nachrichten, 1910, pp. 442-467. 
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all belong to 2 2 (a, b), even when l is real. When H has the 
clefidency-index (2,2), the resolvent Ri (a) of the self-adjoint 
transformation H(a) is an integral operator with kernel 
G (x , y ; l\ a) of Hilbert-Schmidt type. If u\ (x; l) and w% (x; l) 
are arbitrary linearly independent solutions of the differential 
equation — (pfYfir — T)f= 0 , where l is a point in the 
resolvent set of then G{x,y\l\ a) is expressed as the quotient 

Wi(x\ l) iv 2 (x: l) g(x, y\ l) 

B(lV 1} V la) B(W2,V la) B (g, Via) 

B (wi, V2 a) B (W2, V2a) B (g , t'2a) 

B(w 1, Via) 2, Via) 

^ 2 a) jB(w 2 , ^ 2 a) 

where 
g{x,y\ l) 

= sgn(x—y)(iL\(x\l)iv 2 (y ; l)—iv 1 (y\ l)iv 2 {x\l))/2W(w L , w 2 ) 

and where B(g, vjca), A; =1,2, is calculated with g as 
a function of x. The point spectrum of H (a) is a denumerably 
infinite set of isolated characteristic values, none of which has 
mxdtiplicity greater than tiuo; and the continuous spectrum 
of H(a) is empty. 

We first assume that l is a point in the resolvent set of 
the self-adjoint transformation H(a) and is also a characteristic 
value of multiplicity two for the transformation 
According to Theorems 4.18 and 10.14 both conditions are 
satisfied whenever l is not real; and we shall show sub¬ 
sequently that the second condition is always satisfied and 
hence implies no restriction on l. The determination of the 
resolvent of JT(a) is accomplished by solving the differential 
equation —(pf / ) / + (r—l)f = ff with the boundary con¬ 
ditions B(f via) = B{f v 2a ) = 0, where f* is an arbitrary 
function in 2 2 (a, b). The general solution of the differential 
equation can be written as 

f (x) = a x wx (x; l) + a 2 w 2 (x; l) 

_|_ C* El l l V?1 (£i 0 — (g ; 0 w 2 (flg; i) * 

+ Ja W(u>i, w a ) ~ f 
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where a± and a 2 are complex constants and u\ (x ; l) and 
tv 2 (x; l) are linearly independent solutions of the homogeneous 
differential equation obtained by setting f* — 0. By hypo¬ 
thesis w i and tv -2 are functions in 2 2 ia, b) so that the integral 
appearing in this formula is convergent. Furthermore, it is 
evident that fix) is expressed by this formula as a linear 
combination of iv t and w 2 with coefficients which are bounded 
continuous functions of x on (a, b) and must therefore be 
a function in 8 2 ia,b). The verification of the assertion that 
/ is in 3>* and is a solution of the differential equation offers 
no further difficulty. We can also write the general solution 
in the form 

fix) = biWxfa] l) + b 2 tv 2 (x ; l) 

- W(wi, «*)- y ($) ^- 

Hence, if we multiply each of the two formulas by ^ and 
add, we obtain a third expression for the general solution, 

fix) = c ± w i ( oj ; l) + c 2 w 2 {x\ l)+ f gix, ?; 0 /* (£) 

where gix,y\ l) is the function introduced in the statement of 
the theorem. We must now choose the constants c t and c 2 
so that f satisfies the boundary conditions. By direct 
calculation we find that 

B x {f Vka) = CtBxiW!, Vka) + C 2 B x (lV 2 , Vka) 

+£ Bxigix, £; l), Vka) f* (?) d'S, 
Bx(g{x,y; l ), iW) = sgn(cr — 2/) 

x iB x (: wi, tvca) (y; 0 — B x {iu 2 , vjca) u'i iy ; 0) / 2 TF(wi, io 2 ) 

for k= 1, 2. We see from the form of the expression for 
Bxig, Vka) that the limits 

Baig, Vka) 

= — iBaiiv-t , z^aHr 2 (y; 0—-Bate, Vka) iv x iy\ ; 0)/2TFte, w 2 ), 
Bbig , 

= iBb(iv!,Vka) w 2 iy; T) — -B&te, Vka) iviiy] T))/2Wiw l7 w 2 ), 




X. APPLICATIONS 


487 


exist for a<Cy<Cb, and that 

I B x (g, W! ^ K(\Widj; l)\ + \iv 2 (y; Z)!) 

for a suitably chosen positive constant X. In the expression 
for Bcc(f, Vka ) we allow x to tend to a and to b respectively. 
The inequality just noted enables us to effect the passage to 
the limit under the sign of integration in each case. AVe 
thus find that 

Ba (, f, Vka) = Cl Ba {lV x , Vka ) + C 2 B a (u* , Vka) 

+ J a B a (g(x , ?; 0, Vfca)/*(£)<*£, 
(/? 'Cfca) :== Ci (?Ci, Vka) ~b C2 (Uh > Vka) 

+ VB»(g{x, 'S', l),v k a)f*md'§. 

«/ ft 

On subtracting the first equation from the second, we find that 
B(J, V ka ) = Ct B (lIJi, ttea) + CaB(w a , Vim) 

+ PB(g(x, g; t), vi*)/*(S) dS. 

Ja 

In order that/satisfy the conditions B(f r v Xa ) = B(f, v 2 a) = 0, 
the constants c t and c 2 must be chosen as solutions of the 
linear equations 

Cl B Oi, V&a) + Cg ^ (tV a , Vka) = — J a B {g J V/c a ) /* (?) (I ? , 

Zc = 1, 2. 

If we solve these equations and substitute the resulting values 
for Ci and c 2 in the expression for f, we obtain 

/(*) = 0(05, Z; a)jr*(g) rfg, 

where # is the function introduced in the statement of the 
theorem. This procedure is made possible by the fact that 
the determinant 

B(lV i, Via) B(lC 2 , Via) 

B(lV t , V 2a ) B (lV 2 , V 2a ) 

cannot vanish when l is in the resolvent set of if (a): for 
the vanishing of this determinant would imply the existence 
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of a function f = c x iv t + c 2 iv 2 which satisfies the boundary 
conditions B(f , v la ) = B(f, v 2a ) = 0 without being identically 
zero, and which is therefore a solution of the equation 
11(a)f — If — 0. Thus the resolvent Ri(a) of H(a) is an 
integral operator with the kernel G(x, y\ l\ a) for the values 
of l under consideration. Since this kernel can be written 
in the forms 

2 

2 Aa&ih a) iv a {x\ l ) u'Ay, T), x>y\ 

«,£=i 

2 

2 a) Wa{x\ l ) w»{y\ l), x<y, 

a,/S = l . . 

n & 

| G(x,y\ l\ a)\ 2 dxdy exists and the kernel 
is of Hilbert-Sehmidt type. 

Whenever l is not real, the resolvent Ri(a) exists and has 
the properties indicated above. By Theorem 3.8 it is a bounded 
linear transformation of finite norm; it is also a normal trans¬ 
formation in accordance with Theorem 8.16. Thus we can 
discuss its spectrum by methods analogous to those used in 
the proof of Theorem 5.14. As a result we find that the 
spectrum of Bi(a) consists of the origin together with a de- 
numerably infinite set of characteristic values having the 
origin as sole limit point; since the equation Bi(a)f — 0 
implies/=0, by Theorem 4.10, the origin must belong to 
the continuous spectrum of Bfa). By virtue of the identity 
H(a) = i^r x (a) + II, the spectrum of a) can be determined 
according to Theorems 6.7 and 8.7. We find that H(a) has 
a pure point spectrum of isolated characteristic values, as 
stated in the theorem. It is evident that the equation 
R(a)f = If never has more than two linearly independent 
solutions—in other words, that no characteristic value of H{a) 
has multiplicity greater than two. 

We shall now prove that H has the deficiency-index ( 2 , 2) 
if and only if all the solutions of the differential equation 
— + O' — Z)/= 0 belong to (a , b ). The case where l 

is not real has already been treated in Theorem 10.14, so 
that we may suppose henceforth that l is real. We first 
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consider the situation where the differential equation has 
two linearly independent solutions, w x {x\ T) and w$(x; l), in 
2 2 (&, b) for real 1. Then the function g(x, y\ T) defined above 
is a kernel of Hilbert-Schmidt type, and therefore defines 
a bounded linear transformation with domain 2 2 (a, &). By 
Theorem 4.21, the equation 

g(x, £; 1) f (?) — mf(pc) = /* (x) 

has a unique solution in 2 2 (a, b), whenever /* is in £ 2 (a, b) 
and m is sufficiently remote from the origin. We denote by 
ivk{x\ l , m) the solution obtained for /* (x) = ivk(x ; l), 
k = 1,2. The relation 

mwk(gc ; l , m) = —Wk (x; g(x , l)wkit\ l, wi) (It 

shows that ivu (x\ l , m) is in 3)* and that 

m{H* Wk (x\ l , w) — lwk(cc\ l, m)) = u'k(x\ l , m). 

Thus iVi(x;l,m) and w 2 (a?; m) are linearly independent 
solutions in 2 a (a, b) of the differential equation — ( pf)' 
+ (r — (l — 1 hnj) f = 0. Since we can assign to m not-real 
values of large modulus, we see by Theorem 10.14 that IT has 
the deficiency-index (2,2). When H has the deficiency-index 
(2,2), we wish to prove that every solution of the differential 
equation — (pf'Y + ir — V)J— 0 belongs to 2 2 (ci,b). We 
first consider the special case where the hypotheses of 
Theorem 10.17 are valid. For arbitrary not-real l the 
equation has two linearly independent solutions, T) 

and w 2 (a?;0> in 2 2 (a,b). If Ri(a) is the resolvent of H{a), 
the equation Ri{a)f—mf = ivk has a unique solution 
Wk(x]l,m) in Z 2 (a,b) for k= 1,2, whenever m is different 
from zero and from the characteristic values of Ri (a). It 
is now easy to show that 

H* Wk(x ; l, m) — (l—1 lm)wu(x\ l, m) = 0, 

and hence that every solution of the differential equation 
— (p/T + O "—(J — l/m))f=0 belongs to S a (a, b) f unless 
m assumes one of the forbidden values—in other words, 
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unless l — 1/m is a characteristic value of H(a). Since we 
can choose H(a) at pleasure, we see that every solution of 
the differential equation — (pf'Y + ir — l)f= 0 belongs to 
S 2 (a, b) unless l is a characteristic value for all the trans¬ 
formations J?(a). If l is such an exceptional value, the 
solutions of the equation which belong to S a (a, V) constitute 
a closed linear manifold with dimension number two or one. 
We exclude the second alternative here by showing that it 
leads to a contradiction. If this alternative were realized, 
there would exist a function iv(x\ l) in fi 2 (a, b) which would 
satisfy the equation H(a)f—If = 0 for every transform¬ 
ation H(a) without vanishing identically. In particular, 
iv (%; D would belong to the domain ®(<p, 0) of the trans¬ 
formation G(cp : 6) described in Theorem 10.17, and would 
therefore satisfy the relation 

sin f to (a ; l) + cos 9 p (a) w' (a ; l) = 0 

for every y. Thus tv would satisfy the equations 

— (piv f )'-\~(r — l)w = 0, iv(a\ T) — p (a) w\a\ l) = 0. 

According to Lemma 10.1, this is possible only if w(x\T) 
vanishes identically, contrary to hypothesis. We have thus 
established the desired result for the particular case under 
discussion. We next remark, as at the close of Theorem 10.17, 
that the case where and r(x) are restricted at x = b 
instead of at x = a leads to a similar result. Finally, in 
the general case, we consider the behavior of the solutions 
of the differential equation —(JP/T+ (7 — l)f = 0 on each 
of the intervals (a, &), (a, c) 9 (c, b), where a<c<b . For 
not-real l, every solution on (a, b) belongs to £ 2 (a, b), by 
hypothesis; and hence every solution on ( a , c) belongs to 
£2 (a, c), every solution on (c, b) to £ 2 (c, b). The behavior 
of the solutions for arbitrary l on each of the intervals (a, c) 
(c, b) is therefore governed by the results proved for the tv r o 
special cases treated above. It follows that every solution 
of the equation on (a, c) belongs to £ 2 ($, c), every solution 
on (c, b) to £ 2 (c, b), even in case l is real. Hence we find 



X. APPLICATIONS 


491 


that every solution on (a, b) belongs to £ 2 (a, b), as we wished 
to prove. 

Theorem 10.20. Let n a be the number of linearly inde¬ 
pendent solutions in £ 2 (a , c) of the differential equation 
— (p /')' + ( r — T)f = 0 ? a < x < c, where ct < c<Cb; and 
let m be the number' of linearly independent solutions in £ 2 (c, b) 
of the differential equation — (pf)' F (r — l)f= 0, c<Cx<Ch. 
Then the transformation H has the deficiency-index (1, 1) if 
and only if one of the following two situations occurs : 

(1) n a = 2 for all l and all c; ny — 1 for all not-real l 
and all c\ 

(2) n a — 1 for all not-real l and all c; nu = 2 for all l and 
all c. If the first condition is satisfied, then Bo (f, g) = 0 
for all f and g in 3)*, 3) is the set of all functions f in 3) :|s 
such that B a (f, u) — B a (f, u) = 0, and ®(0) is the set of 
all functions f in 3)* such that B a (f , r 6 ) = 0. For not- 
real l the resolvent Ri (6) of the self-adjoint transformation 
11(6) is an integral operator with the kernel 

G ( = x;^)w 9 (y;l)/W(w,tve), x>y\ 

\w(y; l)ive(x; l)/W(w, w$), x<.yj’ 

where w(x\l) is a non-trivied solution in £ 2 (a,b) of the 
differential equation — (pf r ) rj r (r — T)f = 0, and we(x\ l) 
is a non-trivial solution of this equation satisfying the boundary 
condition B a {wq , v$) = 0; the real and imaginary parts of 
G(x, y\ l ; 6) are real kernels of Carleman type. The trans¬ 
formation H(6) has no characteristic values with multiplicity 
greater than one . If the second condition is satisfied, analogous 
results are valid, the rdles played by the points x = a and 
x = b being interchanged . 

We first observe that the numbers n a and nb are obviously 
independent of c; and that they are also independent of l, 
when l is not real, by virtue of their significance in con¬ 
nection with the application of Theorems 10.11-10.17 over 
the intervals (a, c) and ( c , b). According to Theorem 10.15, 
each of the numbers n a and nb must have the value 1 or 
the value 2, when Z is not real. If n a = m = 2, then 
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the differential equation — (pf'Y + (r — l) f = 0 has two 
linearly independent solutions in 2% (a, b ), and H has the 
deficiency-index (2, 2) in accordance with Theorems 10.14 
and 10.19. If n a = 2 and m = 1 or if n a = 1 and 
n b = 2, for some not-real l, then the solutions of the 
differential equation which belong to S 2 (a, b) constitute a one¬ 
dimensional closed linear manifold, and E has the deficiency- 
index (1, 1) in accordance with Theorem 10.13. In these 
cases it should be noted that if n a = 2 for a single value 
of l, real or not, then n a = 2 for all values of l by The¬ 
orem 10.19; and that if n a = 1 for a single value of l, real 
or not, then n a = 1 for all not-real l and n a — 0 or n a = 1 
for each real l, by Theorems 10.13 and 10.19. Similar remarks 
apply to Finally, if n a = m = 1, we can show that 
E has the deficiency-index (0, 0). If / and g are functions 
in S 2 (a, b) which, considered on (a, c), belong to the asso¬ 
ciated set 2)* C S 2 (a, c) and which, considered on (c, b), 
belong to the associated set 2)* C S 2 (c, b), then B a (f,g) 
= Bb(f,g) ” 0, as we have proved in Theorem 10.16. 
Since all functions in the set 2)* b) associated with 

the interval (a, b) are functions of the type just described, 
we conclude that the equation 

B(f,g) = Bb (/, g) — B a (/, g) = 0 

holds for all / and g in 2)*, and that the set 2) therefore 
coincides with 2)*. This result implies that E has the 
deficiency-index (0,0) in accordance with Theorems 10.12-10.14. 
It is important to remark in this case that the solutions of 
the differential equation — (_£>/')'+ ir—T)f= 0, 3(1) =)= 0, 
which are of integrable absolute square over (a, c) and (c, b) 
respectively, in accordance with the relations n a = ni — 1, 
must be linearly independent: for otherwise the equation 
would have a non-trivial solution in S 2 (a, b) and E would 
have the deficiency-index (1, 1), contrary to fact. We may 
also add that if the equation n a = = 1 holds for a single 

value of l, real or not, then it holds for all not-real l, and 
n a , m assume the values 0 or 1 for each real l. From the 
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preceding analysis of the various possibilities, the statement 
given in the theorem follows at once. 

We shall now discuss in detail the case where n a = 2, 
nu = 1 for not-real l. As we pointed out above, we have 
Bb (/, g) = 0 for all / and g in ®*, by virtue of the appli¬ 
cation of Theorem 10.16 over the interval (c, b ). In con¬ 
sequence, the descriptions of the sets ® and 2)(0) given in 
Theorem 10.13 reduce to those stated in the present theorem. 
We next consider the existence and properties of the 
functions w(x\ l) and w$ {x; l) described above. The existence 
of w(x\ l) follows immediately from the fact that n a = 2, 
rib = 1, as we indicated in the preceding paragraph. It is 
easily seen that the quantity B a (iv,ve) cannot vanish: for 
otherwise iv(x; l), which is obviously a function in 3)*, would 
belong to ®(0) and would be a characteristic function for 
the self-adjoint transformation H(6) corresponding to the 
not-real characteristic value l. Since we have n a = 2, there 
exist two linearly independent solutions, w\ (x\ l) and w 2 (x; l ), 
of the differential equation —(p/')'+(r — Df = 0 which, 
considered on the interval (a, c), belong to S 2 (a, c). At least 
one of the two quantities B a te, vq) and B a (iv 2 , v&) is different 
from zero: for otherwise B a {w,ve) would vanish by virtue 
of the fact that w is a linear combination of and w 2 . 
Thus we can define ive (x ; l) by the equation 

we (x; 1) = B a (w 2 , ve) (x; l) — B a {iVi , vq) w 2 (x; l ). 

It is to be noted that iv and ioq are linearly independent 
because of the relations B a (w, vq) + 0 and B a (ive , vq) — 0, 
and that the quantity W(w 9 we) is therefore different from 
zero. It may also be remarked that the functions w and we 
are uniquely determined, save for constant multipliers different 
from zero. We can now introduce the function G(x,y ; l\ 6), 
3(0 + 0, by means of the formula given in the theorem, and 

can verify directly that the integral| G(x, l\ 9)\ 2 d'§ exists. 
Since G(x,y\ l\ d) = G(y,x ; l\ 0), it is clear that the real 
and imaginary parts, of this function are real symmetric 
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functions of * and y which belong to 8» (a, 6) when treated as 
functions of x or of y alone—in other words, these functions 
are kernels of Carleman type, as defined in Chapter III, § 2. 

We can now form the integral f{x) = G (x. £; l ; 6) f* (£) d ? 

?/ Cl 

for an arbitrary function f* (*) in 8 2 (ci, b). From the formula 

/(*) = »(*; »X 

it is clear that / is an absolutely continuous function on 
the open interval (a, 6). Direct calculation now shows that 

V (*) /' (*) = (*) 8 g(g 8a~~ ~ ~ (?) d ^ 

where 

dO{x,y\ l\ 6) ___ f w'(a?; 0 («/; t)/W(w, we), x>y) 

dx \iv(y\ l) w'q{x\ l)/W(;w, iv&), x<Cy) * 


In the same manner as above we find that p(x)f f (x) is 
absolutely continuous on the open interval (a, b). Further 
calculation shows that —(p f'Y+(r — l)f — /*. Our next 
step is to prove that B a (f,ve ) = 0. For a<x<b, we 
find without difficulty that 

BAf, v e ) = ( b B x (G(x, £; Z; 6), v e ) /*(£) rfg, 

where 


B x (G(x,y; Z; 6),v&{x)) 
B x {w, ve) we(y\ T)/W(w, wq), 
B x (iv e , ve) iv(y ; T)/W(w, we), 


x>y\ 
x<y I ’ 


Since the limits B a (w, ive), B a (ive , we) exist, there is a positive 
constant IT such that for a<x<= c 

\B x {G r v e ) | ^ -ff(|w(y;OI + |^(y;Z)|), &< 2 / ^ 
l-#a?(GS y@)| < -ST| w( 2 /; 0 I, c<y<b. 

Hence we can allow ^ to tend to a under the sign of inte¬ 
gration in the expression for B x (/, ve ). Since we have 
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lim B x ((r, ve) = lim B x (we 9 ve) w{y\ l)/W{w, tve) = 0, 

x—>a 

x<y 

for every y on the open interval (a, b), we conclude that 
B a (/, ve) = 0. Finally we shall show that f(x) belongs 
to S 3 (a, &); because of the other properties of / which have 
already been established, this result implies that / belongs 
to $(0) and that H(6)f—If = /*. The proof will be 
modelled on the discussion of similar situations encountered 
in Theorems 10.8 and 10.9. We introduce the function f*(pc) 
equal to f*(x) for a<x <c and equal to zero for c O; </. 
This function is obviously in S 2 (a,&). The corresponding 

function f c (x) = J a G(x, £; l\ 6) f* (£) thus has the form 

/,w - 

MX) - »(*;«! X!*) 7 *® 1 * 5 ’ 

The fact that it; belongs to S 2 (a, 6) and w 6j considered on 
(a,c), to &i(a, c ), shows that/c(/) belongs to 8> 2 (a, b). As 
we pointed out above, we conclude that f c is in $(0) and 
that H{S)f c — Ifc =/*• Theorem 4.14 now shows that 

\fc\ 2 £ |/«*|*/IW or £\fc\*dx £ £\f c *\*dx/\3V)\*. 

The expressions given above for f c show that on any closed 
interval (/, b') interior to ( a , b), f c tends uniformly to the 
limit / as c tends to b. By combining the relations 

lim i \fc\*dx = f, |/| 2 dx, f \f*\ 2 dx < f \f*\*dx 

(* J) £s & cj Cl zJ Qj zJ CO 

with the inequality given above, we find that 

£ i Axy 2 dx z£\rv>\'A*i\m', 

and thus conclude that/is in S 2 («, b). According to remarks 
made previously,/is a solution of the equation H(6)f — If—f *. 
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Since this equation is known to have a unique solution, we 
have 

RMf * - fix) = fW,£; Z; *)/*(£)« 

as the explicit form of the resolvent Riifi) of H{0). 

The assertion of the theorem concerning the characteristic 
values of H(d), if any exist, is an obvious consequence of 
Theorem 10.19. 

The alternative case n a = 1, m = 2 can be reduced to 
the one just discussed by simple transformations discussed at 
the close of Theorem 10.17. We shall therefore omit the 
treatment of this case. 

Theorem 10.21. The transformation H has the deficiency- 
index (0,0) if and only if the numbers n a and m introduced 
in Theorem 10.20 are both equal to one, for all not-real l and 
all c. For all not-real l the resolvent Ri of the self-adjoint 
transformation JR is an integral operator with the kernel 

__ J U'l(x\ I) M’s (y, 1)1 W Oi, iv s ), x>y\ 

G{x, y, l) - g Wi{x . Q/-pp-( Wl; x< yl 

where iv\ (x ; l) and (x ; l) are linearly independent solutions 
of the differential equation — (pf'Y + ( r — l)f= 0 such that 

(1) toi (x ; l), considered on the interval (c, b), belongs to 

&>(<?, b ); 

(2) w 2 {x\ l), considered on the interval (a, c), belongs to 
2-2 (a, c). 

The real and imaginary parts of G(x, y\ l) are real kernels 
of Carleman type . No characteristic value of the transform¬ 
ation H has multiplicity greater than one. 

The significance of the condition n a — ni = 1 has already 
been established in connection with the proof of Theorem 10.20. 
The existence and linear independence of the functions w t 
and ic 2 were also proved there. We may add the remark 
that these functions are uniquely determined, save for con¬ 
stant multipliers different from zero. We can therefore proceed 
immediately to the discussion of the resolvent Ri of H. We 
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find directly that the integral f | G{x, ?; 1) | 2 d'S exists, and 

fJCL 

show, as in the proof of the preceding theorem, that the 
real and imaginary parts of G(x, y; T) are real kernels of 
Carleman type. We then form the function 

fix) = X °^ x ’ ^ d *’ 

where /* (: x ) is an arbitrary function inS 2 («, ft). By following 
the argument used in the proof of Theorem 10.20, we find 
that/is absolutely continuous on the open interval (a, ft), that 

p{x)f(x) = f 

Ua o a 

is absolutely continuous on the open interval ( a , ft), and that 
— ipf') rj ri r — 0 f = f* almost everywhere on (a, ft). We 
now show that fix) belongs to S 3 (a, ft); the properties of 
this function already established then demand that f(x) belong 
to S) = S)* and that Hf — If — /*. We introduce the 
function ft'v (x) equal to f*(x) for a< a r x b' < ft and 
equal to zero for a<x<a' and ft'<a?<ft. This function 
evidently belongs to S 2 (a, ft). The corresponding function 

few (x) = J a G(x, ?; Z)/aV (?) d? then has the form 
/a'&' (a?) = w 2 (x ; 0 ( , ?Ci (?; l)f* (?) ?/TT(? 0 1 , ?e 2 ), a<a:<rc' 

e/ 

/«'&' (a?) = (a 1 ; /) I (?; 1)f* (?) d ?/TT r Oc 1 , w£) 

iJ CL 

+ ici(a; l)£ Wl ($; Z)/*(?) «*), 

a' < x <: V, 

fa't,' (x) = Wi w 2 (g; 0/*(£)d£/W(t Pl , w s ), b'<x<b. 

The properties (1) and (2) of the functions w l {a j; /) and 
«'s(a;; Z) show that /«'&- (x) belongs to S s (a, 6) and is there¬ 
fore a function in £) such that Hf a 'v — lfa‘b' = /»V, as 
we pointed out above. Theorem 4.14 yields the inequality 
\fa'v | 2 < Xfa'h' | 2 /|5(Z) j 2 , which may he written 

fjfa' b '(x)\ s dx <£ |/*(a)|»daj/|Sr©|*. 


82 
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It is evident that on any closed interval {a ", b'j interior to 
(a, b) the function f a 'v (x) tends uniformly to the limit f{x) 
when a' and V tend to a and b respectively. As in the proof 
of Theorem 10.20, we conclude that 

£„, \/(x)\ s dx£ £\f* («) | 2 dxl 13 (0 I s 

and hence that fix) belongs to £ 2 (a, b). The argument em¬ 
ployed in the proof of Theorem 10.20 leads finally to the 
desired result that 

ej ft 

The closing remark of the theorem with regard to the 
characteristic values of H, if any exist, is an obvious con¬ 
sequence of Theorem 10.19. 

We propose to apply the preceding theorems concerning 
the resolvents of self-adjoint extensions of H to the charac¬ 
terization of the corresponding resolutions of the identity. 
At certain points in the analysis we require information 
concerning the solutions of the homogeneous equation 
— (pf') ,J rf — Df ~ 0 somewhat more precise than that 
given in Lemma 10.1. We therefore state 

Lemma 10.2. If u(x, c; c l9 l) is the solution of the differ - 
d d 

ential equation - — p ipc) f(x) + (r (x) — l) f(x) — 0,. 

a<x< b, determined by the initial conditionsu(c , c; Cj, c 2 ; l) = c Xr 
p(x)a{x,c ; Ci : c, 2 ] l)\ x ^ c = c 2 , where p(x) and r(x) are 

subject to the hypotheses of Theorem 10.10, x — c is an in¬ 
terior point of the interval (a, b), and c x , c 2 , and l are complex 

Q 

parameters,—then u(x, c; c lf c 2 ; l) and p{x)— — u(x, c; c x , c 2 ; l) 

o x 

are continuous functions of their five arguments. When c x , c 2 
and l are arbitrary fixed values such that | c x | 2 -f | c 2 1 2 > 0, 
the set of points (; x , c) determined by the equation u(x, <?; c x , c 2 ; l) = 0* 
is a null set on the range a<.x<Cb, a <c<Cb. 

We first show that for fixed c x , c 2 , and for l — 0, the 

9 

functions f(x, c) = u(x } c; c 1} c 2 ; 0) and p{x)— — f{x, c) are. 

0 X 
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continuous in ix, c) in the neighborhood of any point ( c 0 , c 0 ) 
where a<c 0 <Cb. As we saw in the proof of Lemma 10.1, 
fix, c ) is the unique solution of the integral equation 

fix, c) = Ci+Cj ,£ 1 /p(q)dy+f e 1 /p^)dgjri^)fiS,c)dS 

and can be calculated by the method of successive approx¬ 
imations. In the earlier discussion, we put J 0 ix, c) = 0 
and denoted by f n +iix, c) the function obtained by sub¬ 
stituting f n ix, c) for fix, c ) in the right-hand member of the 
integral equation; we then defined the functions 


9oix, c) = fo(x, c) = 0, rjn+iix, c) = /„+ i(x, c) — f n (x, c); 
and we showed that 

00 

fix, c) = lim fnix, <) = (Juix, r), 

n—>00 Ct = 0 

the series being uniformly convergent when c is fixed and x 
is confined to a sufficiently small neighborhood of the point 
x — c. By minor modifications of the method of proof used 
in the case where c is fixed, we can show that the series 
converges uniformly for all ix, c) in a sufficiently small neigh¬ 
borhood of the point (c 0? c 0 ) where c 0 is any value between 
a and b. Since the functions f n and g n are obviously con¬ 
tinuous in ix, c), we conclude that fix, c) is a continuous 
function of (x, c) in a sufficiently small neighborhood of any 
point ic 0 , c 0 ). The details of this demonstration may be left 
to the reader. The corresponding property of the function 

g 

p(x)-^fix, c) can be read at once from the relation 
pix)-~f{x, c ) = c 2 + J] r(£)/(£, c)d'i. 

8 

We next prove that the functions fix, c), j p(x)-^fix, c) 

are continuous in the neighborhood of an arbitrary point 
ix 0 , c 0 ) of the range acx<l, a<c<b, and are therefore 
continuous throughout this range. We introduce the functions 

9 >iix, c\ 1) = uix, c; 1 , 0 ; l), <p$ix, c ; 1) — uix, c; 0 , 1 ; l) 

32* 
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and employ them to write 

9 

fix, c ) == /(c 0 , c) SPi(as, c 0 ; 0) + p(co) -r— f(c<>, c) p 2 (x, c 0 ; 0), 

0 Co 

d 9 

p(x)—f(x, c ) = /(c 0 , c)p(x) — flix, c 0 ; 0) 

9 9 

4-jp to) 9 ^ ^ y 2 ^ ? ^ 5 0) > 

in accordance with Lemma 10.1. On the right of each of 
these equations, each term is the product of a function of x 
which we know to he continuous on the open interval (a, b), 
by a function of c which we have just proved to be con¬ 
tinuous in the neighborhood of the point c = c 0 . Hence 
the functions on the left are continuous in the neighborhood 
of the arbitrary point (x 0j c 0 ), as we wished to prove. 

Einally, we can show that the functions under consideration 
are continuous in all five arguments. We shall sketch the 
proof, leaving all details to the reader. By Lemma 10.1, 
we see that u(x, c; c l9 c 2 ; I) is the unique solution of the 
integral equation 

u(x,c; Ci,r 2 ; l) = tP(x,c; Ci,o 2 ) + zJ^ ®(x, c;ci, c» 

where 

W — ciptfa, c; 0)4 -Cs<r 2 (x, c\ 0) 
and 

® = gpi (x, c ; 0) sp 2 (? 7 c; 0) — <p 2 (x f c; 0) yq (?, c; 0) 

are continuous functions of their arguments by virtue of the 
result established in the preceding paragraph. We can 
calculate the solution of this integral equation by the method 
of successive approximations, starting with a first approxi¬ 
mating function which vanishes identically. It is then easy 
to show that the successive approximating functions are con¬ 
tinuous in the variables x, c , c x ,c 2 ,l and constitute a sequence 
which converges uniformly to the solution u on any range 
of the type ct r < x < V, a! < c <S V, |<i| < C l9 |c 2 | < C Sf 
|7| < L, where a< a' <&' <b . The continuity of the 
solution u is thus established. We can now deduce the 
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continuity of the function p{x)~—u{x, c; c 1} c 2 ; l) directly 

0 X 

from the relation 

e; Cl ’ Cs ’ ® = p c; ( ' 1 ’ c 
C x d 

+ ?J c p{x)--0{x, g; c)u(g, c; c lt c s ; l) dg, 

since all the functions appearing on the right are continuous 
in their respective arguments in accordance with the earlier 
results. We may add the obvious remark that this method 

shows a and to be analytic in c u c 2 , and l. 

When Ci, c 2 , and I have fixed values with | c± | 2 + | c 2 1 2 > 0, 
the equation n(x, c\ c lt r 2 ; l) = 0 determines a measurable 
subset of the range a<x<b, a < c < b. The intersection 
of this set with an arbitrary line c = c 0 is the set of points x, 
a<x<b, where the function u(x> c 0 ; c x , c 2 ; /) vanishes and 
must therefore be a null set or the entire range a<x<b, The 
second possibility is excluded by the inequality | c \| 2 + | c 2 1 2 > 0, 
which does not permit u to vanish identically in x. The 
theorem of Fubini now shows that the set of points (x, c) 
under consideration is a null set, as we wished to prove. 

Theorem 10.22. Let A be an arbitrary self-adjoint extension 
of the symmetric transformation H of Theorem 10.11; let 
E (A) be the corresponding resolution of the identify : let A be 
an arbitrary finite interval and let <f>i(x,c;l) 

and cp 2 {x , c ; l) be the solutions of the differential equation 

—• p(x)-~—f(x) + (r(x) — l)f(x) = 0 7 a<x<b, deter- 

ax ax 

mined by the initial conditions 

g 

SPi (os, c; l) = p(x)~Vi(x, c\l) = 1, 

3 

<p s (x, c; l) — pipe) — cpi(x, c; o = 0, x — c, 

0 X 

where a<.c<Lb. Then the transformation E{A) = Eff) — E{a) 
is an integral operator with kernel E (x, y\ A) of Carleman 
type . This kernel can be expressed as a Stieltjes integral 
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2 nfi 

E(x, y\ A) — g> M (x, c; X) y v (y, c; X) dQ^v (A), 

J±,P = 1 & a 

where gjkif), j,k — 1, 2, is a function which is of bounded 
variation over every finite interval and which is continuous 
on the right. For a fixed value c, the functions qju (I) are 
uniquely determined apart from additive constants . If these 
constants are suitably determined, the matrix {Qjj c (I )} is (Her- 
mitian) symmetric; this matrix can be taken as real if and 
only if the transformation A is real with respect to the con¬ 
jugation J?. For fixed A and almost all y on the interval 
( a , b), E(x,y ; A) is a function of x in the domain of A, and 

AE(x, y\ A) = ——~p(x) — E(x,y, A) + r(x) E(x, y, A) 
— f pdEix, y\ Ap), 

where A u is the interval with extremities 0 and y . 

In developing the rather length} 7 proof of this theorem, 
we shall actually establish much more than we have asserted 
in the formal statement. The additional material can be 
found below, chiefly in the various numbered formulas. The 
facts which we encounter here occupy a position in the 
theory of differential operators roughly analogous to that of 
Theorems 10.4-10.5 in the theory of integral operators. In 
the formal statement, however, the points of divergence are 
emphasized at the expense of the points of similarity. Thus, 
the integral representation of the kernel E is evidently peculiar 
to the theory of differential operators, while the last asser¬ 
tion of the theorem and also many of the related facts 
established in the course of the proof are strict analogues 
of the results of Theorems 10.4-10.5. 

Throughout the demonstration of the present theorem, we 
shall find it convenient to make use of a fixed terminology, 
to which we now devote a few explanatory remarks. The 
first two variables appearing in the kernel E shall be denoted 
by the letters x, y , 0 , c, S, y and shall be restricted without 
comment to the open interval (a, 6). Thus the assertion that 
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a specified property holds for almost all (x t , • • •, x n ), or for 
all outside a null set, is understood to mean 

that the property holds for all points (x l9 • • •, x n ) 9 where 
a<.Xk<b for k = 1, with the exception of a set 

of points of Lebesgue measure zero. In this connection 
we recall that a set of points (x L , • • •, x n ) is of measure zero, 
according to the theorem of Fubini, if and only if its intersection 
with the hyperplane x x — • • •, Xk = Ck is a set of points 

(xk+ 1 , • • - , x n ) of zero measure, for almost all (c 1? • * •, cjc). 
In a similar way, the variables a, ft, 2, [* 9 v are to be as¬ 
sociated with the interval (—oo, +oo), unless some further 
restriction is explicitly noted. At certain points of the proof, 
we shall have occasion to confine these variables to a fixed 
denumerably infinite set A which is everywhere dense in the 
interval (—co, -fee) and which contains the point 2 = 0. 
In this connection it is convenient to introduce the class 
©o (A) of all intervals A which have extremities a and ft in 
the set A and which contain the point 2 = 0. We shall 
say that a function F(x 1} • • •, x H ; 2) belongs to the class 
S + (x x , • • •, x n ) if it has the properties 

(1) F(xi, • • •, x n ; 2) is of bounded variation in 2 over 
every finite interval A ; 

(2) F(a r, • • ■, x n ; k) is continuous on the right in 2, 

for all (xt, • • •, x n ) outside a fixed null set independent of A, 2. 
Naturally, we may include the case where F is independent 
of some or all of the variables x 1? • • •, x H simply by dropping 
the variables in question from our notation. The properties 
of the Stieltjes integral summarized in Lemma 5.1 are easily 
carried over to the case of a Stieltjes integral formed with 
such a function F(x 1} • • •, 2). We shall therefore refer 

directly to Lemma 5.1 whenever we need such properties. 

We begin the proof of the present theorem by considering 
the bounded self-adjoint transformation 

sm - iur'-wr')*) - 

_ V 
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where 0. Oa the basis of Theorems 10.19-10.21, 

it is easily shown that B(l) is an integral operator with kernel 
K(x, y, l) of Carleman type. We have, according as A = H, 
A =s H(e), or A = H(a), the following explicit formulas 
for this kernel: 

K(x, y\ l) = (G(x, y, t) — G(x,y(f) )/2i 
= (G(x,y, l) — G{yx\J))l2i 
= (G(x,y, l) — G{x, y, l))/2i = 3G(x, y; l), 

K{x, y, T) — (G(x, y; l\ 8)—G(x, y,J\ 8))i2i 
= {G{x,y, l\ Q) — G(y,x-,l;d) )/2i 
= (■ G(x,y, l\ 8 )— G(x,y, f; 6))/2i—3G(x,y,l\ 8), 
X(oc,y\l) = (G(x, y, l ; a) — G(x,y;l;a))/2i 
= (G(x,y,l-,a)—G(y,x-,l-,a))/2i. 

The first two formulas can be established by direct manipulation 
of the formulas given in the two preceding theorems, while 
the last is a special instance of Theorems 3.8-3.9. The as¬ 
serted properties of the kernel K(x,y\ l) are obvious from 
these formulas. The resolution of the identity F{q) associated 
with the transformation B{J) can be expressed by means of the 
operational calculus of Chapter VI in the form i^>) = F^{B{1)) 7 
where the function i^(A) is equal to one or to zero according 
as l <; q or Theorem 10.4 shows that the trans¬ 

formation I — F e (BQ 9), Q>0, is an integral operator with 
kernel Fix, y; q\ I) of Carleman type. By examining the details 
of the construction of the kernel given in the first paragraph 
of the proof of Theorem 10.4, we find that the inequality 

la- fa I ® I 2 cly clx = fa f J y\ l) | 2 dy dxlf 

is satisfied. In fact, the explicit formulas of Theorems 
10.19-10.21 show that the function 

Z(x-,D = (JjON*) 1 * 

is continuous on the open interval a<x<.i\ it is therefore 
permissible to replace the sets U(a) used in the proof of 
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Theorem 10.4 by intervals ( a',V ), a< a! <V <b, without 
modifying the reasoning in any essential respect. The desired 
relation then appears as a special case of the inequality given 
in the first paragraph of the proof of Theorem 10.4. By the use 
of Theorem 6.9, we can now write I — Fq(B(1)) = G$(A), where 

v 

GoG) is equal to one or to zero according as 77 - _ L *,2 ^ Q 


{l — llf + V 1 


or . < 0 , For values of g such that 0<£>< 1/V, 

{l — ^) a +v a=v 

v > 0, we have G Q (A) = E(ft — 0) — E(ct), where 
a = /a — (v/g — v 2 ) 1/2 and ft = y-\-(y/g — v 2 ) 1/2 . It is clear 
that, by assigning suitable values to y, v, and g, we can 
give a and ft>a arbitrary finite values. Hence we see 
that E(ft — 0) — E(a) is an integral operator with kernel of 
Carleman type—namely, the function F{x,y\ g\l) with ap¬ 
propriate values of g and l. It is easy to show that 
E(ft) — E(ft —0) is an integral operator with kernel of Hilbert- 
Schmidt type. The range of the projection I?0#)— E{ft — 0) 
is the closed linear manifold consisting of all solutions 
of the equation Af—ftf. As we have already pointed out 
in Theorems 10.19-10.21, the dimension number of this 
manifold is at most equal to two. When it is equal to zero, 
we have E{ft) — E(ft — 0) = 0 and note that the kernel of 
this operator vanishes identically; and when it is equal to A r , 
N = 1,2, the kernel of the operator E(ft) — E (ft — 0) is the 

N 

function Uv(x)u y (y) where {?*»} is an orthonormal set 

j'—i 

which determines S T^. Thus we can assert that 


E(A) = E(ft)—E(a) = (E(ft)~ E(ft—0)) + (E(ft — 0 ) — E{a)) 


is an integral operator with kernel E(x, y\A)oi Carleman type. 

Ob’ (*b 

In particular, we know that the integralJ \\E{x : y\A)\ 2 clydx 

exists whenever ct<a r <.V<b. Since we have used a family 
of kernels, K(x,y\l ), in deducing the existence and elementary 
properties of the kernel E(x,y ; A), we cannot apply in its 
entirety the theory of Chapter X, § 1. We must therefore 
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appeal to direct methods in order to establish further properties 
of the kernel E. 

The fact that E is a kernel of Carleman type requires 
that E(y,x; A) = E(x, y\ A) for fixed A and almost all (x, y)- 
and also that E{g,x\A) and E{g,y;A) be functions of g 
belonging to £ a (a, &) for fixed A and almost all (x, y). The 
relation E (A A 2 ) = E{Ag) E(A. 2 ) implies, by the reasoning 
given in the proof of Theorem 10.5, that 

E(Xj y\ A 1 A. 2 ) = J * a E{x,g\ A a )dg 

for fixed A ly A. 2 and for almost all (x, y). It is evident that 
these properties hold for all (x, y) outside a null set independent 
of the intervals A, A l9 and i 2 , provided that the extremities 
of these intervals be confined to the denumerably infinite 
set A , In fact, when this restriction is made, we can determine 
a set E S (A, A lf Ag) of points (x, y) such that the properties 
in question are valid for all (x, y) in this set and such that 
the neglected set of points {oc, y) is a null set; and we then 
see that the intersection, Eg, of the denumerably infinite 
collection of sets E 2 {A, A ly A 2 ) is a set of points (x, y) such 
that the properties in question are valid upon it for all 
intervals A, A ly A 2 with extremities in A, and such that the 
set of neglected points (x, y) is a null set. We shall now 
consider the special function E 0 (x, y; X) = sgn 1 E(x, y\ A }), 
where Ax is the interval with extremities 0 and 2. It is 
evident that this function is the kernel for the operator 
E{1) — E(0) = sgn X E(A)), and that it determines the kernel 
E{x, y\A) through the relation E(x, y ; A) — E 0 (x,y;fi) — E Q (x,y;a). 
We therefore carry out our investigation in terms of the 
kernel E 0 , Let I be a fixed interval («, fi) which contains the 
point A = 0. Since E(g,x: A) and E(g,y : A) are functions 
of g belonging to S s (a, V) for almost all ( x, y ), we can form 
the expression 

{W)—Em EG, y\ 4), E(Jg, x; A)) 

= X (I E i:n,y\ 4) -E(g,x; A) dg 
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for arbitrary X and almost all (; x , y). The integral on the 
right can be reduced to the form 

f sgiU EG, y\ Ai A) E(x, £; A) d§ = sgn XE(x, y\ Ai A) 

t) & 

= E 0 (x, y \ X) 

whenever X is in the interval A , by virtue of the properties 
indicated above. Hence we can write 

((E(X) — E (0)) E (£, y; A), EG, x; A)) = E 0 (x, y; X), 


where the equality sign holds, first, for fixed a, ft, and X, 
a < X < ft, and for almost all (pc, y), and, secondly, for all 
a , ft, and X in the set A, a X < ft, and all (x, y) in E>* . 
For fixed a and ft in A and fixed (pc, y) in E*, the left- 
hand term is a function of X which is continuous on the 
right on the interval (— co, -f co) and whose variation over 
this infinite interval is bounded by the quantity 


\EG,y\A)\*d$ I \E($,x-,A)\ 


In order to obtain these results, it is sufficient to apply the 
known properties of the resolution of the identity E(X), as 
indicated in Theorem 5.7 and its proof, to the function 
(E(X) EG, y\ A), EG,x\ A)), which differs from the function 
of X actually under consideration by the additive constant 
— (E{Q) E(%, y; A), EG,x;A)), Thus if a and ft are fixed 
points in the set A, if X is an arbitrary point in the inter¬ 
val A, if {X-\-ejc} is any sequence of points in the set A such 
that £/c> 0 and lim e k = 0, and if (x, y) is an arbitrary point 

k —^ OO 

in E*, then the limit lim E 0 (x,y\ X-\-e k ) exists and is equal 

7c—>oo 

to ((. E{X) — E(0))E{'§, y\ A), EG, x ; A)), The latter expression 
is in turn equal to E 0 (x, y\ X) for almost all (x, y). If for each 
value of X we replace E 0 {x, y\ X) by the limit lim E 0 (x, y\ X + e k ), 

7c —>oo 

formed for an arbitrary sequence {X + %} in the set A such 
that € k > 0 and lim = 0, we thereby change the values of 

k—> oo 

E 0 (x, y\ X) only on a null set which may depend upon X\ 
and we obtain a new function which is defined for all X and 
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all (x, y) in E 2 and which is evidently a member of the 
class %$ + (x, y ). The modified function can obviously be used 
as the kernel of the integral operator EiX) — -27(0), since it 
differs from the kernel as first constructed only on a set of 
zero measure. We shall therefore suppose that, until further 
notice, the original kernel is replaced by the modified function 
and that the symbol E 0 (x , y\ X) denotes the new kernel. It 
is clear that the kernel of the integral operator E(A) may 
be replaced by the expression 

E(x, y\ A) = E 0 (x, y\ fi) — E 0 (x, y\ cc), 

formed in terms of the new function E Q . The modified kernels 
E and E 0 evidently enjoy all the properties of the original 
kernels which were set forth above. We can even state 
some of these properties in more precise form. Th us we see 
that E 0 {y, x\ X) — E 0 (x, y\ X) and E(y, x\ A) = E(x, y\ A) 
for all 1, all A, and all (x, y) in E%: the first equation ob¬ 
viously holds for all X in A and all (x, y) in E* and must 
therefore persist for arbitrary l by virtue of the fact that 
E 0 (x, y\ X) is continuous on the right in X for arbitrary (x, y) 
in Eo ; and the second equation follows directly from the first. 
Similarly, we note the inequality 

(A) V{E 0 (x,y, A); A) < (JJ1 E(ly- A) | 2 dl-£ \ (S,ar; 4) 

which is valid for all (x, y) in E* and all A in the class 

For fixed X and almost all y, the function E Q (x, y\ X) is 
a function of £ which belongs to S a (a, b) and which has the 
property that 

E(A;J E 0 (x, y; A) = £ E(%, £; Aj) sgn XE(g, y\ A)) 

= s gnXE(x, y\ Ai) = E 0 (x,y\ X) 

for almost all x. This relation implies that E 0 (x, y; A), 
considered as a function of x, belongs to the range of the 
projection E(Ax) and hence to the domain of the self-adjoint 
transformation A in accordance with Theorem 5.9. We may 
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now calculate the function AE 0 (x, y\ 2) by means of the 
formulas given in that theorem. We start from the equation 

X -f-oo 
-oo 

which is valid for fixed 2 and almost all ( x , y). The term 
on the left becomes 


AE 0 (g,y, X).E 0 (5, a?; X) 

= £E a {x,$-,l)AE a (S,y- l)dt 

= E(Ai)AE(x,ir,Ai) = AE{Ai)E(x,y\A}.) 
= sgn XAE 0 (x, y\ 2), 


for fixed 2 and almost all (x,y). The integral on the right 
is unchanged in value if the function of bounded variation 
appealing under the differential sign is replaced by 

Q(x,y;X^i) = ((E([i) — E(Q))E 0 (jg,y\X), E 0 ($,x]lj). 

For fixed 2 and almost all (pc,y), the functions F 0 (£,?/; 2) 
and E 0 ('g,x] 2) are functions of £ belonging to S 2 (a, V), so 
that q (x, y\ 2; y) is defined for all such values (x, y) and 
for all y and is a function of y which is of bounded variation 
over the interval (—go, -fee) and which is continuous on 
the right. In short, q (x, y\ 2; y) is a function in the class 
£3 + (x, y) for fixed 2. For fixed 2 and y, w r e find by easy 
calculations that 

Q (%, y\ X\ t*) = <*(&, y\ 2 ; y) 

for almost all (x, y), where o' is defined for all 2, all /«, 
and all (x, y) in E* by the equations 

o' (x f y\ 2; y) = 0 , Xy < 0, 

a(x, y \ 2; y) = E 0 (a?, y\ y), A^ C A k , 

o' (x, y\ 2; y) = F 0 (a:, 2/; 2), 2U C i u . 

For fixed 2, the function a (x, y ; 2; y) belongs to $5 + (x, y ), 
by the results of the preceding paragraph. It is evident that, 
when y is confined to the set A and 2 is fixed, the equation 
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q (x, y\ X\ y) — er (x, y\ X\ y) holds for all (x, y) outside a null 
set independent of y. Since both q and cr are functions of y 
which are continuous on the right, this equation must persist 
for arbitrary values of y without the introduction of further 
exceptional points (x, y). We see therefore that the integral 
under consideration reduces to 


j A ydE 0 (x, y\ y) = sgn X ydE 0 (x, y\ y) 


for fixed X and almost all (x, y). By combining the preceding 
results, we find that 

d d 

AE 0 (x,y,)-) = — -j^p(x)— E o(x,y,E) + r(x)E 0 (x,y,l) 
— X (*dE„ (x, y,/.v), 

for fixed X and almost all (x, y). This formula obviously 
leads without difficulty to the result asserted in the last 
sentence of the statement of the present theorem. It is to 
be observed that the derivatives involved are calculated for 

fixed 2 and y by treating E 0 (x, y\ X) and p (x) E 0 (x,y; 2) 

as equivalent to functions of x which are absolutely con¬ 
tinuous on the open interval (a, b), while the function E u (x, y ; y) 
which appears in the Stieltjes integral is considered as a 
member of the class 33 + (x,y). Now Lemma 10.1 enables us 
to cast this relation into the equivalent integral form 

E 0 (X, y\X) = £ 0 (g, y- X) y 1 (x, z ; 0) 

0 ) + P(z)- jjE 0 (z, y, 2 ) cp i (x, 2 ; 0 ) 

+X (X y> **)) 

where <p, and cp s are the functions described in the state- 
ment of the theorem and ®(x,y\z) denotes the expression 
(Pi (x, z\ 0) 5p 2 (y, z\ 0) — (p 2 (x, z; 0) y x (i y, z; 0). This relation 
is valid for fixed X , for fixed y outside a set of zero measure, 
and for all (x, z), provided that the functions E 0 (x, y\ X), 
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E 0 (z, y\ X), and p{z)-~^E 0 (z, y\ V) in the first three terms 

are treated as absolutely continuous functions of x or of z 
on the open interval (a , b) while the function E 0 (%, y\ y) in 
the integral term is treated as a member of the class S5 + (£, y). 
It is convenient, however, to interpret this relation and the 
expressions which it connects in a somewhat different fashion. 
For this reason, we examine the integral term more carefully, 
with a view to showing that it is a function in the class 
§8 + (^, y , z). In the first place, it is clear that, if A is an 
arbitrary interval (#, ft) in @ 0 (^) and if y is the greater of 
| a | and |/3], then the inequality given in Lemma 5.1 (1) and 
the inequality (A) noted above enable us to write 

r(£®(oc, ?; 2 ) [f 0 VzEo(?, 2/; 4) 

^ F (Jo V' /•); A ) il * 

<r | <P(ar, S; e) \ V(E 0 (S, y; /*); A) d'S 

^ Y Jj V(Eo(S,y,i*)-,A)dt' 13 

X x 3/2 ] f>oc pb 1/2 

'd'S I J s J a \ E ^> A)\ 2 d>idS 

x £ \E(V, V\ A)\- chi 

for all (x, z) and all y outside a null set independent of A > 
In the final expression, the first integral exists for all (x, z) 
by virtue of Lemma 10.2, the second exists for all (x, z) in 
accordance with remarks made above, and the third exists 
for all y outside a null set independent of A as a result of 
the properties established in the preceding paragraph. Thus 
the integral term is a function of 1 which is of bounded 
variation over every finite interval A , for all (x, y, z) outside 
a null set independent of A. In the second place, we observe 

that the Stieltjes integral ydE 0 (x, y\ y) is continuous on 

the right in l for all (x, y ) in E* , a property analogous to- 
that stated in Lemma 5.1 (8); and that the inequality 
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® (as, 4; z) J o i*clE 0 (%, y\ft) 

^ | <D(x, 6 ; 0)1 f(J o V^o(?, y\ #*); a) 

< y\ ®(*, ?; 0 )| (Jj *(*, $; 4) | 8 ^ -JJI £(7 ,2/; 4)|» d v ] U 

is satisfied for all (sc, 2 ) and all (£, £/) in -EJ*. By the in¬ 
equality of Schwarz, the final expression is integrable with 
respect to ? over the interval with extremities z and sc. 
Hence we can combine the two properties just noted with 
a well-known theoremt concerning* passage to the limit under 
the sign of integration in a Lebesgue integral to establish 
the following result: if 4 is an arbitrary interval in the 
class SoU) and if 2 and h + e, e>0, are points contained 
in 4, then 


i 

(*x 


*■ \ 

lim 

t ®(»> z) 

(X 

P dE 0 (£ , y\ ft)jcT§ 



( pA-fe \ 


= 1. 0%, 

J?; *) 

lim pdE 0 (Z,y; ft)\d'§ 




>0 «^° / 

1 r* \ 


“J. 

4; 0 ) ! 

[Jo f 4 dE 0 (£,y, fi)J d‘§ 

for all (x, 

z) and for 

all y 

outside a null set independent 


of 4 and of A. Tims the integral term is continuous on the 
right in l for all (%, y, z) outside a null set independent of 
It now appears that the integral term is a function in y, z ), 
as we wished to prove. We return to the consideration of 
the relation (1). If we regard the expressions E 0 (x,y;k) 
and E 0 (z,y; l) and the integral term as functions in $S + (sc, y, z), 
then (1) is still valid for fixed X and almost all (x,y,z). 
Hence we can solve (1) for the second term on the right, 
8 

finding that $(z)-q — E 0 (z, y\ X) 0) is equal for fixed l 

and almost all (cc, y, z) to a function of x, y, z , and l which 
belongs to the class y , z). By virtue of this result, we see 

3 

that we can calculate the function y ( 2 ) —— ^0 (# , y \ X) 9 2 (#, z ; 0) 

0 z 


f de la Yallee Poussin, Integrates de Lebesgue, Paris, 1916, p. 49. 
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in tlie manner indicated above and then modify its values 
on a set of points (, x , y , z) of zero measure, dependent upon X, 
so as to obtain a function in $8 + (x, y, z). After this modifica¬ 
tion has been effected, the relation (1) obviously holds for 
all X and all (x, y, z) outside a null set independent of X. 
Furthermore, since the factor gp a (&*,£; 0) vanishes only on 
a null set of points (x, z) by virtue of Lemma 10.2, the 
3 

modification reduces p(z)— — E 0 (z, y\ X) to an equivalent function 
o z 

in %D + (y, z). Until further notice, we shall suppose that the 
d d 

functions p(g) — E 0 (z,y,X) and i>(z)~z-E 0 (z,y, X) 0) 

0 z o z 

and the relation (1) are interpreted in harmony with these 
remarks. 

The equation E 0 (y,x\ X) = E 0 (x,y; X) holds for all X and 
all (x, y) outside a null set independent of X. Jn consequence, 
3 3 

we find that p (y) -—E 0 (y, x\ X) = p(y) —— E„ (x,y,X), at 
oy oy 

least for fixed X and almost all (x, y). If we apply these 
relations, together with the fact that <p 2 , and tf> are real 
functions, we can easily deduce from (1) the relation 

E o (x, y; X) = E 0 ( x, z\ X) y, (y, «; 0) 

(2) -\-p(z)-~jE a (x, z; X) 5 P;, (y, Z \ 0) 



Since this relation holds for fixed X and almost all (x, y,s), 
we can subject it to the same treatment as that applied 
to (1) in the preceding paragraph. Thus we shall regard (2) 
as an equation connecting functions in © + (x, y, z) and holding 
for all X and all (x,y,z) outside a null set independent of X. 

In particular, we shall suppose, until further notice, that the 
0 7 
function P^) — E 0 {x, z; X) has been so modified as to belong 

to the class 5B + [x, z). 

We must next investigate the integral term on the right 
of (2). Its significant properties, as will appear immediately, 
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are not exhausted by the statement that it is a function in 
33 + (x, y,z). We first prove that for all l and all (y, z) the 
integral term is a function of x belonging to S 2 (a, b). By 
the formula for integration by parts given in Lemma 5.1 (9), 
we have 

j' J ®(y, S; z) ydE 0 (x, S; /t)J d'S 

= l£ ©(i/,1; z)E 0 {x, |; l)d®{y,'§\z)E 0 {x,^y)dyd‘i. 

If we denote by fix) the function which is equal to <D(y,x\z) 
or to zero according as x is in the interval with extremities y 
and z or not, then /(#) is obviously a function in S 2 (a, 6). 
The first term of the difference above can be written as 

for fixed (y,z), and is therefore a function of x in 8 a (a, b). 
The second term must be treated by more direct methods. 
We have to prove that the function 

®(y, 5; e)E 0 (z, £; y) 0(y, ti;z)E 0 (x, i\\ v) 


is absolutely integrable with respect to £, y, v, x over 
a range which is specified by the inequalities 
£ y y, 0 ^ 0 <; v < a<Cx<Cb, when z < y 

and 2>0, and by similar inequalities in the other cases. 
Since ® is bounded and continuous on this range in accord¬ 
ance with Lemma 10.2, it is sufficient for us to consider 
the product E 0 (x,$\ y) E 0 (x,y,v). By Schwarz’s inequality, 
we find that the integral of the absolute value of this product 
with respect to and x is dominated by the quantity 

n b , 1/2 Oy f*b 11/2 

I Eq (#, £; y) | 2 dxdt J z J a | Eg (i x , y\ v) | 2 dx dy 


We have still to show that this expression is integrable with 
respect to p and v. We shall confine our attention to the 
integration with respect to which is evidently typical.. 
We can prove that the function 


= sgn (a « 


E 0 ( x , y) | 2 dx d‘§ 
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is monotone-increasing and hence that | q (ja) | 1/2 is integrable 
over every finite interval. If A is an arbitrary finite interval 
containing the point p = 0 , we have 

h A), E(x, ?; A)) 

= sgn n((E W — E (0)) E(x, 4), CE0*)-J7(O))J?(*, $; 4)) 

= sgni* (Eo (x, £; **), £<>(*, §; i“)) 

= sgn/* | E 0 ; s dx 

ft/ ft 

for fixed i, fixed i* in A, and almost all ?. Since the first 
term is a real monotone-increasing function of /u for almost 
all £, we have 

J *b f>b 

\E 0 (x, £; ^)\ 2 dx < sgn^ |£o(#, £; 

a ft/ ft 

/*i ^ /*a, 

for fixed ^ and and almost all £. It follows at once, by 
integration of both terms in this inequality with respect to £, 
that Qfat) < for This completes the proof 

of the assertion that the integral term in ( 2 ) is a function 
of x in 82 (a, &). Secondly, we shall prove that 


JS7(4„)J%(y, ?; 2 ) 

(Jo pdE 0 (x, 




0 


= < 


f*r 

1 judEaixj ? 

; /o) ^ ? > 



P A 

j o jLodE 0 (x, £ 

; /»)) 


for fixed X and v, all (y, z), and almost all x , according as 
Xv < 0, ir £ or iy 2 II This result is based upon 


the relations 


f a E{x, Tj\ Ay)E 0 (v, £; p) dij 


0 

= sgn [iE{x, £; 4^4,,) — -J E 0 (x, £; v), 

k ^0 ^ 5 J 


li v ^ 0 

4?/ £ 

2 


which hold for fixed fixed v 9 and almost all (x } £). We 
shall discuss in detail only the case where A v C 2 U. In the 


33* 
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integral term we apply the formula for integration by parts 
given in Lemma 5.1 ( 9 ) just as we did above. We then 
replace the variable x by a new variable 07, multiply by 
E(x, v\\ A r ), and integrate with respect to yj over the interval 
( a, b). The result of these operations is an explicit formula 
for the function obtained by applying the projection E(A V ) 
to the integral term, regarded as a function of x in 2 2 (a, b). 
This formula involves integrations with respect to the three 
variables £, vj, By inequalities similar to those used above, 
we can show that the integral is absolutely convergent and 
hence that the integration can be performed in any desired 
order. The details may be left to the reader. If we integrate 
in the order vj y £, we obtain 


£®(y, A)£ o 07, fydy) d'S 

—X (X E{ ^ x ’^ ^fo > $; v)dy) dpd s 

= X £‘> e)lEo(x, £; v) d% 

— X ®^; 2 MX Eo(x ’ ?; v)d(ij d'S 

— X 5; s) (vE 0 (x, ?; v )— X #o (%, ?; |«) 

®(y, i\e)[£p&Btb, ?;#»)) if, 


for fixed. ’>■ and. subject to the condition 4,- g for 
fixed («/, 2), and for almost all x. The two remaining cases 
can be discussed in the same manner. 

In order to apply the information obtained in the pre- 
ceding paragraph, we solve the relation (2) for the function 

]} (#) -jj Eo(x,z;i), finding that 

Q 

V g g E 0 ipC) Z 5 I) 

= E 0 (x, y\X)/ ffl (y jS -0) — JB 0 ( x> z . X)cp 1 {y 1 gr; 0)/f 2 (y,Z- 0 ) 

— X (X ( x> **)) d&9*(y> o) 
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for all (x, y , z) outside a null set independent of A. As we 

have already indicated, the function (2) E 0 (x,z ; - 1 ) is in 

$ 3 + (x, z) as a consequence of these relations. For future 
reference, we shall give an actual appraisal of the variation 
of this function of l. If A is an arbitrary interval (a, / 3 ) in 
the class ® 0 UO and if y is the greater of |«| and ft\, we 
find with the help of inequalities already noted that 

£V(Eo(x,y,X)-A)/\cp 2 (y > z- 0 )\ 


+ V(E 0 (x,z; 

*■)', tylcpiiy,?; 0) |/| 502(2/ 

,z; 0) 

1 

+ F 

(J><- 


*m) 

'/\ 9 g(y,z; 0) 

/ C b 


f‘b 

\ 1/2 / 


(Jj 

E(£, x\ A)\ 2 d%- \E('€, y\ A)[ 2 dl 

e/ Cl 

?] / \n(y,z‘-> 0 )\ 

+(i 

rises,® 

; 4 )rdg.£|£(g,(r; 4 )|* 

\l/2 

dt j 




x 1 9 i (y, 

.s'; 0)| 

/|s°s (*/,*;0) 

+ r 

£\<Hy ; 


, h A) 

1/2 

?dr,d‘S 



x|Jj £(,,«; 4 ) 1 * 

1/2 

dr) 

/1 SPs (2 h e\ 0) 


for all Or, y, z) outside a null set independent of A, For 
fixed A and fixed (y, z) outside a null set which does not 
depend upon A, this inequality assumes the form 

(B) V^ 2 ){z)-~jE 0 (x,z;E)]A^ K {J a \E(ji,x\ A)\* 

valid for all x outside a null set which is independent of A but 
may depend upon {y, z) and for some constant K independent 
of x. If we apply the results of the preceding* paragraph and 
the known properties of the kernel F 0 to the expression 

Q 

for p{z)~^~E 0 (x, z; l) given above, we find at once that 
o z 

p (z) — E 0 (x, z\ 2 ), considered as a function of x, belongs 
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to S 2 (ci,b) for fixed X and almost all 2, and satisfies the 
relations 

0 ? Xp <0 ) 

Mi,) V W E. (*,<;»> = | rw T7 £ "''' l] ' ,,y ■ 4“ = 


for fixed X, fixed y- , and almost all ( x, z). Thus, for fixed 
X and almost all z, the function p (e) -y- E 0 (x,z; X) is a function 

of x in the range of the projection E(Ai) and therefore be¬ 
longs to the domain of the self-adjoint transformation A . 
We are now in a position to treat this function by methods 
analogous to those which led to the relation (1). From the 
equation 

(.Ap(y)-~E 0 (t, y, X), £»($,»; 2)) 

r +M g 

= f*d(E(j»)p(y) —— E 0 (g, y\l), E 0 ($,x\X)), 

oo o y 

where we have written y in place of e, we find that 


( g 

P(y)~Q~ E o ipc,y; X) 

=X /*) 

for fixed il and almost all (a?, y). Lemma 10.1 shows that 
9 9 

P(y)-j^ E o(x, y -,X) = p(y) — E 0 (e,y, 2) 9 l (x,g; 0) 

(3) E 0 (e,y, 2)j y 3 (x,z; 0) 

+£ ® (*j §; z) |X 1(4 d (-P (2/) 'g~ £ o (£, y\ 1 «o) j 

valid for fixed 2, almost all z/ ? and all (x,z), provided that 
the first three terms involving the kernel E 0 are treated as 
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absolutely continuous functions of x or of z on the open 

g 

interval (a t b) and that the function E 0 (£, y\ f.i) in 

the integral term is treated as a function in 8 + (£, y), Just 
as in the case of relation ( 1 ), we are able to prove that 
the integral term in (3) is a function in y, z). If A is 
an arbitrary interval (a , fi) in the class ® 0 {^) and if y is 
the greater of | a | and | J3 |, we find that 

V {fz ^X ^ 

I 11/2 I f~*oc j/o 

<r\l I©(*,?;«)!*« jj^ v(p(i,)fyE 0 (M,y;py,A}d!g " 

for all (x,y,z) outside a null set independent of A. By 
virtue of the inequality (B) or of the more extended inequality 
which precedes it, we see that in the relation under con¬ 
sideration the last integral exists for all (x, y, z) outside 
a null set independent of A . Hence the integral term in (3) 
is a function of X which is of bounded variation over every 
finite interval for all (x, y, z) outside a fixed null set. We see 

next that the function <D(x, £; z) 

is continuous on the right in X for all (x, y, z, £) outside 
a null set independent of X and that it is dominated by the 

function y | d>(x, §; z)\ V^(y)~^E 0 (§, y; X); for all X in 

the interval A and for all (x , y, z , 2?) outside a null set in¬ 
dependent of X and of A. With the help of Schwarz’s 
inequality and the inequality (B), we find that the dominating 
function is integrable with respect to £ over the interval 
with extremities z and x . It follows directly that the integral 
term in (3) is continuous on the right in X for all ( x , y , z) 
outside a null set independent of X, This completes the 
proof of the assertion that the integral term is a function in 
S + 0r, y, z). These properties of the integral term enable us 
to interpret (3) as a relation which connects functions in 
33 + (a: ? y 1 z) and which is valid for all X and all ( x, y, z) outside 


J o t*d[p(y)~E 0 (?,«/;,«) 
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a null set independent of X. In particular the expression 

p(z) — lp(y)—E 0 (z,y;X)\ is to be modified in the usual 
dz \ 8 y / 

manner so that it becomes a function in 23 + {y, z)\ and we 
shall suppose until further notice that the function appears 
in this modified form. The detailed discussion of the neces¬ 
sary modifications may be left to the reader, since they are 
analogous to those carried out explicitly in the case of 
relation ( 1 ). 

At this point it is desirable that we summarize the pre¬ 
ceding results in a form slightly more suitable for the 
applications which we intend to make. We have shown 
that the functions 

E 0 (.x,y,l), E 0 (pc,z s ;X), E 0 , z 2 ; X), p fe) E 0 (x, z 2 ; A). 
3 9/3 

are in the class $5 + (x, y, z l9 z 2 ). In particular, we have shown 
that, if A is an interval in the class S) 0 (J) , then 

(A') 7 (£ 0 (x, y ; A); A) < K (£ | E (g, y- 4 )\* dsf* 

for fixed A, fixed x outside a null set independent of A , all 

y outside a null set which is independent of A but may be 

dependent upon x, and some constant K independent of y\ 

(A") V(E 0 ( X , z 3 ; X); A) £ K (J a \E&, x; A) | 2 ASj 

for fixed A : fixed z 2 outside a null set independent of A f all 

x outside a null set which is independent of A but may be 

dependent upon z 2j and some constant K independent of x; and 

(B') v(p(^~E 0 (x,^;i);Aj ^ £(£\E(Z,x; A) I*dtf 2 

for fixed A, fixed z 2 outside a null set independent of A , all 
x outside a null set which is independent of A but may depend 
upon z 2 , and some constant K independent of x. We have 
shown that the various functions under consideration are 
connected by the relations 
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(2 ) E 0 {x 7 y ? -E*o 0 ^ * ^2 5 SPi (^/ ? £25 0) 

3 

+ V fe) -g^- -Bo (as, *2 ; X) tp 2 {y , * 2 ; 0) 

®(j/, ?; «*) ^ fidE 0 (x, S; f«-)j $?, 

(1') £ 0 (as, 22 ; 2) = £ 0 0 1( 2 2 ; 2) 5 P! (as, r t ; 0) 

0 

+ V («i) -g^- B 0 0?1, 2a; *) 92 (as, 2i; 0) 

+ © (as, j?; 2,) 1* dE 0 (?, 2o; f*)j d£, 

(S') 2> («*) B 0 (as, 2 2 ; A) = p ( 2 *) £ 0 fo, 2 2 ; *) SPi (as, 2i; 0) 

0 Z% 0 Z 2 

9/9 \ 

+ V («i) -g^- ^fa) “g^Bo(?!, 2s; X)J 5P 2 (as, 2j; 0) 

+ ®(as, I; 21) (J^ (p(«a)-g^-B 0 (?, 2*; <Z£, 

valid for all 2 and for all (x, y, z l3 z 2 ) outside a null set 
independent of A. We may now assign to z x and z 2 fixed 
values Ci and c 2 respectively such that the various properties 
and relations enumerated above are true for all A, all A in 
® 0 (^), and all (x,y) outside a null set independent of l 
and of A, In the sequel it is sufficient for our purposes to 
deal with the case where z t = c L and z 2 = c 2 have been so 
chosen. 

We shall now prove that (2'), with z 2 = c 2? implies 

( 4 ) E 0 (x , y\l) = J q <pi(y, c 2 ; p) dE 0 (x, c 2 ; p) 

+92 ( y , c 2 \p)d [p (c 2 ) -J ~- E o (a, c 2 ; p) 

for all l and all (x, y) outside a null set independent of l . 
We first examine the term on the right of ( 4 ), denoting it 
for convenience by the symbol H 0 (x, y\ A).. Since E 0 (x, c 2 ; p) 

and p(c 2 )~^—E 0 (x } c 2 \ p) are functions in 5 B + 0 c), the function 
9 c 2 

H 0 (x, y\ l ) is defined as a Stieltjes integral for all X, all y, 
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and all x outside a null set independent of l and of y. It 
is evident that H 0 (x, y\X) is a function in 33 + (a?, y). If A 
is an arbitrary interval (a, fi) and if ( a !, V) is a finite closed 
interval interior to (a, b), then Lemma 10.2 shows that there 
exists a constant M such that | cpj c (y, c» ; (*) | < M, k— 1 , 2, 
for all fA in A and all y in («', &')• Hence we find that, for 
fixed A in the class ® 0 (40 and fixed x outside a null set 
independent of X } of A, and of y, the expression V{II 0 (x,y;l); A) 
is a bounded function of y on the interval ( aV) in accordance 
with the inequality 

Y(H 0 (x, y\ X); A) < M(V(E 0 (x , c 2 ; /*); A) 

+ V(y (c 2 ) ~ E 0 (.x, c 2 ; y ); 4)). 

3c 2 

Since L(i7 0 (ir ; y\ X)\ A) is a measurable function of y for 
fixed x, it must be integrable with respect to y over every 
finite interval interior to (a, b). If we note that 

9k(y,c%; $ = gp»(y, c*; 0 ) + p J[ S; <?*)sp*(£, 

for ft = 1,2, by virtue of Lemma 10.1, we can show by an 
easily justified change of order of integration that II 0 (x, y\ l) 
satisfies the relation 
y\ I) 

= E q (x, c 2 ; X) n (y,c% \ 0) 

3 

+I> (c 3 ) yy E 0 (*, Co; i) y 3 (j/, c 2 ; 0) 

+X 4X, ® c 3 ) SPi (£, c 2 ; <2 d£ 0 (x, e 2 ; ft) 

?; Cs) $r 2 (f, c 2 ; JK-) <2? 

x d U 3 fe) 4“ £ o (*, c 2 ; ft) 

= E 0 (x, c 2 ; X) g> t {y, c 2 ; 0) 

3 

+ 2 3 ( c 2 )y^- £ o(aJ, c 2 ; A)y s (y, c s ; 0) 

+ X c s) (X £; /*)j (2? 
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for all X, all y, and all x outside a null set independent 
of X and of y. We are now prepared to study the difference 
r 0 (x, y\ X) = E q (x , y\ X) — II 0 (x, y\ X ). From the fact that 
E 0 (x,y\X) and & Q (x, y\ X) are in 58 + (x, y), we conclude 
that r 0 (x, y\ X) is also in 23 + 0r, y). The inequality (A!) 
shows that the function V(E 0 (x, y\ X\ A) is integrable with 
respect to y oyer every finite closed interval interior to («, b), 
for fixed A in ® 0 (A) and fixed x outside a null set independent 
of A\ for this function satisfies the inequality 

£ V(E 0 (x,y;X);A)dy 

( nb ' 1/2 

< K(v-a'y* (XX I2/; I 2 d $ d v) 1!a 

under the circumstances indicated. On combining this property 
of E q with the corresponding property of II 0 , we see that 
V(F 0 (x, y\ X)\ A) is integrable with respect to y over every 
finite closed interval interior to (a, b), for fixed A in S) 0 (^) 
and fixed x outside a null set independent of A, In fact, 
we may even remove the restriction on the interval A ; for, 
if A i is an arbitrary interval and A 2 is any interval in S) 0 (A) 
such that A 2 3 A lt we have 

V(r Q (x, y ; 2); 4) ^ V(r 0 (x, y ; X)\ i 2 ), 

the first term being significant whenever the second is defined 
and the relation holding whenever both terms are significant. 
Finally, we see that (2') and the corresponding relation estab¬ 
lished for H 0 lead to the equation 

r 0 (x, y; X) = £ ®(y, g; c g ) {J Q ydT 0 (x, ?; /*)) dg, 

holding for all X and all (x, y) outside a null set independent 
of X. We note in particular that r 0 (x, y\ 0) = 0 for almost 
all ( x, y). It is now easy to prove that r 0 (x, y\ X) — 0 
for all X and all (x, y) outside a null set independent of X, 
and thus to establish the validity of (4). Let ( a ', V) be an 
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arbitrary interval which contains c 2 and which is completely 
interior to (a, b); and let A he an arbitrary interval (<*,£). 
Then it is clear that, for all (as, y) outside a null set inde¬ 
pendent of A. we have 

V(r 0 (x, y\ 2); A) 4 r\ c 8 )| V(r a (x, ?; 2); 4) <?£ 

< Nr F(r 0 (a5, M); 4)dj? 

where y is the greater of |«| and |/?| and N is the least 
upper bound of |CZ>(y, £; c 2 )| for a! < y b', a! < £ ?/. 

Now we know that 

|J]V(r 0 (a,M);4)<i3?| <£! TWo(*, $5 *M)d$ 

for fixed as outside a null set independent of A, the integral 
on the right being convergent. We denote the value of the 
latter expression by C. We conclude that 

V(r Q (x,y, A); 4) < CW>, 

7(r 0 (a, y\ 2); A) ^ 2V> I T 7(r 0 (a?, S; A); A) 

I 

for fixed x outside a null set independent of A and all y on 
(a!, V) outside a null set which is independent of A but may 
depend upon x . By an obvious inductive argument, we can 
obtain from these inequalities the relation 

V(r 0 (x } y; 2); A) £ C2P+ 1 r k + x \y — c 2 1 k /7cl, ft = 0, 1,2, 

which holds for the indicated values (x, y ): for we have 
already established this relation in the case 1c — 0; and, if 
it holds for k = n, we can establish it for 7c — w + 1 by 
means of the inequalities 

V(r 0 {x,y- 4) < Ny\ P F(r 0 (x, £; 2); 4) 4 g 

I «/C«> 

<: Ctf’H- 1 /«+! —C,|»d| jn ! 

<; ciy’H- 1 i*/ h Ca |»+v(« 4-1) i. 

Evidently the right-hand member of this relation tends to 
zero with 1/ft for arbitrary y in ( a &')• Hence we find that 
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7(r 0 («, 2 /; A); 4) = 0 for fixed a? outside a null set independent 
of A and all y on ( a !, b') outside a null set which is in¬ 
dependent of A but may depend upon x. Since the inter¬ 
vals (a', V) and A are arbitrary, and since F 0 (x, y\ 0 ) vanishes 
for almost all (x, y), this result implies that r 0 (x, y\ A) = 0 
for all A and all (x, y) outside a null set independent of A. 
This completes the proof of (4). 

It is now clear that, by reasoning' like that just carried 
through in detail, we can deduce from (1') and (3') the 
respective corresponding equations 

( 5 ) E 0 (x 7 c t ; A) = y! (x, c x ; p) d E 0 (ci, c 2 ; p) 

+ 92 (a;, ; fi) d (,) E» (c t , c a ; , 

0 

(6) p (c s ) -T— £ 0 (a;, Cj; A) 

0 (.'2 


X A I Q 

9i (a?, Ci 5 ^ (cs) 

- ya (*, fi; /') |.p(Cl) (c*) -g^- (ci, c 2 ; /<))j > 


valid for all A and all x outside a null set independent of A, 
In fact, if we denote by r(x\ A) the difference of the two 
terms involved in (5) or in (6), we find that 


r(x\ 2) = J^©(aj, h cj /*)) 

and can show by the argument used above that E(x\ A) 
vanishes in the indicated sense. It is to be noted that the 
variable x now plays a role similar to that of the variable y 
in the situation discussed in the preceding paragraph. 

By substituting from (5) and (6) in the right-hand term 
of (4) and applying Lemma 5.1 (6), we obtain the equation 


2 nl 

(7) E 0 (x,y;l')= JS 9<*( x > Ci‘, P) SP/S(y, c 2 ; l*) dcfys (/*), 

(x,p — lt/0 

holding for all A and all (cc, y) outside a null set independent 
of A, where 
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9 

On O) = E<> («i, c 2 ; f j , ffia 0) = P (t'a) £« (<‘i, c 3 ; /<■), 

Q 

°21 W = JP (Cl) ~T~ ^0 (^1 ? C 2 5 /*) j 

0 C\ 

<r 22 (ft) = p (c,) (Cs) - £o (Cl, C 2 ; /<)) • 

The sum on the right of this equation is obviously a function 
of l which is continuous on the right and which is of bounded 
variation over every finite interval, for all (x, y) without 
exception. Hence we may effect a definitive modification of 
the kernel E Q (x,y\X) which makes it identical with the 
right-hand term of (7) for all 1 and all ( x , ?/). It is of 
interest to observe that the kernel thereby becomes a con¬ 
tinuous function of (x, y) for fixed A. We may now trans¬ 
form the expression on the right of (7), so as to obtain the 
result actually asserted in the theorem. If c is an arbitrary 
point of the interval (a, b), we have 


9j (.%, ci ; ft) = 2 ajr (fO 9r ( x > c ’ f‘) > 
r= 1 
2 

9k(y, c 2 ; y) == 2 b 1c # (y) y$(y 7 c; y), 

where 

d 

ap = 9j (c, Ci; /*), a /2 = jp (c )<fj (c, Ct ; p), 

9 

Z>W = 5 Pk(c, d-, ft), 6*2 =p(c) — n(c,c*-,f*), j,Jc=l,2. 

It follows immediately that 

£<>(*, y, A) 

2 

■ = J 0 W fycf 0*) ?y G», c; p) 

(8) x<pj(y, c; /*) d<s„s(ft) 

2 /u 

= ^ Z/^ J o 9 y (x, c; /P) sp^( y, c; p) c?? ycr O) 

where 
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The integral expression for E(x, y\ A) given in the theorem 
is an obvious consequence of this result. We can now cal¬ 
culate the various derivatives of E 0 (x, y\ A) by means of (8), 
obtaining 

p(x)jx Eu( ' x ’ V' lS > 


(9) 



S Py c; y) 9d(y, c; y) de r< f(ji), 


( 10 ) 


p(y)-j^ E o(.x, y\ A) 


2 

2 f 

rj cT=iJo 


9y (as, c; y) p(«/) — c; /<-) dQ y& {y), 


( 11 ) 


i» (*) ^ (? ( 2 /) £ o («, y; A) 

2 /n 9 

= .2 c; ft) 

r? a=iJo d# 

g 

><p(y)j^9<r(y, c; /O ^e^W, 


for all A and all (a?, $/) without exception. We shall indicate 
briefly the deduction of (9). The integral which appears 
on the right is obviously defined for all A and all (x, y), 
0 

when p(x)~^Pk(x, c\ y) is regarded as an absolutely con¬ 
tinuous function of x on the open interval (a, b) for Jc = 1, 2. 
We can show that for fixed A and fixed ( x , y) we have 


l/p(§)^J o pi'&jgVyihc;/*) 

X9<f(y> c; y) **,«) ds 
= (1/j>(§))jpO)-^jSP/(^j c; <“) 

x y«f («/, c; y)d'tj dg yif (y). 
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The necessary interchange of order of integration is easily justi¬ 
fied by the argument used in the discussion of Theorem 10.4 (2): 
we express each Stieltjes integral as the limit of a sum of 
the usual type and show, by virtue of the inequality 

2 2 (i Ip (£))(£> c ’ fv) 

y,d'=l r = l 

X SPrf(«/, c; ft,,) (4 ( ’'0 <i M/\p (£) 

which is valid for fixed l, fixed (x, y), and all £ and // on 
the range of integration, that the operations of integrating 
with respect to g and of passing to the limit, n-* oo, can 
be applied interchangeably to such sums. Obviously, this 
result can be written as 

J c Up (?) [ r ^ =1 PiQ-jf’Prihc-, t*) 

x 9j(y,c\ !>) dfyjOoj d§ 

« c l 

= 2j ?y(x, c\ ft) y & (y, c; /*) dq.^iy) 
r.cJ-l Jo ' ' 

— 2 9t{.y,C\ fl) dQy#(jt) 

r ,<f=lJo r • ' 

= E 0 (x, y; X) — E 0 (c, y\X) 

d 

for all l and ail (x,y). By applying the operator p(x)-z — 

o x 

to both members of this equation and interpreting the resulting 
functions as absolutely continuous functions of x on the open 
interval ( a , 5), we finally obtain (9). The relations (10) and (11) 
can be established by reasoning of the same character. If 
we put x = y = c in these equations, we obtain 

(S') £o(t,c;i) = 

( 9 ') p (c) E 0 (c, y, X) \ y=e = o 21 (a) — q 31 (0), 

(10) p{c)-^-E 0 (x, c; X) == j) ls (A) Gis(0), 
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r(*)-^(p(y)~ E o(x,y;*) 

= v{y)-^[v(x)~E 0 {x,y\ l) 

— (?22 W - £>22 ( 0 ). 


The essential uniqueness of the functions QjkW, j, k = 1,2, 
as stated in the theorem, follows immediately from these 
relations. 

It is now a simple matter to establish the remaining 
assertions of the theorem concerning the matrix {^W}. 
Since E 0 (x,y : jl) is now co ntinuous i n (x, y), we see that 
the equation E Q {x, y\ X) — Eq^, x\ X) must hold for all l 
and all ( x , y) without exception. This equation becomes 

2 f $f k,(x,cw) $ pAy,c;p) dQyfQi) 

y,d~lJo / r 

2 r*i _ 

= 2 v) 9d(x, Cl fi) 

y,d=lJo / / 

and thus implies that QjkW — Qkj(X) = ty/c is a constant such 
that cju = — Ckj, for j, k = 1, 2. Evidently we can replace 
the matrix {&tcM} by the (Hermitian) symmetric matrix 
{QjicW — icjk}, as stated in the theorem. A similar argument 
shows that E 0 ( x , y\ X) is a real function if and only if the 
matrix {&%(-&)} can be so determined that its elements are 
real* functions. Now it is found that E 0 (x,y ; X) is real if 
and only if the resolution of the identity E[X) is real with 
respect to the conjugation J 2 ; and, by Theorem 9.14, the 
latter condition is satisfied if and only if the corresponding 
self-adjoint transformation A is real with respect to Jo. We 
may remark that, if the matrix {& 7 cW} is real, then it can 
be replaced by a real symmetric matrix since the constant cjk f 
on which the replacement may be made to depend in the 
manner indicated above, is evidently real. 

We have thus brought the proof of Theorem 10.22 to a close. 
With this theorem we shall terminate our discussion of 
differential operators of the second order, although we have 


84 
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left unanswered many questions which are immediately sug¬ 
gested by the results given above. It is worthwhile to point 
out some of the more interesting details which we are un¬ 
able to touch here. Further properties and interrelations of 
the functions qju W should be explored in a complete theory, 
as should the connections between the matrix {qjj c (I)} and 
the spectrum of the self-adjoint transformation .4, It is 
also of importance to determine the influence of the boun¬ 
dary conditions associated with A upon the integral repre¬ 
sentation of the kernel E(x,y\A ). The solutions of such 
problems would seem to require fairly powerful methods of 
analysis. 

We must refrain also from discussing some of the more 
familiar aspects of the theory of differential operators. We 
may mention in particular the examination of the further 
spectral properties of the self-adjoint transformation A . Many 
more or less general results in this direction are to be found 
in the literature, to which we refer the reader for further 
information.* A number of instructive examples are scattered 
through the papers cited. 

§ 4. Jacobi Matrices and Allied Topics 

In Chapter VII, § 3, we examined in some detail the con¬ 
nection between self-adjoint transformations with simple 
spectra and Jacobi matrices. We are now in a position to 
study, with the aid of the theory of Chapter IX, the most 
general Jacobi matrix. By removing the restriction imposed 
in Theorem 7.14, we not only complete the investigations 

* Hilt, Mathematische Annalen, 66 (1908), pp. 1-66Plancherel, Mathe- 
matisehe Annalen, 67 (1909), pp. 519-534;—Weyl, Gottinger Nachrichten, 
1909, pp. 37-63; Mathematische Annalen, 68 (1909), pp. 220-269; Gottinger 
Nachrichten, 1910, pp. 442-467 Gray, American Journal of Mathematics, 
50 (1928), pp. 431-458;—Stone, Mathematische Zeitschrift, 28 (1928), 
pp. 654-676;—Milne, Transactions of the American Mathematical Society,, 
30 (1928), pp. 797-802. These papers deal with actual extensions of the 
Sturm-Liouville differential systems; that is, with cases more general than, 
the one discussed in Theorem 10.18. 
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initiated in that section, hut also obtain the means for solving- 
important problems in the theory of continued fractions and 
the theory of moments. 

An infinite matrix A = {a mn } satisfying the conditions 

Clmn — ttnm '■> Clmn == 0, Ml■ <C. 71 — 1 j 

&nn :=: Cln\ Ctn,n-\- 1 :=: bn Q 

will be called a Jacobi matrix. The matrix A p = {a mn .{pj) 
obtained from a Jacobi matrix A = {cc mn } by the defining- 
equations a mn (p) — a m n , m < p, n p and a mn (p) = 0, 
m ^>p or n >p } will be referred to as a reduced Jacobi 
matrix of order p . While matrices of the latter type can 
evidently be defined and studied without reference to any 
prescribed Jacobi matrix, it is their relation to the theory 
of Jacobi matrices which concerns us here and which makes 
it convenient to think of them in terms of the definition given 
above. In Theorem 7.14 we introduced the polynomials Q n (l) 
constructed from a given Jacobi matrix A by the recursion 
formulas 

<?!© = !, 0 ,( 1 ) = ^^, 

&i 

n /A (J — (In— l) Qn-1 (0 — hn-2 Gr,i —2 ( l ) 

(r n (l) — 

0)i-l 

we shall find these polynomials fundamental in the study of 
a general Jacobi matrix A and its reduced matrices. It will 
be observed that the elements of the reduced Jacobi matrix A p 
suffice to determine the polynomials G 1: • * •, G p , but not their 
successors. 

Theorem 10.23. The transformation T X {A P ) associated by 
the complete orthonormal set {g n } with the reduced Jacobi 
matrix A p is an essentially self-adjoint transformation; and the 
self-adjoint transformation T t (A p )= Ti (A P )=T**(A P ) 

is bounded. The function q p if) = [E (p) (A) g x f, where (1) 
is the resolution of the identity corresponding to has the 

following properties: 


34* 
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(1) q p (2) is a real mmiotone4nereasing function in s iV 1; which 
assumes exactly p + 1 distinct values; its p distinct points of 
discontinuity are located at the roots of the polynomial 0 P \i{i)] 

(2) I d Qp (-7-) = : 1 7 I a m Q) di>p(h) - :r: d mjl , 

fj —CO fJ oo 

/s_)~co -. 

I X Q n (A) & 7l i (X) d Qp (^) a m >i(p) ( h)uij 

cj — oo 

jn, n = 1, • • •, p; 

r +oc | 

(3) the integral I (Z; &,) = I ^ rational 

function of l which is analytic at infinity and developable 
there in the convergent series 

- S c tt (p)/l a +e e»(i>) = r A» (2); 

a=o 00 

(4) the rational function J(Z; ccm be expressed as the 
continued fraction t 


1 1 

IV s 1 

1 

j_ 

M 

1 

1 

_ IV. I s 

a 

I 

1 

a 2 — l 

| a p ~i — l 

1 dp —/ 


The constants c n (p) ivJiich appear in (3) ///c property that 

Cn(p) = c n (q) for 0 <72 <; 2j; — 1 , # > p. 

Since tlie matrix is symmetric and contains only a. Unite 
number of elements different from zero. Theorems 3.2, 3.4 and 
3.5 are applicable to it; they show that r J\ (VI;,) is an 
essentially self-adjoint transformation and that H (j0 = T 2 (A P ) 
= Ti (A p ) is a bounded self-adjoint transformation which 
coincides with ffiAp) and T** (A p ). We see at once that 

oo 

the relations E^\g n = cim(p) ffa are satisfied and reduce 

i 

to the equations 

— 010!+biffs, 

fjn—l ~ bn -2 ^b-2 + On -1 tfa-1 + //«, 

^2> = V-l 0p-l + Op dp, 

g n =0, M>p. 

f We use the notation of Perron, jDie Lehre vo7i den Ke.Uenbriie.hen, 
second edition, Leipzig, 1929, pp. 3-4. 
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By manipulations like those indicated in the proof of Theo¬ 
rem 7.14 we conclude that //,, = G n {H ip) ) for 1 < n < p. 
Obviously, the elements //„., n>p, are characteristic elements 
of lf (,p) for the characteristic value l —= 0. Thus, if E (p) (X) 
is the resolution of the identity corresponding to H ip \ the 
element g n , n>j>, satisfies the relations E ip) (X) //„ 0, 

X < 0, and E (p) (l)() n — //„, A L: 0. In consequence, we see 
that every element expressible in the form E {p) (2) //, must be 
orthogonal to //,„ ny-p> by virtue of the equation (E^Q^y^ y u ) 
(//,, E (p) (X) //„) = 0, and that E (p) (X)y l is an element of 
the linear manifold determined by the elements //,, //,,. 

On the* other hand, we have noted that //„ <7„(7/ c/,) )//,, 

1 < « ja From Theorem 7.2 it follows that the closed 
linear manifold 9J^,(//,) determined by the set of elements 
E (p) {l)g v , —co < 2 y + 'X-, coincides with the linear manifold 
determined by the set of elements//,, , y v . In order that 
yRp{g ,) have the correct dimension number p, it is necessary 
that the function q p (X) — \ assume precisely p -f1 

distinct values and have precisely p distinct points of dis¬ 
continuity, X pl < X p < 2 < • • • < < y p > p , as wc see by refer¬ 

ence to Lemma 6.2, Theorem 6.2, and Theorem 7.2. We now 
locate these points of discontinuity. From the equation for 
E {p) ()p given above we see that 

= ((H<i» — a p )f/ p — h p --i<to-x)h> P - 0. 

If A is an interval containing the point X = X pk but no other 
point of discontinuity of q p (X ), then 

C-fp+X (V) \n (P) (4).9i| 3 = £ &p+1 0) dq p w 

= = 0 . 

Since 

0%J S = Qp (V+ 0) - Q P 0) t 0, 

we conclude that G p +1 (X pk ) = 0. Thus the polynomial 
G p .fi (7) vanishes at the p points of discontinuity of q p (X ); 
and the fact that this polynomial is of degree p shows that 
it has no other roots. 
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The relations given in (2) are easily established. We have 


x 

X 


J1 M dQ f {X) = |/7l|- = 1, 

G m (1) (h (X) dQp (A) = (G m (li (p) )f/,, Cm (// ( "')/y,) 

(/7m > <7^) == ^»wt ? 


lO n {l)O m {l)dQ v {X) = (&W 

- — ; C T£^ J \(Jnj fjvi) (him (p) ““ ((run? 

m, n — 1, * * •, p . 


If Bi p) is the resolvent of the self-adjoint transformation 
then the integral 1(1; Q P ) gives the value of (R) v) <u , //i). 
From (1) it is evident that this integral is a rational function 

of l representable in the partial fraction form . pt( 

a — i Apw ( 

and therefore analytic at infinity. The series development at 
infinity for this function follows directly from Theorem 4.21. 
Since the spectrum of H (p) consists of the characteristic 
values 0, h pp , we have < C\f[ where C 

is the greater of \X p i\ and Hence, Theorem 4.21 shows 

that 

Id; 9 p) = {BPffi,g i) = - 2 m^r fh , y ,)/r+‘ 

« = 0 
oo 

= - ^ C« {p)H a+1 , 

Cf = 0 

X H-oo 

_ M X n dQ p (l), 


the series being convergent for |Z|>6 7 . 

In order to obtain the expansion of 1(1; q v ) as a continued 

fraction, we first note that R\ v) g t is an element of 3K 7 > (//,) 

v 

and is therefore expressible in the form 2 !)(*• We there- 

« —i 

fore have 

,7i === JEj %cc (H^ ga l ga) • 

a —l 

By substituting this expression for g t in the relations 
(gx , ffn) = $m, we obtain a system of equations satisfied 
by the p coefficients x x , • • , x p : 
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•?*1 («1“0+ = 1, 

oc n --\ b n ~~i ' r n ((hi- — 0 “t~ 1>n = 0, 2 ^ n ^ 2 ) — 

i bj>—ij’p ((ip — /) = 0, 


This system can be written in the equivalent form 


3'l 

CTp/ .Vp -1 


1 

C(i / by ;7\j ] X j 7 

— bn-\ 

aik — f lht‘n ’ 

-h , 

Up ~~~ f ' 


By substituting from each equation of this system into the 
preceding one, we obtain for xi — (M y,> //i, fj i) ’ 7(/; the 
expression given in (4). 

Since <7„ (Z) is a polynomial of degree n —1, there exists 
a unique set of constants C mn such that 
■//?.+1 

l m (*ma (fa (0 j Ml =::: 0, 1 , 2 , * • - . 

« ^ 1 


Hence, if is any one of the integers 0, •••, 2 y —1, we 
can write 

X* - X ■ XJ ■ ?> = 2 1 2 Cm <\o X 0« (X) Qp(Xj 

a 1 (i - 1 

where 0 <’j ■ p— 1 ? 0 k < p— 1, and can therefore con¬ 
clude that 

C»(ff) = J_ M X u tl.Q,j(X ) 

AW - r*+« - 

= 2 M xo a (X)ff /l (X)de v (X) 

a 1 /J l w'-°° 

J-l-l AH-i __ 

= 2 Qj« ( 'left Mftu (q) 

p : «1 

./■ rl 7c+l 

= ftp df/fre j g 2^ 25 

« 1 JL«1 

is independent of q for q 5 > y . This completes the proof of 
the theorem. 
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With the aid of Theorem 10.23 we can establish some of 
the properties of various systems of polynomials associated 
with a given Jacobi matrix, among’ them the polynomials 
G n (l) already defined. In preparation for our first theorem 
in this connection, we observe that the final assertion of 
Theorem 10.23 suggests the introduction of a. sequence of 
constants {o*} associated with the Jacobi matrix ,1: we set 
Co = 1; and, if n is a positive integer, we denote by p n the 
least integer such that 2 p n —1 >n and set c„. — c n (/;„). 
It is evident that c n (p) = c.n (Pn) — <‘ n for p f p n , and that 


{*- (- 00 _ 

C-yi = I 1 • l 11 ’- 1 • * _1 d Q Pu (A) 

tJ — 00 


Cn 


P n Pn 

— 2 2 1,« Qy- i,/? 

« = 1 0=1 

= w 

i/ — 00 H 

JV 1 Pn 

=== Qp Jt —2, a Gp n - 1,/S ttfia i 


according as w is odd or even. The latter relations, taken 
together with the definition of the constants Cju, show 
that Cn is determined by the reduced Jacobi matrix A Pn . 

Theorem 10.24. Let A be a Jacobi matrix, { G n . (1) j the 
associated sequence of polynomials, and {c ;i } the associated 
sequence of constants. Then 

(1) if we define a 0 = b -1 = b 0 — 1, 0~i(l) — —1, 
G 0 (l) = 0, the recursion formula 


q _ (J &n —l) Gn —1 if) 

bn —I 


is valid for n i> 1; 




Gn-lQ) 


(2) 0 - m) £ G a tt)G tt (,m) = Gn+imnGn(m)—InOMGn+Hm), 

a — l 

n > 1; 

(3) G n {l) = (—l)*-* det {aj k —ld Jk }/b 0 ... ba-i, 

j,k— l,. • -,n —1 
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(4) G n (l) = (—l)’ 1-1 ?';, det 

fc — 0, • ■ •, n— J i 

■n 2l "2, irharu y„, — l> 0 ■ ■ ■ h„-\/ b» ■ • ■ D 0 = 1, find 

Bn. •— det, {<•;+&}, « > 1; 

./,/»; 0, — l 

(5) (jn(D is a polynomial of degree n — 1 ?r/7// n— 1 
distinct real roots; 


((>) ///(' roo/,s‘ o/’ f l n (!) separate the roofs of G n 11 (0 ,/br 
" > 2; 

(7) Me inequality \ Gn (A + / // 1 ) | < | G„ (A + / /^) | As* satisfied 
for \ fh \ <’ |/f a | trhcueeer A, //j, awtf //+ arc m// numbers. 

The artificial scheme given in (1) for extending the re¬ 
cursion formula to the values n 1, 2 is readily justified; 
while the extension is trivial, it often simplifies applications 
of the recursion formula. In proving (2), we have only to 
write 

l Gn ( l ) = bn G)i +1 (/) + U n Gn (/) + />w~l (/)? 

??lf7»(wi) = 1-1 0/1.) + /r„. (Wl) + bn ^ Gn i (/>/), 


and substitute in the left-hand member of the equation to 
be verified: the right-hand member is obtained by virtue of 
obvious cancellations on the left. We establish (3) by an 
inductive process based on (1). .hirst, it is easy to calculate 
and verify (3) for n ~~~ 2, 3. We next suppose that the 
equation has been proved for n = 2, • • •, p and show that 
it is also true for n p + 1, p > 3. By expanding the 
determinant in an obvious manner, we find 

( — l) ;,i 1 ^ det {ap c - — l<\jic}l\) **• hj> 

= (—1 det {ajk — ld Jk }/bo *** bp 

>• —i 

-(— l)fn lip -1 Up-; det { a Jk —l3 Jk }/b 0 ■ ■ ■ bp 

j } k r, • • 2 

“ Q — ctp) Gp(l)/bp — bpsGp-i(l)/b :P = Gp \ i(l). 

Hence (3) is valid for n > 2. The proof of (4) depends 
upon the evaluation of G n (l) just obtained. We consider 

the linear transformation yj = ^ 1 j <, n —1, 




538 


HILBERT SPACE 


n— l 

defined by the relation V ^ -S ^V’(0- It is easily 

« 1 /s — i 

verified that dj/ c is the coefficient of /- ;_1 in the polynomial 
G k Q) . Hence dju = 0 for > Zc; and duu = l//>o *•* i. 
h 0 = 1, by virtue of (1) and (3). It follows that 

det { dju } = 1/6T 1 

We now use the equation 

= JjJ (1- l) ( S" X, Or «) ( Of,(X)jfl o„ 0) 

to show that 

n— 1 .n—l 

J''!' -1 2 ) 1/8 Vet :=z (fUir l $ur) XX ti 

«,/* = 1 

when the variables a? and y are connected by the indicated 
relation. If we replace the y *s by their expressions in terms 
of the o?’s and equate the coefficients of avcaj/ in the resulting* 
identity, we obtain the matrix equation 

{ dju} {Ca-f/3—1 lCct-\-p— 2 } {dp]o\ = {Ctjjc Idjlc} j (Ijk ; : dkj • 

We conclude that 

det {c/+ 7 t+i Zc/+fc}/| ^0 "'■*’( 1 “ 

J, 7c=sO ,2 

= det {^/c}. det {cy-i-ft —1 £< 2 / 4 . 7 *- 2 } det {<(//»:} 

j, fc=1,• * •,ii—l j,k=l, •• -,2l—1 ,/, 7c -1, * * *, —1 

=== det {q//c Zdj/ C }. 

j, /f=i, •••,»—1 

By comparing the coefficients of p - 1 in the two extreme 
terms of this equation, we find that 

D n - 2 /\b Q | 2,l “ 2 . •* j r = 1 

and hence that 

Dn—dT>n—2 = I &0 | 2 * * * I hi —1 | 2 J i^ 2 i—2 -D?i/ 1 = | | 2 « 

On substituting these results in (3), we obtain the formula 
stated in (4). We have already proved (5), which is merely 
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a modification of Theorem 10.23(1). hi order to prove that 
the roots of (/) separate those of (7„ } j (/), we shall calculate 
the quantities <L,(hk) where l t ,r ■ Kr> • ••• • l n ^^ v :X )ni are 

I oo 

the roots of <7 U \ i(/). The equations J ^ )J' (i u {X) dq n {T) ■■=■- 0 
are valid for 0 2 and can obviously be written in 

the form (,%,(/,, l(: ) 0. Thus thei*e exists a constant 6 Y 

t: 1 

such that UnO-nu)- (—l) A ‘t r Jwhere J n/ , is the Vander- 
moiule determinant obtained by deleting the row p n —2 
and the column q- k from det {A// V J. It is clear 

i> \ i ,<i i,- ■ • ,n i 

that the inequalities X n v X„«- . *••• r - X>„, imply J,,./.;. 0, 

and it is also clear that (' is different from zero sinc.e (>„{!) 
cannot have n roots. Thus the polynomial (*„{?.)/(' in the 
real variable / assumes nail values of alternate sign as l runs 

through the values l ,,i • l )r > . ^n,n—\ * . X nn . We th<M‘o- 

fore conclude that this ])olynomiai is real and that it vanishes 
at least once on the interval X n u ■ X *... i i, h n —* 1. 

This result is equivalent to that asserted in ((>). Finally, 
we obtain (7) by writing | t7n(/-|-/»| in factored form as 

n i „ , 

|| \(l — X n i, ti) “4~ 'ip j /1 )„ ~ % I )n ” i and then noting that the 

a 1 

expression (/ — A 0 )-(-///! increases with |//-| when X, X {) and// 
are real numbers. The trivial ease n ~ 1 is not included 
under this method, since jt7,(/)| 1. 

Thkokkm 10.25. LH .1 \a fnn \ and A< 1) = {u^j ha 
Jacobi matrices such that a\l t \ ( let { <» n (l )j and 

{(if (/)} be the sequence# of fm/t/nmniuls associated with A a/nd 
with J ( h respectively; (end let II„,(l) be the polynomial of 

degree n~ .2 defined hi/ Uie equation //>,(/) — —Gw i (Q/frj 

for n > 2. Then 

(1) // we define K 1, JI {) — 1 ? //,=(), the recursion 
format a 


i) Hn 1 (0 —V-a //«-*(/) 
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(2) (l-m) Z G«(l)H«{m) 


= G n+ x (I) b,i B n (m) — b n Gn ® H n +i O ), n > 2; 

(3) the 'polynomial B n +i (l) has n — 1 real roots which 
separate those of G n ~\~i (l), for n > 2; 

(4) | 1/ISK0I, 

(5) the continued fraction 


Fn{l,t) = f2±-j- 

| ai — l 

satisfies the relation 


16.1 


| ^-2 | 2 


F n (l, t) 


I a^ — l | an ~i l 

lnHn+l(l) + H n (l)t 


| a,i, — l — t 


In Gn+1 (l) + On (l) t 

for n }> 1; 

(6) when l is a fixed number, 3(1) ^ 0, and t describes the 
half-plane 3 (l) 3(t) >0, then z = F n (l, t) describes a locus 
C' n (I) consisting of the interior • and circumference of the circle 
with center at the point 

bn Hn+ff) Gjj) — KHnif) g„ + i'(0 

In Gn+1 (l) Gnd) — K. G n (l) Gn+1 (f) 

n _ \ / n 

■ 1 +2*3(0 2 Got (l) H a (l))2i 3(1} 2 I Gn if) I 2 

« = 1 // a = 1 

and radius 

1 bn Gn +1 (Q Hn (Q — bn Gn (Q (0 I 


| b n G n+1 ( l ) Gn ( l ) - bn G n (0 <?„+! © | 


= 1/2|3©|Z|0«( 


the locus C n (l) lies in the half-plane 3 (l) 3 if) > 0 and contains 
Cn+i (l) in its interior. 

For n = 2, 3, the recursion formula given in (1) can be 
verified directly; and for n 4, it follows immediately from 
the equation 

/-yd) _ (£ — an— 2 ) Gn—2 ( l ) — &S-8 (0 

<Xn-l\o) — - =r^ -- 

On—2 

= g ~ — gazi off* (0 
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which is satisfied by the polynomials {6^(0} associated with 
the Jacobi matrix A a) . This recursion formula leads to the 
result stated in (2) by a series of manipulations analogous 
to those used in the proof of Theorem 10.24(2). 

We now pass to the consideration of (5). It is easy to 

verify that the formula. F n (l, f) ----- h)l Hn — - is valid 

b n (lu 11 -f- O n t 

for n = 1. If it is- valid for u --= p > 1, we have 

bp(^i> i i Up \ i ~f~ bp J)p lip 

bp (dp {i — /) (Ip | i + bp bp Up 

bp ! 1 //;,+!»-1- 11 p \-1 f 

bp 11 Up .|.‘j -(- Up \ i t 

by virtue of the recursion formulas. Hence the formula is 
true for all n > 1. 

By the use of (5) and of Theorem 10.23, we can now 

establish the assertions made in (3) and (4). Since it is 
true that 

//,H iA4 + i /•’„(/. 0) /(/; q ») = ± . 

a l ' 

where l„i • 4,ii< * • • ■ K,n-i < 4m are the roots of U H m (/) 
and ;r m , • • •, rr„„ are positive constants, we see that as l 

increases through real values from to 4*.,/c-|i the rational 

function H n \ i/Un+i assumes all real values from —co 

to 4-co. Thus Hn fi(/) vanishes at least once on the open 
interval (Kk, 1 < h n — 1. Since H n -\-1 (l) is a 

polynomial of degree n — 1, it has exactly one root on each 

of these intervals, as we wished to prove. From the familiar 
inequality j 1(1] | ^ 1/| 3 (1) | we conclude that (4) is 

satisfied. 

For fixed l, the relation z = F n (l, t) defines a linear 
fractional transformation of the rf-plane into the #~plane. 
The determinant of this transformation has the value 


bp jJp\\ t_ 
— bp Up | i t 
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b n G n +1 (0 S n (0 b n Gn (0 Bn+i (0 * By means of the recursion 

formulas we can easily show that 

| in I I GW 1 (D Sn 0 1) - Gn (D H n+1 (l) | 

= | bnr-1 1 I Gn(l) — G n -l(T) S n (f) | = • • • 

= \bo\\ Gi (l) So(l) G 0 (l) Hi (l) | = 1. 


Hence the transformation is non-singular and carries the half¬ 
plane 3(0 3(t) i> 0, 3(0 + 0, into a locus C n (l) in the 2 -plane 
which is either a circle together with all its interior or all 
its exterior points, or another half-plane. In the case n = 1, 
we can verify directly that the transformation z = F ± (l,t) 


i ftp i 3 

cii — l — t 


defines Ci (0 as the circumference and interior 


of a circle lying on the half-plane 3(1)3. (z)> 0. Let us 
suppose now that the locus C n (l) has been shown to consist 
of the circumference and interior of a circle lying on this half¬ 
plane. Since the transformation z =F n +i(l,t) is the product of 

I l 12 

the two transformations 0 = F n (l, t') and f = - M , 

C t 


it is then clear that C n +i(l) must consist of interior points 
of C n (l) and is therefore composed of the circumference and 
interior points of a circle lying on the half-plane 3(0 3 (z) > 0. 
By induction we conclude that the qualitative description of 
C n (0 given in (6) is valid for all n 2r 1. In order to determine 
the center and radius of the circular region C n (l), we observe 
that the transformation z = F n (l,t) carries the points 0, 


— bn,G n +i/Gn, — b n G n +i/G n of the f-plane into the points 


FLn- f-l/ Gn-yl) 


b n F[-n- hi Gn bn JE[ n Gn- j-l 
bn Gn -(-1 Gn — bn Gn Gn+1 


respectively, 


of 


the extende_d 2 -plane. Since the points — b n G n +i/G n and 
— bnGn+i/Gn are symmetric in the real axis, 3(0 = 0, 
their images in the 2 -plane must be inverse with respect to 
the circle which is the boundary of C n (0- Thus the center 


of this circle is the point 
radius has the value 


bn Sn- f-l Gn bn Sn G n -fl 
bn Gn-rl Gn bn Gn Gn-\-l 


and its 
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•H-n-r 1 _ bn Gji bn H-n Gn -\-1 

G n +1 b n G n + 1 G n — b n G n G n -±1 

_ 1 b n Gn-\-l Hn b u Gn -ffi a+l | 

| b n G n +1 G n — b n G n G n +1 | 

The expression for the center can be reduced to the second 
form given in (6) by use of (2) and of Theorem 10.24 (2); 
and the expression for the radius can be evaluated by use 
of the equation \b n \ \ G n +i Hn — G n H n +i | = 1, established 
above, and of Theorem 10.24 (2). 

It is to be observed that the polynomials H n (Z) have many 
properties analogous to those of the polynomials G n (Z), by 
virtue of their relation to the Jacobi matrix Since such 
properties can be obtained by means of Theorem 10.24, we 
have confined our attention in Theorem 10.25 to relations 
which involve both sequences {6^} and 

In our next theorem we shall give results which become 
significant only in connection with certain facts which are 
established later. It is convenient to state them at this point 
because of their intimate algebraic relations with the formulas 
of Theorems 10.24 and 10.25. 

Theorem 10.26. The linear fractional transformation defined 

by the equations _ _ 

bn G n+1 (0) ~ bn Hn- f-1 (0) £ 

t = WM+WWs ’ 

* = g»+i(0) — (0) t 

b n H n+1 (0) + Hn(.0)t 

for n^> 1 takes the hcdf-planes 3 (s) > 0 and 3 (s) < 0 into 
the half-planes 3 (t) > 0 and 3 (t) < 0 respectively; and it 

carries the function F n (l, t) = j ”—^ n — into the 

bn Gn+l + Gn t 

function ® n (l, s) — ~~~~ where 

'dn \y) "t* r n w $ 

-Pm (l) = -Hm + iG)6m G n (0) — l„Hn{D <3W+.i(0) 

a — 1 
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Qn ( l ) = G n +1 (0 bn G n (0) — b n G n (l) Gn+l (0) 

n _ 

= l 2 Ga(0)O a (l), 

a —l 

Un (1) = Hn + l(l)bnH,M—b n H n (l)ITn + l(0) 

<x = l 

Tn © = GWh (0 6^(0) - bn Gn © H n +1 (0) 

« _ 

= l + zZ^«(0)G«©- 

a = l 

Z is « fixed number , 3(0 4 0; a nd s describes the half¬ 
plane 3{l)3(s) > 0, then z = c£> w (Z,s) describes the locus 
Cn(l) of Theorem 10.25 (6). 

We shall write the transformation under consideration in the 

A-\- Bs _ 

equivalent form t — -tthTtW’ wliere ^ = — Ynb n G n + i(0), 

=:= Ynbnblti-^ i(0) ? (7 = T) ^ /n Hn (0) , and 

Yu ~ b 0 • • - b u -i/\h ••• 5,i_i|. This form has the advan¬ 
tage that the coefficients are real numbers, as we shall now 
show. From Theorem 10.24, (3) and (4), it is clear that 
the polynomial G n (l) is the product of a polynomial with 
real coefficients and the complex constant y n - By virtue of 
the fact that the polynomial H n (l) has only real roots, it is 
also clear that H n (l) is the product of a polynomial with 
real coefficients and a complex constant y n . The relation 
HJGn = 1(1; Qn- 1 ), n > 2, shows that we may take ij n = y n , 
since I (, l ; Q n — i) can obviously be written as the quotient of 
two polynomials with real coefficients. The case n — 1, 
which is not included -under this method of approach, is 
trivial since H x — 0, G x = 1, y x = 1. From these facts 
we see at once that the coefficients C and D are real 
numbers. To discuss the two remaining coefficients, we put 
them in the new forms 

A = - ( b n Yn / j b n | Yn-^l) | b n | Yn +1 ^?H-l(0) ? 

-® = ( "bnYn! | b n | Yn-\-l) | bn \ Yn-\-lB[n-\-l (0) . 
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By direct evaluation, we find that b n yj\ b n \rn+i = 1 and 
hence conclude that A and B are also real constants. In order 

A + Bs 


to determine the effect of the transformation t ■ 


C+Ds ’ 


we 


make use of the relation 3(t) = (BC — AD)3{s)/\C J r Ds\K 
By use of the recursion formulas of Theorem 10.24 (2) and 
Theorem 10.25 (2), we find that 


BC—AD 

= rl bn (G7+l(0) Hn(0) - GAO) Rn+AO)) 

= rlb n - 1 (GAfi) Hn- 1 (0) — Gn-i (0) HAO)) 

= 04WW bn-l {On( 0) Hn -l (0) — G n -1 (0) HAW) = 

= (rl bn -1 • • ■ bo/bn -1 ‘-bo) bo {GAO) H 0 (o) — GAO) If A0)) 

= rl bn-1 ‘ ' * bo/bn-1 “'bo = 1 . 


Hence the transformation is non-singular and takes the half¬ 
planes 3{s) 0 and 3{s) < 0 into the half-planes 9(0 2; 0 

and 9(0 ^ 0 respectively. On substituting the expression 


" bn Gn+l (0) bn Hn+l (Oj S 


in the function F n (l, t) we 


G n {0) + Hn(0)s 
obtain the function <Z>»(Z, s) described in the theorem. This 
substitution yields the formulas for P n , Q n , TJ n , V n in terms of 
G n , Bf n , G n + 1 , Bfn+ 1 without any difficulty. The final ex¬ 
pressions are obtained from these by use of Theorem 10.24 (2) 
and Theorem 10.25 (2). The calculation of U n in this manner 
depends upon the closing remarks in the proof of Theorem 10.25. 
The transformation defined by the equation z = <f> n (l, s), where 
l is a fixed number, is evidently the product of the two trans- 


» xi / 7 a , bn Gn-\-l (0) bn JEfn-+ 1 (0 )S , 

formations z = F n {L t\ t = ■, and 

Gn{0)+F n {0)s 

therefore behaves in the manner described in the theorem. 

We turn now to the contemplated generalization of The¬ 
orem 7.14. We have 

Theorem 10.27. Let A be a Jacobi matrix, {G n ffl} the 
associated sequence of polynomials, and {c?i} the associated 


35 
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sequence of constants; let TfA) be the symmetric transformation 
associated with the matrix A by the complete orthonormal set 
{g n }\ let T be the closed linear symmetric transformation 
T t (A) = Ti* (. 4 ); and let J be the transformation ivhich 

oo co _ _ 

carries f=^Xaga into Jf — 2waX a g a , where o) n — yjy n 

_ €1 = 1 CC = 1 

= b 0 • * • bn-i/bo • * • b n - 1 - Then J is a conjugation, and T 
is real with respect to J. The transformation T has the 
deficiency-index (m, m) where m = 0 or m = 1 ; the two 
possible cases are distinguished by the following properties : 

oo 

( 1 ) when m — 0 , the series 2 I ^«©| 2 diverges for all not- 

a = l 

real l, and for all real l with the possible exception of a finite 
or denumerably infinite set of values; the set where this series 
converges is the point spectrum of the self-adjoint trans¬ 
formation T\ 

00 

( 2 ) when m = 1 , the series converges for all L 

a = l 

If the transformation Xi and the function q {f, g\ I) are as¬ 
sociated with the symmetric transformation T by an approxim¬ 
ating sequence of self-adjoint transformations in the manner 
specified in Theorem 9.17, then 

( 1 ) £>( 2 ) = q{gi, < 71 ; I) is a real monotone-increasing func¬ 
tion in the class 35* ivhich assumes infinitely many distinct 
values between its greatest lower bound 0 and its least upper 
bound |^i | 2 = 1 ; 


( 2 ) 


X +oo 

G m {X)Gn(fi)dQ{X) 

-00 

P+°o _ 

XGn{X)G m (l)dQ[X) 


bmn j 
am)ij 


(Xi g m j g 


x_ f + °° 0mWGn&) 

n) J_co l —% 


dg(Z), 


m, n = 1, 2, 3, • • •; 


(3) the function (Xi g x , gj) is represented in the sectors 
0<€ < argZ < n — e, n-fs < arg l <1 2 n — e, by the 
asymptotic series 
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If Xf and Xf are two such transformations and if £ (1) (2) 
and Q (2 \l) are the associated functions, the identity X/ 3) = X/ 2) , 
for all not-real l , is equivalent to the identity £ (1) (A) = o (2) (2). 
When T has the deficiency-index (0, 0), it is a self-adjoint 
transformation ivith simple spectrum; the transformation Xi 
coincides with the resolvent of T for all not-real l and the 
function q (I) associated with it is equal to (E(X)g u y 1 ), where 
Eifi) is the resolution of the identity corresponding to T. 
When T has the deficiency-index (1,1), it has c self-adjoint 
extensions, each of which is real ivith respect to the conjugation J 
and has a simple spectrum. 

As in the proof of Theorem 7.14, we find that 

Tgi = a t gi + h g~2 , 

Tg n —i = ha — 2 #7/.—22 4 ~ a H — i gn—i + h n —i gn, n > 3 % 

and hence conclude that g n = Q n {T)g t for n 1. With 
the aid of these relations we proceed to examine the con¬ 
nection between the transformations T and /. It is easily 
verified that J is a conjugation in the sense of Definition 9.7, 
when the equation |w n | = 1 is brought to bear. Theorem 9.13 
shows that T is real with respect to J if the equation 
JTg n = TJg n __ is satisfied for n ]> 1. By virtue of the 
relation co n = bn —i u>n-ilh n -i, we have 

JTgi = cii gi + hi m 2 gn = ai g± + hi g 2 = Tgi = T Jgi , 
JTg n —l = 2 gn—2 + a n -l <*>«—l gn—l + h n — 1 w n g n 

— 1 (&n—2 gn —2 + &n—1 1 + h n -l g?i) 

= Toj n —i gn—i = TJg n - 1 , n ]> 3. 

Thus T is real with respect to J, as asserted in the theorem. 
This result implies that if the complete orthonormal set {^} 
be replaced by the set #«}? with the property Jf n g n 
= Yn gn = /n then the transformation T will be de¬ 
scribed in terms of the new set by a matrix of real elements; 
in consequence, there would be no loss of generality in 
restricting our attention to real Jacobi matrices, and even 


35* 
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to Jacobi matrices with b n > 0, if we so desired. Another 
consequence of this result is that the deficiency-index of T 
must have the form (m, m) in accordance with Theorem 9.14. 

We shall now determine the deficiency-index of Tby finding 
all the characteristic values and characteristic elements of 
the adjoint transformation T*. The number l is a character¬ 
istic value of T* = T* (A) if and only if there exists an 
element g ^ 0 such that 

(T* g, g n ) = l(g, g,i) = < g , Tg n ), n 1. 
Such an element g exists and is expressible in the form 

oo 

g = 2 x a g<x if and only if there exists a sequence of 

a — 1 

complex numbers {x n } satisfying the equations 

oo oo 

lx 1 = l(g,gi) = 2 x <* (.get, Tgi) = a 1£t x a = ctixi.+hxs, 
«=1 «=1 

oo oo 

lXn-l — l(g, g n - 1 ) = 2 Xa(gci, Tg n -i ) = .2 
« = 1 « = 1 

= 2 —2 H“ 1 1 4“ 1 ^ J 3- 

and conforming to the further condition that the series 

oo 

^ |#a| a converge to a sum different from zero. The equations 

Ci = l 

just derived can be written in the successive equivalent forms 
lx i = aixi~\-biX 2 \ 

l Xn—l = 2 #rc-2 4“ 1 X n —i 4~ bn—i x n , n 2; 3; 

= G n (l)x i, w > 1; #» = G n {l)x i, n > 1; 

if we assign to an an arbitrary complex value J, the further 
condition on the sequence {#»} can be written as 

o<i*i*Siff.©r<+oo. 

a = l 

It is now clear that l is a characteristic value for T* if 
and only if the series | G a (?) j 2 is convergent, and that 

a = l 

all the characteristic elements corresponding to a character- 
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istic value l are given by the expression g — '§ G« (l) g a , 

a — 1 

where £ is an arbitrary complex number different from zero. 

00 _ 

From Theorem 9.8 we see that the series I Ga (l)\ 2 must 

Cl — l 

converge for all not-real l or must diverge for all not-real l, 
its behavior throughout the half-planes 3(1) >0, 3(1)<C0 
being determined by its behavior at a single point in one 
of them. When this series diverges for not-real l , the trans¬ 
formation T has the deficiency-index (0, 0) and must there¬ 
fore be self-adjoint; the identity T* = T shows that the 

oo _ 

series |6r«(0| s converges if and only if l belongs to the 

«=i 

point-spectrum of T. When the series converges for all 
not-real l , the inequality of Theorem 10.24 (7) shows that 
it converges also for all real l. Later we shall prove that 
the series, known to be convergent over the whole 7-plane 
in this case, converges uniformly over any bounded closed 
set. Now we can conclude from the facts established above 

CO — 

that the convergence of the series 2 |(?«(0I 2 f° r a single 

ce — l 

not-real l implies that every l is a characteristic value of 
multiplicity one for the transformation T*; the deficiency- 
index of T is seen therefore to be (1,1) in this case. Since 
G n (0 is a polynomial with real roots, we may replace 

\G n (t)\ by | (MOI in the series |G £ «(0| 8 - 

If the transformation Xi and the corresponding function 
£ (/, 9\ taken as specified in the statement of the 

theorem, we can deduce their chief properties from the 
general theorems given in Chapter IX, § 3. According to 
Theorem 9.17 (3), Qiffi, gu fy is a real monotone-increasing 
function of l in the usual normal form. From Theorem 9.19, 
we have 

GjT) dQW 

= ((?m(37)^1} Gn(T)g x) — (gm-i g-ri} ~ fimiii 
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X +co - 

A GnW &mW d<lW 

-00 

= ( T0n( y T)gx 1 G m {T)gi) = ( Tgn,gm ) — ®ww- 
In particular, we observe that 

X -f-00 

= 1 

and hence that ^(+oc) = 1 because of the equation 
q( —oo) = 0 . It is easy to see that q{%) must assume in¬ 
finitely many distinct values. If we suppose that it has 
exactly jp +1 values and hence jp points of discontinuity, we 
obtain a contradiction at once: there exist constants Ci, *• •, 

p 

such that the equation Gp+i (l) = 2 & G a (T) holds at each 

cc~l 

of the points of discontinuity of we therefore have 

X -foo p /"M-oo _ 

| G^-mC) I s d Q (l) = Z cA <?„(*) Gp+iCi) cLqQ.) = 0 

~co a = l tJ —co 

in contradiction with the result just established above. We 
proceed now to the proof of the remaining formulas stated 
in (2). We start from the known equation 

(Xigi,gt) = I ■ y—y 

valid for all not-real Z, and make use of a double induction 
to obtain the desired general result. If we set b 0 — 1, 
#o® == 0, g 0 = 0, we have 

gn — G n {T)g l , n > 0 

and 

*„« = <wn* - 

= (( jP ttn) gn l gn—l) /b n , Vh ^ 1. 

Hence we can apply the equation Zz(T—ZZ) = Z, which 
holds in the domain of the symmetric transformation T 
according to Theorem 9.19 (3), to write 
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(Xi gm+l) Chi) __ 

= ((fjm ? H ~ {l a m )(Xi g m , ffn) ~bm—l (A/ g m ~ 1 , gin))/ 

for m > 1 and n > 1. Assuming that 


(Xz gu ; <7n) 


—-1 d&{l) 


for all not-real Z, for all n ;> 1, and for k = !,•••, m , we 
can show with the help of the formula just proved that 

(Xig m + 1 , g n ) 


0mW &n(Q + (l—CbO — 


0mW OnW 


Qm -iffl ^(2) 


dQ{l)/b n 


(r m 4-1 (A) (/ M W 


for all not-real Z and for all w 2^ 1. Thus we find that the 
desired formula holds for all not-real l, for all n > 1, and 
for all l, if it holds for all not-real l, for all n^> 1, 
and for m — 1. Since we know hy Theorem 9.19 (1) that 


(Aft»> ft) = (ft,> Aft) = (Aft; ft,); 

we see that the equations 

(Aft; ft,) =X 1 -jzT rf?(A ) 

and 

, v x r +M (?»a) , , n 

(Aft,; ft) = ft— = dQ(X) 

U— 00 A- l 

are equivalent. The inductive argument just sketched shows 
that the latter equation is true for all not-real l and for 
n > 1 if it is true for all not-real l and for n = 1. Since 
the case n= 1 has already been settled, we see that the 
desired formula is true in all cases. 

As we have already pointed out in Theorem 9.19, the 
function (Xig 1 ,g 1 ) is represented in the sectors described 
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above by the asymptotic series — 2 (T a [h, gi)H a+1 - We can 

cc = 0 

write 

P+OO 

(T n gi ,gd = J_ m l n dQ(g u <7i; A) =J_ M 2 ’ ! 


and tlien prove by means of the formulas 


X H-OO p’+oo _ 

Xn dQ (X) = J_ w A- 

j+1 fc+1 _ p+0O _____ 

= 22 Oja Ckfi l Ga (A) Gfi « d e W 

a = 1/5 = 1 <y —oo 

J-j-1 fc-j-l _ 

== Cja C]cfi Cffta 

a=lft=l 


p-j-OQ 

that l n dg(X) is equal to the constant^ defined by the 

rj —oO 

Jacobi matrix A. 

The equivalence of the relations XP = XP , g a \X) = q (2) (X), 
in the sense made precise in the statement of the theorem, 
is easy to establish. If XP = Xp for all not-real l, we have 


1(1- Q m ) = (zr<7i,^) = (Zfyi, gd = <? (2) ) 


for all not-real Z and can conclude from Lemma 5.2 that 
<?<» (2) e= e ® (2). If (2) = (2), we have 

- XT —,,) 


for all not-real l, for all m > 1, and for all n > 1, by virtue 
of (2); since {g n } is a complete orthonormal set and since 
both XP and XP are bounded linear transformations with 
domain, §, we conclude that XP = xP for all not-real l. 
When Thas the deficiency-index (0, 0), Theorem 9.3 shows 
that it is a self-adjoint transformation and Theorem 7.14 
that it has a simple spectrum. According to Theorem 9.20, 
we have Xi = Ei, where Bi is the resolvent of T, and 
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q(X) = (E(X)g l9 g i), where E{X) is the resolution of the 
identity corresponding to T. 

When T has the deficiency-index (1,1), it has c maximal 
symmetric extensions, each of which must be self-adjoint, by 
virtue of Theorem 9.3. According to Theorem 9.14 every 
self-adjoint extension of T is real with respect to the con¬ 
jugation J. If H is a self-adjoint extension of T, the closed 
linear manifold 2)2 (#i) determined by the set of elements E{X)g u 
— cc<2< +go, where E (2) is the resolution of the identity 
corresponding to AT, contains the elements 

G n (H) g x = G n (T)g l = g n , n> 1, 

and therefore coincides with £>. The relation 9)J(^ l ) = § 
implies that IT has a simple spectrum, in accordance with 
Theorem 7.9. 

We shall now study in greater detail the effective methods 
of constructing all the transformations Xi and all the asso¬ 
ciated functions q(X) = £ (g x , g x \ l) defined by a given Jacobi 
matrix A. Since X\ is determined by q(j l) and conversely, 
we have to describe and justify methods of approximation 
which will yield all possible functions q (X) . The results which 
are given in the four following theorems are sufficient for 
this purpose; they are due to Carleman.* Subsequently we 
shall be able to obtain more precise information concerning 
the case where T has the deficiency-index (1, 1). 

Theorem 10.28. Let A — {a mn } be a Jacobi matrix and 
A (k) == { a ( f n } a reduced Jacobi matrix of order p(h ), k = 1, 
2, 3, • •, such that lim p(k) = co and lim a*® = a mn for 

lc ~>00 /£—>00 

m,n — 1,2,3,---. Let T be the dosed linear symmetric 
transformation associated with A by the complete orthonormal 
set {g n } in the manner indicated in Theorem 10.27; and let 
LL {k) be the self-adjoint transformation associated ivith A^ by the 
same orthonormal set in the manner indicated in Theorem 10.23. 
Then the sequence {i? (7c) } is an approximating sequence of self- 

* Carleman, Les Equations integrates singulieres a noyau reel et syme- 
trique, Uppsala, 1923, pp. 189-220. 
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adjoint transformations for the closed linear symmetric trans¬ 
formation T. If jR i c) is the resolvent of H {k \ E m (X) the 
resolution of the identity corresponding to H^ k) , and Q (k) (X) 
the function (E {k) {X)g l , if Xi is a transformation of the 
type described in Theorem 10.27 and q (X) — q (g 1 , g t ; X) is 
the associated function; and if there exists a sequence of integers 
{&(/)} such that lim Jc(j) — oo and lim (Ei c(J)) g 1} gj) = (Xig u gj) 

J-> CO j ->°0 

for all not-real Z ;—then lim q (A,) exists and is equal to 

j->oc 

q(X) except possibly at the points of discontinuity of the latter 
function. When T has the deficiency-index (0, 0), Xi and 
q ( X) are uniquely determined and can be calculated by means 
of the relations 

lim (Rf’gufh) = (Xig 1 ,g 1 ), lim = o(T); 

7c—»co 7c —>oo 

and , furthermore, the sequence {J. (fc) } can be so specialized that 
A (k) is the kth reduced matrix of the Jacobi matrix A. 

Once we have proved that {EI k) } is an approximating 
sequence for T in the sense of Definition 9.9, the other as¬ 
sertions of the theorem are consequences or obvious analogues 
of assertions proved in Theorems 9.20 and 9.22. In order to 
show that the sequence {^T (fc) } has the indicated property, 
we have only to show that K [k) g n -*Tgn as k-^co 7 for all 
n 1. Since all the elements of the matrices A and A Qc) 
save those along or adjacent to the principal diagonal are 
equal to zero, we have 

H {K> ff ± 


HMg n 


for n 2; 2, as we wished to prove. 


frd-l ^11 $ 1 + ^21 1 2 ~^ 01 + ^21 9% 

00 

= 2 Cicc,iga = Tg ly 

a = l 

oo u -\-1 

= 27 &a\g a = 2 9 27 Clan g a 

a = l «= n-~i ’ a = n—l 

oo 

;== 27 Clan get, === Tg^i , 
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Theorem 10.29. Let A be a Jacobi matrix, {c n } the associated 
sequence of constants, and q(X) an arbitrary real monotone- 

increasing function in the class 58* such that the integral 
0 

J__oo ^ Q W exists and is equal to c n for all nl> 0. Then 

there exists a sequence {J_ (/c) } of reduced Jacobi matrices of the 
respective orders p (k) < k which is related to the matrix A 
in the manner described in Theorem 10.28 and which has the 
further property that the sequence {q ( 1c) (1)} of associated func¬ 
tions converges to q (1) except possibly at the points of discon¬ 
tinuity of the latter Junction . 

The first step in the proof is to construct a suitable 
function q Q c) if) with the properties 

lim Q (k) (l) = q(X), lim f + °° 2" dq {k) (X) = c n . 

k—> 00 Jc -> 00 ej- 00 


We assign to Q m (2) the value 0 or 1 according as 2 < 0 or 
2 >; 0; and, for lc j> 2, we introduce the numbers 


4 £> = — * w + (l)-1) 


2 IcW 

Jc — 1 


P 




and define q {k) ( X ) by means of the equations 


<? (fe) (2) = 0, —c c<X<l?\ 

Q (k) (X) — Q(Xp%i), xf <! X < 2^_ 1? P = 1, • • k—1, 
Q°\X) = 1, 2^> ^ 2<+co. 


It is immediately evident that lim e (7c) ( X ) — q (2) at all 

k —>oo 

the points of continuity of q(X). In order to show that 
pk) = P + in y qQz) ( 2 ) tends to the limit c n — P + °° X n dq{X), 

j— OO fj — oo 

we assume that k > 2 and introduce the function i^, 7c) (2) 
defined by the equations 

i^f(2) = (2?Y, —co < 2 <; 2?*, 

W = O-fT, xf<x < 4+1, jp = 1, • • •, ft—i, 
^ w = (444 2g» < ft < +oo, 
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observing that cf = f +C ° Fh k> W It is clear that 

J-00 

we have also 

lira F,f } (a) = A", 

A:—>00 

| 0) | < (| AI + < (n | + 2W)» 

for k 2. Since (|/l| + 2 3/2 ) u is integrable with respect 
to ^ (1), by hypothesis, we can apply Lemma 6.1 (6) to 
show that 

lim c2° = lim = f* "*»<**(*) == c, M 

/C—>00 A—> 00 el—00 J — 00 

for n^>0. The function Q (k) (X) assumes p(k) +1 distinct 
values and has p (k) points of discontinuity, where p (k) < k 
and lim p(k) = co. 

k —> oo 

The second step is to determine a reduced Jacobi matrix A (k) 
of order p — p (k) so that the monotone-increasing* function 
associated with it in the manner described in Theorem 10.23 
coincides with the function Q ik) (X) just defined. We begin by 
defining a symmetric transformation T Qc) in the ^-dimensional 
unitary space S 2 ( Q ik) ) by means of the relation T (k) F(X) — l F(X ), 
where F(X) is an arbitrary function in S 2 (e c/C) )- This trans¬ 
formation can obviously be studied by methods analogous 
to those used in the proofs of Theorems 7.12 and 7.13. We 
determine an orthonormal set {G { n Wb n—1, - * - , p(k), in 
(q (J c) ) by the requirement that (X) be a polynomial of 
degree n —1. This set can be constructed by applying the process 
of Theorem 1.13 to the set of functions 1, A, • • •, /U>~ 2 , Xp- 1 , 
which are obviously linearly independent elements of S 2 
by virtue of the fact that no polynomial of degree less 
than p can vanish at the p points of discontinuity of Q (k) {X) 
without vanishing identically. This process determines the 
polynomial (. X ) uniquely save for a multiplicative constant 

of absolute value 1, which can be assigned arbitrarily. Since 
two functions in 2 2 (d {k) ) are equivalent if and only if they 
coincide at the p points of discontinuity of Q ik) (X), every 
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function in £ 2 (e (7c) ) is equivalent to a polynomial of degree 
less than p and can therefore be expressed as a linear com¬ 
bination of the polynomials G™ (l). Hence the transform¬ 
ation T m is completely determined by the matrix 
nij n = 1, • • •, p , where 

X -|~oo - 


It is easily verified that this matrix is Hermitian symmetric, 
that all its elements except those along or adjacent to the 
principal diagonal vanish, and that none of the elements ad¬ 
jacent to the principal diagonal has the value zero. We 
may now define the reduced Jacobi matrix A ik) = by 

assigning to a^ n the value indicated above when m, n = 1, • • •, p 
and the value zero when m > p or n > p . AVe denote by 
H ik) the self-adjoint transformation associated with by 
the complete orthonormal set {g n ) and by the closed 

linear manifold determined by the set of all elements E {k) (tyf/i, 
— co < X < + co , where F ik) (l) is the resolution of the 
identity associated with lF k) . As we showed in the proof 
of Theorem 10.23, is the closed linear manifold de¬ 

termined by the set of elements g i, •••, g p . Furthermore, 
the transformation H ik) is completely determined in 
by the matrix g m )) = {a®J, m, n = 1, • • •, p. 

Hence if we set up an isomorphism between £ 2 (q° c) ) and 
iD7 (/c) (/7i) by putting Gf*(X) and g n , 1 n < p, in corre¬ 
spondence, the image of T ik) in Wl (k) (g±) coincides there with 
H ik \ We conclude that the image of the resolvent Fi k) of 
H {k) in the passage from (# 1 ) to S 2 (e c/C) ) is the trans¬ 
formation which takes F(l) into F(fy, This result 


shows that we can write 



-~j g? w ffi* 0 w d e) 

jAi d e m W- 
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Lemma 5.2 shows that = (E Gc) (l)g l , # 1 ), as we wished 
to prove. Thus the matrix A ik) which we have constructed 
is related to the function Q (k) (fy in the desired manner. 

The third and final step is to show that the sequence 
{A (fc) } is connected with the given Jacobi matrix A by the 
relations lim a®> n = a mn , for m ^ 1 and n > 1. In order 

7c-»oo 

to secure this property we must take advantage of a remark 
made in the preceding paragraph, to the effect that the poly¬ 
nomial (2) defined there is determinate save for a multi¬ 
plicative constant of absolute value 1. We shall, in fact, 
assign a suitable value to the constant in question. According 
to Theorem 10.24, we have 

Gn* ip) 

= (— lY-'Yn det {CpL+l — ^ c P+q} /(Dn-i) 112 

P,q — Q, • 2 

for n — 1, • • •, p Qc), where 

C® = P"V <**»(*), I)f = det {cf +q }, 

and y ik) is a complex constant of absolute value 1. It is 
therefore clear that the only indeterminacy in the polynomial 
Gn } (/) is due to the constant y {k) . If {GnQ)} is the sequence 
of polynomials associated with the Jacobi matrix A , we have 
similarly 

On (1) = (— If 1 Yn det {c p+i+ i — l Cp+tf} /D}£ 2 D, 

p,q~Q,‘- - ,n —2 

for n > 1 j where 

X +oo 

X n dQ(Z), D n = det {cp+ 2 }, 

“°° P,Q~0,' ‘ —1 

and y n is a complex constant of absolute value 1 determined 
by the matrix A. We require that yM = y n for n = 1 , • • •, p{k) 
and k = 1, 2, 3, If we now substitute these expressions 
for G ( nP and G n W in the formulas 

Clmn = X G? (A) flffa) d (X ), 
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for fixed m and n and p(k) ]> max [m, n], it is easy to prove 
with the help of the relation lim c= c that lim ci (k) = a . 

A-» 00 w Jc—> ao mn mn 

Thus we see that the sequence {A (fc) } is related to the 
matrix A in the desired manner. 

We may now combine the preceding results in an obvious 
manner to obtain the following characterization of the trans¬ 
formations Xi and the associated functions q{1) defined by 
a given Jacobi matrix A. The evaluation of the cardinal 
number of the class of associated functions is actually carried 
out in the proof of Theorem 10.31. 

Theorem 10.30. Let A be a Jacobi matrix and {c«} the 
associated sequence of constants. Then the totality of functions 
q (A) = q(qi, Q \; 1) associated with the matrix A in the manner 
indicated in Theorem 10.27 coincides with the totality of real 
monotone-increasing functions ^(-1) in the class with the 

X +oo 

h n dq{l) exists and is equal to c n 
for all n 0. In case the transformation T associated with 
the matrix A by the complete orthonormal set {g n } has the 
deficiency-index (0,0), there is just one such function; but if 
T has the deficiency-index (1,1) there are c such functions. The 
transformation Xi coiresponding to a particular function qQj 
is determined by the relations 


(Xi g m , g>i) 


r»+oo 

«_) —CO 


G m &) Onto 
l — l 


d q {!) 


given in Theorem 10.27 (2). 

We may present the facts just established in a somewhat 
different light by indicating their relation to the theory of 
infinite continued fractions. From a given Jacobi matrix A 
we can form the infinite continued fraction 


1M 2 _ 1 h N _ l^l 8 1 

$1 — l | a% — l J an -\-1 l 


where b 0 = 1; and, conversely, any such continued fraction 
determines infinitely many Jacobi matrices with which it may 
be associated. The meaning of this formal expression is to 
be sought in the behavior as of the approximant 
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F k (l) = F k (l, 0) 


W 3 1 

i^i 2 1 

i&^i 2 1 

1 Wl 

\a 1 — l 

| ci2 l 

| Clk—i — l 

ah — l 

or of the generalized approximant 



fUd 

|&?T 

1 if 1 2 1 

1 illi l 2 1 

\ bfU f | 

| — l 

a { f — l 

| a k— 1 ^ | 

oj» —i ’ 


where M k> — 1, lim a® = a„, and lim h fkl = b . We have 

k—>oo k—>oo 

Theorem 10.31, Let A be a Jacobi matrix, T the closed 
linear symmetric transformation associated with A by the 
complete orthonormal set {g n )j cmd {c^} the sequence of con¬ 
stants associated with A. A necessary and sufficient condition 
that there exist a sequence of integers [k(j)} cmd a sequence 
{Fk (0} of generalized approximants, related to A and the 
associated infinite continued fraction in the manner just de¬ 
scribed, with the properties lim k(j) — co and lim F? a >V) = F(l) 

for all not-recd l, is that the function F(l) be expressible in 
the form 

FQ) = 1Q-, q) = J_J T=T dQ{X) 

ivhere q (h) is an arbitrary real monotone-increasing function 

p-j-00 

in the class SB* for ivhich the relation L l cl q (1) — c n is 

e/ —oo 

valid. A necessary and sufficient condition that all possible 
seqiiences {Fk (l)} of generalized cipproximants converge and 
have a common limit is that T have the deficiency-index (0, 0). 

To a given sequence of generalized approximants associated 
with, tlie matrix A } we order a sequence of reduced Jacobi 
matrices {J_ (fc) } defined by the equations 

fi(k) //(&) - 7)(fc) n (k) A 

a n 9 a n,n+i °n 9 Cl mn 

|m — n\">lj m, n = 1, • - ■, fe; 
a mn = 0,. m>Tc or nj>k. 
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It is evident that the sequence {A (7c) } is related to A in the 
manner described in Theorem 10.28. On the other hand, any 
such sequence determines a sequence of generalized approx- 
imants for the infinite continued fraction formed from the 
matrix A, as we see by reference to Theorem 10.23 (4). If 
H Qz) is the self-adjoint transformation associated with the 
matrix A (k) by the complete orthonormal set {g n } and Rf is 
its resolvent, the sequence of generalized approximants is 
specified by the formula F% {l) = (Ri c \g L , g x ). According to 
Theorems 10.28, 9.17, and 10.27, we can choose a sequence 
of integers {k(j)} such that 

lim k(j) = to, lim Fit (J} (l) = j~d S (X), 
where q (^) is a real monotone-increasing function in SB* with 

X -pOO 

^ l n dQ{l) = c n . According to Theo¬ 
rems 10.29 and 10.30, we may adjust the sequence {Fk (7)} 
so as to obtain an arbitrary function g(l) satisfying the in¬ 
dicated conditions. When T has the deficiency-index (0, 0), 
every sequence of generalized approximants converges to the 
limit (Ri g ±, g ± ), where Ri is the resolvent of the self-adjoint 
transformation T, as we have shown in Theorem 9.20. When 
T has the deficiency-index (1,1), it has c distinct self-adjoint 
extensions. Since the transformation Xi described in Theo¬ 
rem 10.27 can be taken as the resolvent of any one of these 
self-adjoint extensions, it is clear that there are at least c 
distinct functions $ (/l) satisfying the conditions of the theorem 
and hence that there are sequences of generalized approx¬ 
imants which converge to distinct limits. Since the class 23* 
has the cardinal number c, there are precisely c such func¬ 
tions. The final assertion of the theorem is obvious. 

In the case where the transformation T associated with 
the Jacobi matrix A has the deficiency-index (1, 1), The¬ 
orems 10.28-10.31 leave much to be desired because they 
fail to indicate a unique method for determining a given 
associated transformation Xi and the corresponding function 
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Q{ T). We shall therefore investigate this case in greater 
detail with a view to obtaining the theory developed by 
R. Nevanlinna.* 

We shall commence by applying Theorem 9.18 and The¬ 
orem 9.19, (1), (2), and (3), to the transformations T and Xi 
associated with a Jacobi matrix A. 

Theorem 10.32. Let A be a Jacobi matrix, {64 00} the- 
associated sequence of polynomials, T and Xi the transformations 
associated with A by the complete orthonormal set {g n }, and 
q ( 2 ) = q ? g x ; 2 ) the function corresponding to X\ . Then 
the values assumed by the expression 

r+°° 1 

z = (Xig 1) g 1 )= J ^ ^(0 + °> 

constitute a set C{T) which consists of the interior and circumfer - 

CO 

ence of a circle of radius 1/2 |SJ(Z)| 2 164 (/) | 2 lying on the half- 

plane 3(l) c? (z) 7> 0, and which varies continuously with L 
The radius of 67(7) is positive or zero according as the trans¬ 
formation T has the deficiency-index (1,1) or (0, 0). 

The relation 3 { J^ — ^(0 

shows at once that the set 67(7) must lie on the half-plane 
«KZ)af(*)>0. 

When Thas the deficiency-index (0, 0), the set C(l) reduces 
to a single point since the transformation Xi and the func¬ 
tion q(T) are unique. By virtue of the fact that the series 

oo 

JS \Ga(t)\ 2 is divergent in this case, according to Theorem 10.27, 

C4 = l 

we may state the facts in the form given above. 

When T has the deficiency-index (1, 1), we may construct 
all its maximal symmetric extensions by means of the theory 
developed in. Chapter IX. It is convenient for onr present 
purposes to work with a general not-real value l rather 
than with the particular value l = i, as we did in The¬ 
orems 9.1-9.3. This can be accomplished by means of the. 

* R. Nevanlinna, Annales Aeademiae Scientiarum Fennicae, (A) 18 (1922),... 
no. 5; (A) 32 (1929), no. 7. 
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device used in the proof of Theorem 9.8: we consider the 

transformation aT+bl, where-— — and — = 3(1), 

ft ci 

with the adjoint aT* + hI in place of the transformation T 
with the adjoint T*. We thus find that every maximal sym¬ 
metric extension coincides with some one of the self-adjoint 
transformations H(l, 0) 2 T, 0 < 6 < 2/r, defined as follows: 
the domain 6) of B(l, 6) comprises those and only those 
elements which are expressible in the form /+ c((pi — e ie <pj), 
where / is an element in the domain of T, c is a complex 
constant, and 

oo -. / °o \ x/2 

9i = 2, G K (.l)(]J['2\G a (J)\ 2 ) 

0 = 1 / \« = 1 / 

and 

00 _ . / 00 \ 1/0 

9t — [2\a«(.m ' 

1 / \ce = l / 

are normalized characteristic elements of T* for the charac¬ 
teristic values l and l respectively; and H(l, d) is defined in 
this domain by the equation H(l, 6) = T*. The details of 
the investigation will be left to the reader. We shall now 
compute the expression (Ri (l, e)g l9 g t ) 9 where Ri (l, 0) is the 
inverse of the transformation H(l, 0)— II. Since Ri(I, 6)g 1 
is in 3)(Z, 0), we can write 

ti t (l, 0)g 1 = f+ c( 9l — e id cp T ) 

where / is an element in the domain of T . We then have 

g x = mi, e)-ir>f+c(H(i, d)-ir)(f-e i6 n , 

= ( Tf — If) + c (T* 9 > l — l 9l ) — ce iB (T* g> r — l $p r ) 

= {Tf — lf)-\-2c e ie 3 (0 cjp r . 

By virtue of the relations 

(Tf-lf, 9f ) = if, T* n -l n ) = 0, (sp r , n)= I, . 

we see that (g v 9j)= 2ee ie 3(l). On the other hand, the 
expression given for g>f above allows us to obtain the direct 
evaluation 


$6* 
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. j ao \ 1/2 / / 00 \ 1/2 

(g v n) = (? 1 ©/( £t 2J|G ! «(OI 2 ) = l/(Zl<?«(0lj • 

By comparison we find that 

C = e^e/22(o( j&|<?«(0| a ) 1/2 . 

With this value of c we now have 

(B z (l, 6)g 1 , g/} = (/, g) + c(f v g x ) — ce ie (y r , 

= (/, flrj) + («T»- 1 )/ 2 SJ (0 s 1 Q a (l) | 2 . 

Ctf = l 

Thus when 6 varies from 0 to 2 n, the variable z=(Ri(l, 6)g u gi) 
describes a circle with radius 1 /21 3 (J) \ \ G a (l) | 2 . We shall 

ci—i 

prove that Oil) consists of this circle together with its interior 
points. Since we may take Xi = Ei(l, 6), we conclude 
that C(T) contains the circle described. In order to show 
that C(l) also contains the interior of this circle, we observe 
that C(l) is a convex set. If z x and z 2 are points of C(J ), 
then there exist functions q a) (A) and (A) such that 

X +oo 1 p+oc 1 

x=T ' d ? m = J_ M T~[ dQ&) W' 

X +oo P+00 

)1UIqV{X) = = + 

- 00 e/ — oo 

where is the sequence of constants associated with the 
Jacobi matrix A. If a 1 and « 2 are real numbers such that 0, 
« 2 22 0, % + = 1, the function q (A) = a x qW (A) ~f a 2 ^ (A) is 

a real monotone-increasing function in the class 33* with the 
property 

X + 00 p+ 00 f»- 4~ 00 

^ X n dq(l) = «! J l n dq a) (X)-\- cc 2 J ^ l n d q 0) (A) = c n . 

Thus p(A) is a function associated with the Jacobi matrix A 
in the desired manner, as we proved above in Theorem 10.31; 

X +OO ^ 

-=- T dq (A) belongs 

-OO A- l 

to CQ). This result shows that C{1) is a convex set, as 
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we wished to prove. It now remains to exclude the possi¬ 
bility that C(T) contain points outside this circle. According 
to Theorem 9.19, the element Xi gi is a solution of the 
equation T* <p — Up = g x belonging to ST -f E° or to SA + (£° 
according as 3 (l) > 0 or 3(l)< 0. Theorem 9.18 (4) shows 
that (Xi / 71 , gi) is confined to the circumference and interior 
of a certain circle and gives the precise conditions under 
which it lies on the circumference. In the present instance, 
the second condition is automatically satisfied since 9 i(Z) is 
a one-dimensional closed linear manifold. Hence we see that 
(Xi gi , gi) is a point of the circumference if and only if 
the element Xigi belongs to the set (£°. This condition is 
satisfied whenever Xi is identical with Ri(l, 6 ), as we see 
by reference to Theorem 9.6 and the paragraph preceding it. 
Hence the circle of Theorem 9.18 is precisely the circle des¬ 
cribed above; and C(T) can contain no point exterior to this 
circle. By reference to Theorem 10.27, we see that the 
radius of C(l) is always positive in the present case, which 
is characterized by the convergence of the infinite series 

a — 1 

The fact that C(l) depends continuously on l , 3(1) ^ 0, is 
an obvious consequence of the inequality 


f +co 1 ,, m r° 1 
J-oc X — J_ M X — 


deW 


\t—l\/\SH?)\ \3(l)\<e, 


which holds whenever 1 1! —Z|<<? = d(Z, *)• The fact that 
the radius of C(T) is a continuous function of l is particularly 
useful in the next theorem. 

Theorem 10.33. Let A be a Jacobi matrix such that the 
associated transformation T has the deficiency-index ( 1 , 1); let 
{On (l )} be the associated sequence of polynomials; and let 
{H n (l)} be the sequence of polynomials defined in Theorem 10.25. 
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Then the series Wail) | 2 and \H a (l)\ 2 converge for all l 

a = l cc — 2 

and converge uniformly on any bounded closed point set in the 

l-plane. If {a n } is any sequence of constants such that the 
00 00 00 
series | | 2 is convergent, the series £ a a G a {l) and 2 a a Hu(l) 

a=l a =1 a=2 

converge for all l and converge uniformly on any bounded 
closed point set in the l-plane; their sums are entire functions 
of the complex variable l. In particular, the polynomials P n {l ), 
Q n (l ), U n (l), V n (l) defined in Theorem 10.26 converge for all l, 
when n becomes infinite, to entire functions P(Z), Q(l), U(l), 
V(l) respectively, the convergence being uniform on any bounded 
closed set in the l-plane, 

00 

The convergence of the series 2 \Ga(l)\ 2 has already been 

«=i 

established in Theorem 10.27. Since this is a series of positive 
terms, we have 

n m 

2\g«(.d\ s < 2 

« = 1 a —l 

for m ^ n. According to the preceding theorem, the series 

oo 

2 I Ga (?) I 2 has as its sum the quantity 1/21 3 ( l) \ r (/), 3 ( l ) f 0 ? 

a —l 

where r(l) is the radius of the circular region C(l), and the sum 
is therefore a continuous function of l, 3(1) + 0. Hence we 
can apply a well-known theorem* to show that the series con¬ 
verges uniformly on any bounded closed set at positive distance 
from the real axis. The inequality given in Theorem 10.24 (7) 
then enables us, in an obvious manner, to assert that the 
series converges uniformly on any bounded closed set what¬ 
soever. 

We can now show, by virtue of the inequality 

m l m m 

2 OaGa® £ 2 Oa\ 1 2 !<?«©!*, 

a — n a — n a — n 

* A monotone-increasing sequence of continuous functions which con¬ 
verges to a continuous limit, converges uniformly on any bounded closed 
subset of the domain of convergence. See Caratheodory, Vorlesimgen iiber 
reelle Funktionen , second edition, Leipzig, 1927, p. 176. 
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that the series a n G a (l) converges for all l and converges 

a = 1 

uniformly on any bounded closed set. The sum of this series 
is evidently an entire function. 

The remark made at the close of Theorem 10.25 shows 

oo oo 

that the series 2 H a {l )| 2 and '£ a K H„(J) must behave in a 

a — 2 a = 2 

similar manner, since the polynomials H n (T) are associated 
with a certain Jacobi matrix in essentially the same way as 

the polynomials G n (l) are associated with the matrix A . Thus 

00 

we have only to show that the series 2 \Ua(l) | 2 converges 

cc —2 


for some not-real l and we can then deduce all the results 
asserted above. The convergence of this series for all 
not-real l follows directly from the inequality given in 
Theorem 10.25 (4). 

The application of the preceding results to the polynomials 
P n , Qu , U n , V n is obvious in view of the explicit formulas 
given in Theorem 10.26. 

Theorem 10.34. Let C n (l) and C(l) be the circular regions 
associated with a Jacobi matrix A in the manner indicated 
in Theorems 10.25 and 10.32 respectively; and let P(l), Q (l), 
U(l ), V(t) be the entire functions defined in Theorem 10.33 
in the case where the transformation T associated with A has 
the deficiency-index (1, 1). Then the sequence of point sets 
{C n ©} has a limit set which coincides ivith C(l). The trans¬ 


formation z = 


p(D+mi)s 
Q(l)+V{l)s’ 


3(1) \ 0, is non-singular and 


takes the half-plane 3 (l) 3 (s) 0 into the circular region C (l ). 

The relation C n -\-i(l) Q C n (l) established in Theorem 10.25 
shows that the sequence {C»(Z)} has a limit set consisting 
of all the points common to the sets of the sequence. 
This limit set is therefore a circular region composed of 
the interior and circumference of a circle with radius 


1/2 1 3 (l) | | Ga (l) | 2 and center 

cc = l 


00_ OO 

(—1+2*3(0 ’ZG a (J)H a {T))l2i3{l) 

Ctf = l 
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calculated by allowing n to become infinite in the expressions 
given for the radius and center of (4(0 in Theorem 10.25 (6). 
Since the radius of this circular region is the same as that 
of (7(0? we can identify the two regions by showing that the 
boundary of the limit set belongs to C(l). The boundary of 
the region (4(0 is the circle described by the variable g — F n (i, t) 
when t describes the real axis. Hence we can determine 
a real sequence {4} so that the sequence {z n } defined by the 
equation z n = F n (l, 4) converges to a prescribed point on 
the circumference of the limit set of the sequence {64(7)}. 
Now it is evident that { F n (l , 4)} is a sequence of generalized 
‘approximants for the infinite continued fraction associated with 
the Jacobi matrix A: it is obtained by setting off = a n — t n , 
cti$ — a k , b = b k , for 1 7 c <n — 1, in the generalized 
approximant Fn(l). Theorem 10.31 shows at once that there 
exists at least one function £ (A), associated with the Jacobi 
matrix A in the manner indicated in Theorem 10.27, with 
the property that 

r+- i 

lim = lim F n (l, 4) = - y 

n—>oo n —>oo tJ —oo & t 


for a fixed not-real value l. It must be observed that the 
sequence {4} depends upon l and that the sequence { F n {l r , 4)} 
need not, so far as we have shown, converge for l' ^ l; but 
Theorem 10.31 establishes the existence of a function q{X) 
and of a subsequence of {F n (l f , 4)} w r hich converges for all 

f +0 ° 1 

not-real V to the limit J 'yHy From tiiese facts 


we conclude that every point on the circumference of the 
limit set belongs to C{J) and hence that this set coincides 
with (7©. We note that the center of the circular region (7(0 
can now be calculated by means of the formula given above. 
We remark also that the set lim (4(0 reduces to a single point 

n —>oo 

if and only if the transformation T associated with the 
Jacobi matrix A has the deficiency-index (0,0). In this case, 
the formula for the center of (7(0 must evidently be inter- 
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transformation z = 


as n becomes infinite. 


preted as a symbolic expression for the limit of the center 
of Cn(J) as n becomes infinite. 

In case the associated transformation T has the deficiency- 
index ( 1 , 1 ), it is of interest to consider the behavior of the 
Pn(l) + Un(l)s 
Qn(l) + V n (l) S 

This transformation, according to Theorem 10.26, takes the 
half-plane 3 (l) 3 ($) 0 into the circular region C u (l) when 

3(1)^0. When n becomes infinite, the formula for the 

transformation tends to the limit relation z = 

Q (0 + ^(0$ 

and the circular region C n {l) contracts to the circular region C{1) 
with positive radius. It is easily seen that these facts imply 

P+IJs 


that the transformation z — 


is a non-singular trans- 


Q+Vs 

formation which takes the half-plane 3 (l) 3 (s) ^ 0 into the 
circular region C(T) when 3® 4 0 . 

Theorems 10,32—10.34 point the way to the further study 
of the case where the transformation T associated with a given 
Jacobi matrix A has the deficiency-index (1,1). Let us con¬ 
sider such 

m m mi), v®. 


a matrix together with the associated functions 


We can solve the relation 




-r^ 

— oo A 


for 


by virtue of Theorem 10.34, obtaining 

'*+00 


deW, 3(0 + 0 , 


sp (0 = 


-P(Z) + Q© 


L 


1 


■l 




U (l) — V (T) 


X +oo 

- 

-00 


3(1) + 0 . 


r 


We shall allow the function s = cp(D to assume values in 
the extended 5 -plane in order to include all the cases which 
may arise. Since, by Theorem 10.32, the integral term 
assumes a value in the set C(l ), we infer from Theorem 10.34 
that the inequality 3(l) 3 ( 9 ? (Q ) Sg 0, 3(1) 4- 0, is valid. Further¬ 
more, we find that cj>(l) = <p(l) when3(Z)^0. To establish 
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this equation, we first note the relation J n G n (l) = YnG n (l ), 
which follows directly from the formula given in Theorem 10.24 (4). 
From the remarks made in the first paragraph of the proof of 
Theorem 10.26, we see also that ~y n H n (l) = YnH n §). Hence 
we must have 

_ 00 __ _ _ 00 _ _ 

P(Z) = — 1 + l 2 <?. (.OWa (0 = — 1 + l 2 <?«(0) Had) = P[l), 

« = 1 •« = 1 

Q(T) = Qffl, Z7(0 — ff«j, 7(7) = 7®. 

By combining these equations with the relation 7(7; §) = 70; £>), 
where 70; (>) denotes the integral term, we obtain the 
desired result. Now <p0) is the quotient of the functions 
9i(l) = —P0)+ Q0)70; q) 9 y,(0 = 77(Z)—70)70; g), both 
single-valued and analytic for 9(0 + 0. Since <jp 2 0) = 9 s (0, 
the latter function cannot vanish identically in one of the 
half-planes 3 0) > 0, 30)<O without vanishing identically in 
the other also. Hence the quotient y>0) = SPi (?)/ sp 2 (0 must- 
be a single-valued meromorphic function in the half-planes 
30) > 0 , 3(0 < 0 , unless <jp g 0 ) = 0 and <p 0 ) = co for 
3(0 + 0. The inequality 3(03(y(0) |> 0 established above 
shows that, when y 0 ) is meromorphic for 3(0 + 0 , it can 
have no poles. Thus the function y(l) is either a single¬ 
valued analytic function with the special properties noted 
above, for 3(0 + 0 , or is the singular function sp0) = co. 
It is our aim to prove that every such function leads to a 
unique corresponding function g(A) associated with the Jacobi 
matrix A in the requisite manner. In order to do so, we 
must first investigate and characterize the class of functions 
with which we have to deal. The necessary information is 
summarized in the three following theorems. 

Theorem 10.35. A necessary and sufficient condition that 
a function f(z), single-valued and analytic in the circle 
| z | < 1, satisfy the condition 3if(z) 0 for | z j < 1 is that 
f(z) be representable as an integral 

f ® = J-n7*=I dV W ) + iC > 



X. APPLICATIONS 


571 


wherev{ty)is a real monotone-increasing function, — Tt<;ip<.-\-n, 
ivith the properties 

= 0; %(xp- fO) = ~—n <: ip<+n, 


and c is a real constant , equal to 3/(O). When this repre¬ 
sentation is possible , it is unique .* 

A function f(z) defined by an integral of the type de¬ 
scribed in the theorem is obviously single-valued and ana- 
lytic in the circle |^|< 1 . If we put z = re ie , where 
r = |*|, we see at once that 


cit/fe) 



__ 1—j* _ 

1 — 2 r cos (6 — iff) + r 2 


d r (ip) > 0 


for r < 1, since the integrand is positive under this con¬ 
dition. Hence the integral representation is sufficient for 
f{z) to have the indicated properties. 

If f{z) is a single-valued function analytic in the circle 
| z | < 1 and if civ f(z) 2 : 0 for | z | < 1, we consider the func¬ 
tion fni?) — f ( n n 1 zj . The function cRf t (z) is harmonic 

and not-negative in the closed region \z \ <[ 1 and assumes 
continuous not-negative boundary values /%(<9) = cjt/n (z) on 
the circumference z = e i0 . By Poisson’s integral formula 
we have 


Si/nisi) = 



_ 1 — r 2 _ 

1 — 2 r cos (0 — ip) + r 2 


dr n 


where 



is a continuous real monotone-increasing function for —/r <; ^ 
-f-yr. When 0 = 0, this formula becomes 

X -f -71 

dr n (ifj) = x n {rc) — v n {— tc) == r n (jr). 

-71 


* This theorem is due to Herglotz, Berichte der Sachsischen Gesellschaft 
der Wissenschaften zu Leipzig, Mathematisch-Physikalische Klasse 63 (1911), 
pp. 501-511. 
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Hence the sequence {t n (ip)} satisfies the conditions of Helly’s 
theorem. We can therefore determine a sequence of integers 
{n(k)} and a real monotone-increasing function r(rp) such that 

lim n(k) — go, lim t w(W (V 0 = *($), 0 < r(xp) <: cR/( 0 ), 

k—^oo k —>oo 

for —yr fC ip < + 7 T. If we allow w to become infinite 
through values in the sequence {n{k)\ in the formula for 
Mf n ( 0 ) given above, we find by virtue of the relations just 
noted and of the further relations 


lim f n 0) = /O), lim Slf n (z) = eHf(e), \ z \ < 1, 

n—> oo n—>o o 

that 

/( * } = £ l-2rcos~/-^) ' + ^^ W 

for | z | < 1. The function 3/(#), harmonic in the open region 
| $ | < 1, is now determined by the fact that it is conjugate 
to St/(e) and assumes the value 3/(0) for z = 0. Hence 
it is given by the formula 




X +7T 
-71 


1 


2 r sin (0 — i/Q 
2 r cos (0 — i//) + r 2 


dr (ip) -f 3/(0). 


By combining the expressions for 3if(z) and 3f(0), we find 
that 

/(*)= f^ 4 ^**(v)+ <s, /(o) 

t/ — 7T 6 ^ & 

for |^| <1. The function ?(ip) may not have all the proper¬ 
ties demanded by the theorem; but it can be replaced by 
the function t* (ip) defined by the equations 


t* (— 7t) = 0; r* (n) — z (n) — t (— n ); 

T*(lp) = T(lp-\~0) r ( 71 0) , —~Tl<\p< +7T, 

a function which obviously has the desired properties. 

Since we make little use of the uniqueness of the integral 
representation under discussion, we shall confine ourselves 
to a mere sketch of the proof. When f(£) is represented 
by an integral of the indicated type, we can obtain its power 
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series development at the origin, f(f) = JJ by writing 

«=o 

the integrand as a power series and integrating term by term. 
We thus find that 

X -j-7£ 

e~ nilp dripfj) n > 1, 

-7f - 

while 

X +7T 

dt(ip) + 2 c. 

-71 


We must therefore ascertain whether or not the function 
with the properties described in the statement of the 
theorem, is uniquely determined by the further conditions 


X 4 71 


dr(tp) 


X 


f n eHilp dr (ip) = ^ ci n ; 
e~ ni ^dr(ip) = \a n 


cR ct( ) 5 

'+71 


where n = 1, 2, 3, From the familiar theory of Fourier 

coefficients, it is found that the function r(if>) is unique. 
The method used in the last paragraph of the proof of 
Theorem 8.4 can also be applied to the present problem, with 
the desired result. 

Theorem 10.36. A necessary and sufficient condition that 
a function y if), single-valued and analytic in the half-planes 
3 (l) > 0, 3 (l) < 0, satisfy the conditions 3 (l) 3 (</> (Z)) ^ 0, 
<p(l) = y(l) for 3(1) =)= 0 is that y(T) be representable by the 
integral formula 

cj)(f) = aZ + /^+J^ —^deQ.), 


ivhere a, ft are real cmistants ivith a > 0, and a(X) is a real 
monotone-increasing function in the class 33*. When this 
representation is possible it is unique . The singular function 
cpQ) — cc may be considered as representable in this form., 
with a = 0, ft = ±oo, a(X) — 0. 

i — l 
i + l 7 


The transformation given by the equations z 




1 + * 


maps the half-plane 3(f) > 0 on the circle 
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\z\ < 1 , in such a manner that, when l increases through 
real values from —oo to + co, the variable 6 = ar gz in¬ 
creases from —rt to + 7 T. When 0 and l are connected by 
these relations, the equation if(z) = 9 (0 sets up a one-to- 
one correspondence between the class of all functions f(z) 
which are single-valued and analytic in the circle \z\ < 1 and 
have not-negative real parts in that region, and the class of 
all functions y(l) which are single-valued and analytic in 
the half-plane 3 ( l ) > 0 and have not-negative imaginary parts 
there. Similarly, when z and l are connected by these relations, 
we can write 


- c+ *'£l = al+fi+ fl 

where 

X — e i*P 

ip = 2 arctan X, X — i yj~ Hp = tan 


2 — 2 


dJcr (A) 


r(^) = c(X) 


for— 7 r<^<+^ and — 00 < 2 <+ oc , a = r(yr) — — 0), 

and /S = —c; the functions t(i/>) and <r(A) are real mono¬ 
tone-increasing functions subject to the conditions stated in 
Theorem 10.35 and in the present theorem respectively, and 
the equation holds in the sense that, if the integral on either 
side exists, the integral on the other also exists and is equal 
to it. By combining these facts with the result stated in 
Theorem 10.35, we see that a function y{T) single-valued 
and analytic in the half-plane 3(Z)>0 satisfies the condition 
3y (0 j> 0 for 3(0 >0 if and only if 9 (l) is representable 
by the integral formula 

2 7 4-1 

9 if) = al + fi +J_„ 


where «, 0 , and a(X) are subject to the conditions indicated 
in the statement of the present theorem; and we see, further, 
that this representation is unique. 

When <p(l) is a function single-valued and analytic in 
the half-planes 3(0 > 0 , 3(0< 0 , it satisfies the condition 
3 <p (l) > 0 for 3 (0 > 0 if and only if it is representable in 
the half-plane 3(Z)>0 by the indicated integral formula. 
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This formula is significant in the half-plane 3(l )<0 also; 
but it represents y(l) in this half-pla ne i f and only if cp(l) 
satisfies the functional relation y(T) = y(l). When the latter 
relation is valid, the inequality 3y(l) 2 : 0, 3(7)>0 implies 
the inequality 3<jp(7) 0, 3 (/) < 0. This completes the proof 

of the theorem. 

Theorem 10.37. Any Junction y (l) which is single-valued 
and analytic in the half-planes 3 (/) >0, 3(l)<. 0 and which 
satisfies the conditions 3 (!) 3(y (l)) > 0, y (l) = y (l) for 3(!) ^0 
can be constructed as the limit of a sequence {y n (/)} of rational 
functions representable in the form. 

f+°° 2 7-4-1 

fAD = fin+ 

t/ — 00 A i 

where fi n is a real constant and a n (A) is a real monotone - 
increasing function in the class $8* which assumes precisely 
n +1 distinct values and has its n points of discontinuity 
located in an arbitrary prescribed denumrrahly infinite set A 
everywhere dense on the range —co < + co. The singular 

function y(l) = co may also be considered as the limit of 
such a sequence. 

By the preceding theorem, we can represent y(l) by the 
integral formula 

p(0 = ^ + T=T d(i{X) 

for all not-real L We choose [fi n ) as any sequence of real 
numbers such that lim fi n — ft- We select at pleasure an 

array {ink}, h — 1, • • •, n, n= 1,2,3,---, of numbers 
which belong* to the prescribed set A and which have the 
properties l n i<2 n2 < ••• <tn, 9 i-l< Ann, lim Ini = — 

n—> oo 

lim Inn = + co, lim max (2»,zH-i— Ink) = 0. We then 

n—>o o n —>oo k — 1,• • •, n—l 

define two real monotone-increasing* functions a nl (l) and 
<r n 2 (A) in the class S* as follows-: we put & n i (2) equal to 0 
or to 1 according as l < Inn or l 2 Inn; we put cr 12 (2) equal 
to 0 or to 1 according as 2< 2u or l 2 2u; and we deter¬ 
mine cr^ (2) for n 2 2 by the equations . 
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(A) — 0 f CC &nl j 

&n%(X) ==: G^XnJc) "h XnU ^ ^ < C^w,fc-+>1? & == 1 7 *** 7 W 1, 

0^,2 (A) == O' (A’jin) "4” 1 i / Yl< j ^ ^ H - ^ • 


Finally, we form the function o»U) = a n a nl (2) + 0 W 2 (A), 
where {« w } is an arbitrary sequence of not-negative real 
numbers such that lim a n = «. We now have 

ft —> 0 o 


lim 

n —>00 


(*,+£; «±f ...a, 

P+°° ^_L 1 

= lim fi n + lim a n d<r»i(l) 

n—>oo 91 —> 00 tJ —00 a i 

+ lim r°° i r±r 

ft—^oo tJ — oo A 6 

= y 8 + lim *» *7 l+ } + lim f + "-x^f dtf «*( i > 

ft—» 00 Awn- « n—> oo J — oo A l 

= ft al-\- ^ ^ i- cl o' (A) == 5 r(?) 


for all not-real Z, by virtue of the relations 


lim a n = a, lim fi n — fi, lim l nn = +oo, 

n—>00 > 00 n—»oo 

lim <r n 2 (l) = o'W, 

n -^00 


the last of which is valid for every value of 2 which is a 
point of continuity of o' (X). The integral involving <r n2 (A) is 
most easily treated by writing it in the form 



+■ x ± ^ 'j 

= z(<r(^ + -^)+G»+i)J^ 

= ^(o-a™)+~)+0 2 +i) J* M 


2 _^ & °’n -2 C^) 

°W 2 ffl , . 


Since the function a»(A) obviously has the properties demanded 
by the theorem, the proof is complete* 
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Theorem 10.38. Let A be a Jacobi matrix such that the 
associated transformation T has the deficiency-index (1 7 1), and 
let Pit), Q(J), 77(7), I r (7) be the associated entire functions 
introduced in Theorem 10.33. Then the relation 

iai)+u(i)<AD r+K 


Q(D+ V{l)y(l) 


f: 


i 


d Q (X ), 3(/)4 0, 


determines a ; one-to-one correspondence between the class con¬ 
sisting of the singular function y (1) = co and all functions y (I) 
which are single-valued and analytic in the half-planes 3(1) 7 >0, 
3(l)<0 and which satisfy the relations 3(l) 3(y(1)) > 0, 
9 p(l) — y (l) for 3(1) 0, and the class of all real monotone- 

increasing functions q(X) in S3* which are associated with the 
Jacobi matrix A in the manner indicated in Theorem 10.27. 
When y (l) is given , its correspondent o (7) is determined, by 
means of the contour integral described in Lemma 5.2; and 
when Q (h) is given , its correspondent y(!) is found by direct 
solution of the relation above. 

In the preliminary discussion designed to motivate the 
developments summarized in Theorems 10.35-10.38, we showed 
that the relation now under consideration sets up a corre¬ 
spondence between the class of all functions q (7) and a sub¬ 
class of the class of all functions y(l). It is evident that 
the correspondence is a one-to-one correspondence. We must 
now show that every function y(l) corresponds to some 
function q (X ). 

If y (l) is an arbitrary function of the class described above, 
we first introduce a sequence of rational functions {sp/c( 7)} 
which has the properties indicated in Theorem 10.37 and 
which converges to y (l) for all not-real L The sequence {A} 
involved in the construction of the sequence {fk(l)} will be 
specified presently. We next consider the function « 

_ PifDfUud) yiS) 

k ^ } Qic(!)+Vk(Dntt ) ? 

where P k} Q k , U k , V k are the polynomials associated with the 
Jacobi matrix A in the manner indicated in Theorem 10.26. 
In accordance with that theorem, we have 


37 
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j?*n\ „ jSfc+l (0 4~ -H/c (?) (?) 

64-h (0 4- £4 (0 (0 

. (7) = — 64+1 (0) — Hk± 1 (Q) 9k (?) 

It is necessary for our purposes to consider in some detail 
the properties of the functions <p k (l) and ip k (0 . From the 
integral representation 

9k © = &+ J_J Oft U) 

we conclude that y k ( 0 is a rational function of degree Tc 
with k distinct simple poles located on the real axis in the 
finite Z-plane and that, for real values of l different from 
these poles, <p k Q) assumes real values while its derivative 

assumes positive real values. Hence the equation y k (7) = c 
has k distinct real roots when c is any real constant different 
from 

X -foo 

ld<* k U). 

-00 

By reference to the properties of the transformation 
i = — bk 64+i (0) — hi Hjc+ 1 (0) s 

5(P) + al« 

given in Theorem 10.26, we can now ascertain the nature of 
the function ip k (?). This function is obviously a rational 
function of degree k with poles at the roots of the equation 
9 k (?) = Sk, where s = s k is the point in the extended 5 -plane 
which is carried into the point t = oo by the indicated 
transformation. If s k = oo, the poles of ip k (?) coincide with 
those of 5 p/c(?). Otherwise, s k is a real number and ip k (T) 
has k distinct poles on the finite real axis except in the special 
case where 

X -j-00 

Xdc h (X). 
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We suppose henceforth that the sequence {A} has been so 
chosen that this special case is avoided for every k; by 
reference to the proof of Theorem 10.37, it is clear that such 
a choice is possible. We now see that tyk(T) has k distinct 
poles on the real axis in the finite /-plane, each of which 
must be a simple pole since the degree of ip k (Z) is equal to k. 
If we write the equation connecting cp k (Z) and ip k (Z) in the 
form 


ipjcd) = 


A ~b B (pj c (Z) 
C+DcpnQ) 


obtained in the proof of Theorem 10.26, where A, B, C, D 
are real numbers such that BC—AD = 1, we find at once 
that, for real values of Z distinct from the poles of (Z), 
this function assumes real values while its derivative 


•f’k (0 


BC—AJ) 

(C+i)n(W 


( i'k (/) 


assumes positive real values. The properties of the rational 
function ip k (Z) which have now been established lead to the 
conclusion that the development in partial fractions for ip k (l) 
must have the form 

V'ft (0 — i i 


where rc k j > 0 for 1 <;j <S k. Hence, ipu (Z) can be represented 
by the integral formula 

i 

Xjj k (l) = TC k 0+4J — : - jdQ k (X) 

where and d 7c are real constants, S jc > 0, and Q] C {X) is a 
real monotone-increasing function in §8* which assumes pre¬ 
cisely k +1 distinct values, including the value 0 for large 
negative X and the value 1 for large positive 2. As in the 
proof of Theorem 10.29, we can determine a reduced Jacobi 
matrix of order k so that the monotone-increasing function 
associated with it in the manner indicated in Theorem 10.29 
coincides with the function £?/ c (2) just obtained. It follows 
that yjjAD can be expressed as a continued fraction 

37 * 
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tykQ) = ™k0 


, \c\ 2 

|/ 8 «| 2 | 


T | 

af> — l 

l 


l«| 


v(/C) _ 

*fc—l 


l«! 


*<*» - 






in accordance with Theorem 10.23 (4). We are now pre¬ 
pared to take the final step in the proof of the present 
theorem. 

By Theorem 10.25 (5) we have for 


FtiS) = 


the expression 


W) 


\h 


I l 


l&xi* I 

| - Z 


6fc^Hfc+i~l~-Hfc t A l fc 
b k Oic+l + Gk tpk 


|E*-«1*I 1 ftfc-ll 2 I 

1 a-k—i — l 1 cik — l —i picU)’ 


b 0 


1 . 


If we substitute the continued fraction which represents 
ipk(Z), we obtain the result 


FtkiD = 


1M 8 1 

l«i—/ 


1 &*-.) * I 

I (.an — rtko) — l 

|lo W H _ 1/Sft-iN 

| a®® — l | a^ — l 


It is immediately evident that {FtkiJ)} is a sequence of 
generalized approximants for the infinite continued fraction 
associated with the Jacobi matrix A. By virtue of Theorem 10.31, 
we can select a subsequence wich converges for all not-real 
l to a limit 

f +0 ° 1 

m = J m -j~d Q (x), 

where is a real monotone-increasing function in 33 * 
which is associated with the Jacobi matrix A in the manner 
indicated in Theorem 10.27. On the other hand, the original 
expression for F* k (l) in terms of P k , Q k , U Jc , Vj c , and gp fc 
shows that the sequence converges to the limit 
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~^J r ' ^ US we ^ ave f° un(1 a function (>U) of the de¬ 
sired type which corresponds to the given function y(7) in 
accordance with the relation 


P(t)+U(I)<p(l) f + " 1 7 m 

Q(l) + V(l)cp(0 l-l a * w 


This completes our proof. 

With the aid of Theorem 10.38 we can obtain further in¬ 
formation concerning the self-adjoint extensions of the trans¬ 
formation T associated with a given Jacobi matrix in the 
case where T has the deficiency-index (1,1). 

Theorem 10.39. Let A he a Jacobi matrix, T the closed 
linear symmetric transformation associated with A by the 
complete orthonormal set {g n }, and C(J) the circular region 
defined in Theorem 10.32. When Thas the deficiency-index (1,1), 
the real monotone-increasing functions associated with A 
have the following properties: 

f+°° 1 

(1) for fixed q (X ), the point z = I ^ .^ d q (X) is always 

interior to C(l) or always on the boundary of C(l), 3 © =j= 0; 

(2) if z is a given point on the boundary of CQ) for fixed l, 


P+ 00 1 

there is a unique function q(h) such that I -j - - dq{f) = z\ 

(3) if z is a given point interior to C(l) for fixed l, the 


-l 


d q{ 1) = z 


class of all functions q(T) such that 

has the cardinal number c; 

(4) the relation _ , 

W station + J_ x x_i 

mines a one-to-one correspondence between the class of all real 
numbers ft such that — oo < ft < + 00 and the class of all 


X H-00 
-OO h - 

. r +o ° i 

J— oo h 


d g (h) deter- 


functions Q if) 


such that the point z 


X -foo 
-oo 


^_ i d q (a) lies 


on the boundary of C(l), 3(1) ^ 0; 

(5) between the class of all functions q(L) described in (4) 
and the class of all self-adjoint extensions H of the symmetric 
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transformation T there is a one-to-one correspondence such that 
corresponding members q( 1) and H in the two classes are con¬ 
nected by the relation q{ 1) — {E{X)g lj where E{h) is the 
resolution of the identity for H. 

For a fixed value l, 3(0 + 0, we consider the relation 


z 


F(T) + U(l)s 
Q(l) + V{l)s ’ 



dQW, 


S = cp(l), 


established in Theorem 10.38, in the light of Theorem 10.34. 
In order that z lie on the boundary of (7(0, it is necessary 
and sufficient that the corresponding point in the 5-plane be 
either the point s = oo or a point on the real axis. In the 
class of functions cp(J) under discussion, y (J) can assume the 
value s — co for given not-real l if and only if it is the singular 
function y(0 = QO, 3(0 + 0. Similarly, the function y (0 can 
assume a real value s = ft for given not-real l if and only 
if it is identically equal to ft for all not-real l: for the not- 
negative function 3 y (I) is harmonic at every point of the 
open set 3(0>0, and can therefore assume its minimum 
value O in this region if and only if it vanishes identically; 
and the relation 9(y(0) = —3 (sp(0) requires that the 
function 3$p(Z) vanish for an arbitrary not-real^ l if and only 
if it vanishes also for the conjugate value l. From this 
result, we can derive (1), (2), and (4) without further difficulty; 
and we can also establish (3) by observing that, when z is 
interior to C{1) for fixed not-real l, there exist c functions cp(l) 
which assume for the given value l the not-real value s 
corresponding to z. 

If FT is a self-adjoint extension of T with the resolvent Bi 
and the resolution of the identity E(X), the point z — (Rig u g ± ) 
i 

= I - j dq(l), where q(X) = (E(X)g 1 , g x ), lies on the 

tj — oo t 


circumference of the circular region C(J), as we showed in 
the proof of Theorem 10.32; and, furthermore, when H ranges 
in a suitable manner over the class of all self-adjoint ex¬ 
tensions of T, the corresponding point z passes once and 
only once through every point of the circumference. This 
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fact, taken in conjunction with ( 1 ), ( 2 ), and ( 4 ) shows that 
the correspondence described in ( 5 ) exists. 

Theorem 10.40. Let A be a Jacobi matrix, T the trans¬ 
formation associated with A by the complete orthonormal 
set {(jn) 7 and q(X) an associated real mmud^iti-hwrm'S'na 
function in The sequence of •polynomials {G n (X)} asso¬ 

ciated with the Jacobi matrix A is an orthonormal set in the 
Hilbert space 2 2 ((>); it is complete if and only if one of the 
following equivalent conditions is satisfied: 

(1) q(1) is expressible in the form q(X) = (E(l)g lf gj), ivhere 
j E(X) is the resolution of the identity corresponding to a self- 
adjoint extension H of T: 

' l 

( 2 ) Q (l) has the property that the point z = I —-- dq{f) 

J — 00 « t 

lies on the boundary of the set 0(1). 

When (1) is satisfied, the transjorniathm H is isomorphic icith 
the self-adjoint transformation in 2 2 (q) which hcis domain 
consisting of those and only those functions F(X) in S 3 (q) 
such that l F(X) belongs to 2 2 (q) and which carries a func¬ 
tion F(X) in its domain into the function XF(X). In par¬ 
ticular, the conditions (1) and (2) are always satisfied when T 
has the do,fir?cncy-index ( 0 , 0 ).f 

The fact that the sequence {G n 00} is an orthonormal set 
in the Hilbert space 2 a (q), which consists of all those ^-measur- 

X 4- oo 

| F(l) | 2 

exists, is an immediate consequence of Theorem 10.27 (2). 
When the condition (1) is satisfied, we know from the last 
two paragraphs of the proof of Theorem 10.27 that the 
closed linear manifold 2 ft (gj) determined by the set of elements 
E(X)g 1 , —oo<A<+ co > coincides with §. Hence we can 
apply Theorems 6.2 and 7.2 to set up an isomorphism be¬ 
tween § and 2 2 (q) so that corresponding elements /and F(l) 
are connected by the relation / = F(H)g lt Since g n and 
G n (X) are in correspondence, by virtue of the equation 


f This theorem is due essentiaUy to M. Riesz, Acta Litterarum ac 
Scientiarum, Sectio Mathematicarum, Szeged, 1 (1922-23), pp. 209-227. 
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O n (S)g l — Gn (T)g ± = g n , we see immediately that {(? n (A)} 
must be a complete orthonormal set inS a (e). The relations 
f=F(H)gi and Ef=EF(H)g x show furthermore that 
the image of E under this isomorphism is the transformation 
in S 2 (e) described in the statement of the theorem. When 
{Gn (A)} is a complete orthonormal set in S 2 (g ), we set up 
an isomorphism between § and 2 2 (p) by putting g n and G n {?i) 
in correspondence. We then determine the image of the 
bounded linear transformation Xi under this isomorphism, 
where Xi denotes the transformation associated with the 
function q(1) in the manner indicated in Theorem 10.27. 

The equations ( Xi g m , g n ) — T — dg(l) 9 estab- 

J — 00 A- i 

lished in Theorem 10.27 (2), show at once that the image 
of Xi is the transformation in S 2 ($) which takes Fif) into 

- — - F{X), 9 (?) 4= 0. The latter transformation is obviously 

4 “ 0 

the resolvent of the self-adjoint transformation which takes 
F(X) into IF{1) whenever both these functions belong to 
£ 2 (<?). Thus Xi is the resolvent of a self-adjoint transform¬ 
ation E in and Theorem 9.19 (3) shows that E is an 
extension of the symmetric transformation T. By the methods 
used in the proof of Theorem 7.12, we can now determine 
the resolution of the identity F(X) corresponding to E\ in 
particular, we can prove that q(X) = (JS(X)g 1} g ] L ). We have 
thus shown that ( 1 ) is a necessary and sufficient condition 
for the completeness of the set {G n (X)}. The equivalence 
of conditions (1) and (2) is trivial in case T has the deficiency- 
index ( 0 , 0 ), since q ( X ]) is unique and C(l) reduces to a single 
point. In this case both conditions are always satisfied. 
The equivalence of the two conditions in case T has the 
deficiency-index ( 1 , 1 ) has been demonstrated in Theorem 10.39. 

Theorem 10.41. Let A be a Jacobi matrix such that the 
transformation T associated with it by the complete orthonormal 
set {g n } has the deficiency-index (1, 1); let F(f), Q(l), U(l), 
V (?) be the associated entire functions; let E be a self-adjoint 
extension of T ivith the corresponding resolution of the identity 
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E(X); and let q(X) be a real monotone-increasing function in SB* 
which is associated with A in the manner indicated in Theo¬ 
rem 10.27 and which has the property that 



is a point of the boundary of the region C(l) for not-real l. 
Then the functions 

Eft, 0) = cos 6 P(l) + sin 0 17(7), 

8(1, 6) = cos 6 Q(7) + sin $ V(l), 

TC Tt 

where — ^ ^ 0 ^ are en ^ re f unc ^ ons % wth ^ te following 

properties: 

(1) E(l, 0) and 8(1, 0) both have infinitely many roots, all 
reed and simple; 

(2) the roots of E (l, 0) separate the roots of 8(1, 6) in the 
sense that every root of E (l, 6) lies between tivo roots of 8(1, 6) 
while there is just one root of R ( l, 6) between any two ad¬ 
jacent roots of 8(1, 6); 

(3) if 61 ^ 6%, the roots of 8(1, 6 X ) separate the roots of 

8(1, 6 2 ) in the sense that there is just one root of 8(1, 6 1 ) 

between any two adjacent roots of 8(1, Oj); 

(4) if l is an arbitrary real number, there exists a unique 

value 6, -< 0 such that l is a root of 8(1, 0). 

u £ 

If the transformation II, the function q if), and the real 
numbers ft and 6 are connected by the relations 


II ( L 8 ) 

S{1, 8) 


q{X) — (E(1)<j l , g t ), 

poi+mft = f + ” 

Q{l)+Vf)ft J-« 




ft = tan d, 


in accordance with Theorem 10.39, then 

( 1 ) q (A) is constant on any interval which contains no root 
of 8(1, 6) and increases if and only if l passes through a root 
of 8(1, 0); 
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( 2 ) H has a simple point spectrum, each root of 8(1, 6 ) 
being a simple characteristic value and each real number l such 
that 8(1, 0 ) ^ 0 being a point of the resolvent set. 

If g is an arbitrary real number, II and q (A) can be chosen 
in just one way so that g is a characteristic value of H and 
a point of discontinuity of q (X). Two distinct self-adjoint 
extensions of T have no common characteristic value. 

We shall first prove that TJ(l)Q(l) — P(l)V(l) = 1 for 
all l. By virtue of the relations 

Pn(l) + Un(l)s = ~b n R n J, 1 (l) + IIn(l)t 

Q n ( l) + v„ (l ) s i n o n+x (J) + <y„ ( 1 ) t ’ 

j ibi Gn~l (0) bn (Q) £ 

GJfi) + Hn(0)s 

we see that 

\Un(l)Qn(l)-Pn(l)V n (l)\ 

= | KHntt) Gn+ 1 © “ bnHn+l(l) G» © I 

X | — b n Gn (0) H n +1 (0) + b n G „+1 (0) H n ( 0 ) | . 

In establishing Theorems 10.25 and 10.26, we proved that 
each of the factors on the right of this equation has the 
absolute value 1 . Hence we have 

\Un(l)Qn(l)-Pn(l)Vn(D\ = 1; 

and we conclude by passing to the limit that 

\U(l)Q(l)-P(l)V(l)\ = 1. 

Thus the entire function TJ(l)Q(l) — P(l)V(l) must be a con¬ 
stant, It is easily seen, by virtue of the series developments 
for the functions P, Q , U, V obtained from Theorem 10.26, 
that this function assumes the value 1 for l = 0 and that 
the constant is therefore equal to 1. By using the identity 
just established, we obtain the relation 

B(l, dJSQ, 0 2 ) — B(l, 62 ) 8 ( 1 , 6 j) = sin (#i— ej), 
holding for all Z, — y<di <; + y, — y < S + y- 
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If we take 0 X } 0 2 in the relation just established, the 
term on the right lias a value different from zero. It is 
therefore obvious that Rif, 0i) and S'(I, 9 { ) have no common 
root and, likewise, that S{f, 0,) and 8(1, 0 3 ) have no common 
root. If we put fi ----- tan 0, we know by Theorem 10.39 
that there exists a unique function q(1) which has the proper¬ 
ties described above and which satisfies the equation 


m, 0) 
#0, o) 


p(n+u(/)fi r 

QXi) + v(0fi ~ J oo i 


s eW 


for all not-real /. Since the function R(l, 0)/S(l, 9) is mero- 
morphic and since the integral term is analytic for not-real l, 
we conclude that the poles of this function are confined to 
the real axis, where they constitute a set of isolated points 
without finite limit point. If we calculate the function q (?.) 
by means of the contour integral of Lemma 5.2, we find that 
it is constant on any interval which contains no pole of the 
function R(l, 9) IS (l, 0) and increases if and only if l passes 
through one of these poles. Now q(X), according to The¬ 
orem 10.27, assumes infinitely many distinct values and must 
therefore have infinitely many points of discontinuity. Hence 
R(l, 6)18(1, 6) has infinitely many poles. By virtue of the 
fact that R(f ., 9) and 8(1, 9) have no common root, the poles 
oiR(l, 6)18(1, 6) coincide with the roots of 8(1, 9). Hence 
8(1, 9) has infinitely many real roots. If /<> is a root of 
8(1, 0), If £>0 is small enough that the interval — 

< contains no other root of S(l, 9 ), and if tc is the 

positive number q (ft, -f 0) — q(p — 0), we can write 


S(l, 0) 



dQ (X) 


l* — l 


1 


+ 


J fi+e 1 7 l 


dgW, 


where the final integral term is clearly analytic at l = /*. 
Hence we see that the poles of R(l, 9)18(1, 0) are all simple 
poles, the roots of 8(1, 9) all simple roots. Since 
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C" = 3 ®xr 

vanishes if and only if 3(1) — 0, we see that the roots of 
R(l, 6 ')/8(1, 6 ) are all real. The roots of this function obvi¬ 
ously coincide with those of the function E(l, 0 ), which 
therefore has only real roots. For real values of l different 
from the roots of S(J, 6 ), the derivative 


d E(l, e) = r +o ° 

dl 8{l, B) J-co 


1 

a-o* 


dQ(l) 


evidently has positive values. Hence if l increases through 
real values from one root of 8 ( 1 , 6 ) to the next greater root, 
the function R(l, 6 )/8(1, 6 ) increases through real values, 
vanishing just once. It follows that R(l, 0) has just one 
simple root between any two adjacent roots of 8(1, 0). If 8 ( 1 , 0) 

/>+oo 1 

has a smallest real root then the integral I --- cl g (l) 

tj — CO A, 0 

does not vanish when l is real and less than ft . We con¬ 
clude that the roots of E (l, 0) must all exceed fi in this case. 
Similarly, when 8(1, 0) has a greatest real root, this root ex¬ 
ceeds all the roots of E(l , 0). Hence every root of E(l, 0) lies 
between two roots of 8(1,6). On arranging the results so 
far established, we may state them as properties (1) and (2) 
of the functions E(l, 6 ), 8(1,0) and property (1) of the 
function $(I). 

We know from previous results that the functions 8(1, Ox) 
and 8(1, 6 2 ), 6 t + 0 a , have no common root. If 4 and 4 are 
adjacent roots of 8(1 , 0 2 ), we must have E(l ± , 0 2 ) E(l%, 0 2 )< 0, 
by virtue of the relative position of the roots of the func¬ 
tions E(l, 0 2 ) and 8(1, 0 2 ).- We have further the equations 


E (Ji , 6 2 ) 8 (li, 61 ) — E (4 > 62 ) S(l 2 ) 0i) — sin (0* — 6%) . 


Since the final term does not vanish, we conclude that 
8 (li, 0i) 8 ( 12 , 0i)< 0 and that 8 ( 1 , 6 ^ vanishes at least 
once between the given adjacent roots of 8(1,6%). If we 
interchange the roles of the numbers 0 L and 0 2 , we see that 
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8(1, 6 2 ) also vanishes at least once between any two adjacent 
roots of 8(1, d t ). We can now infer that the roots of 8(1 , 6 L ) 
and 8(1, i 9 2 ) are located in the manner described in (3) above. 

We can show that every real number is a root of at least 
one function 8(1, 0 ); that it cannot be a root of more than 
one we have already proved. If we apply the implicit 
function theorem to the relation 8(1, 0) = 0, we find that 
each real number I in a sufficiently small neighborhood of 
a known root must satisfy this relation for a suitably deter¬ 
mined 0. Hence the set of all real numbers which are roots 
of at least one function 8(1, 6) is an open set. On the other 
hand, it is easily verified that this set must be closed. Hence 
the set, being lion-vacuous and both open and closed, must 
be the set of all real numbers, as we wished to prove. We 
confine ourselves to the outline of the proof, since we shall 
discuss the question from another angle immediately. 

When H is the self-adjoint transformation corresponding 
to q(1) in the manner indicated in Theorem 10.39, we can 
determine its properties most simply by reference to Theo¬ 
rem 10.40. Since H is isomorphic with the self-adjoint trans¬ 
formation which takes the function F(X) into the function IF(X) 
whenever both functions belong to the space S 2 (^), and since 
q(X) has the special properties already established, we see 
at once that the points of discontinuity of q(X) are simple 
characteristic values of H , the remaining points of the real 
axis points of the resolvent set of H . The relation of the 
spectrum of H to the corresponding function 8(1, 6) is then 
obvious. We can now give the second proof of the result 
discussed in the preceding paragraph. If p is an arbitrary 
real number, it is a simple characteristic value of T* by 
Theorem 10.27. If y is a corresponding characteristic element, 
we can define a symmetric extension T 0 of the transformation T 
by assigning to it the domain £> 0 = ® + {y} ; where 2) is the 
domain of T, and setting T 0 — T* in £> 0 . The details of 
the discussion have been given in the paragraph following 
the proof of Theorem 9.6. Then there exists a self-adjoint 
extension IE of T 0 , which obviously must satisfy the relations 



590 


HILBERT SPACE 


HQT, HQ T*, H<p = T* <p = pep. The function S(l, 0) 
corresponding to Hhj virtue of the earlier results must vanish 
for l = p. As we have already seen, no two self-adjoint 
extensions of T can have a characteristic value in common. 

It is clear that the methods used above can be applied 
to the study of the relations between the roots of E(l, 0i) 
and those of E(l, 0 2 ). Since the question is of little interest 
in connection with subsequent developments, we shall not 
enter into it. 

We shall next examine certain relations between a given 
Jacobi matrix A , the spectral properties of the associated 
transformation T, and the behavior of the associated func¬ 
tions q(X). It will be observed that the results obtained 
below indicate that in the case where T has the deficiency- 
index (1, 1) these relations become extremely vague. 

Theorem: 10.42. Let A be a Jacobi matrix, T the trans¬ 
formation associated ivith A by the complete orthonormal set {g n }, 
q(X) an arbitrary real monotone-increasing function in W 
associated with A in the manner indicated in Theorem 10.27, 
and {On (0} ^ ie associated sequence of polynomials. We introduce 
the following numbers and sets of points: 

(1) A is the closed set of all real members X in every neigh¬ 
borhood of ivhich lie roots of infinitely many of the poly¬ 
nomials G n (l), — CO X < + 00 / 

(2) X n i and X nn are the least and the greatest roots respectively 
of G n (0; 

(3) A x is the set of all real numbers X such that y n O n (X) > 0 
for all ni> 2, the number X = + oo being counted as one 
ivhich always satisfies the condition; 

(4) A^ is the set of all reed numbers X such that 
(— l) n ~ l y n G n (I) > 0 for all n> 2, the number X ——co 
being counted as one which always satisfies the condition; 

(5) P is the set of all points of increase of the function q{X )— 
in other words , the complement of the sum of all open intervals 
on ivhich o (X) remains constant; 

(6) C , Cu are respectively the bound , upper bound , and 
lower bound of the closed linear symmetric transformation T, 
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as defined in Definition 2.14, the values (7= - f co 7 Ci = + oc , 
Cs = — co admitted; 

(7) ct teas/ -upper o/ the set of numbers \a mn \, 

ivhere a mn is the general element of the Jacobi matrix A. 

If E is an arbitrary set ive denote by inf E, sup E, ext E 
respectively the greatest lower bound , the least zipper bound, 
and the greater of the two numbers | inf E | and | sup E | } the 
values — co and + 00 being admitted. The relations 

sup A 2 — inf--/ = lim Ki< lira X nn — sup A = intA u 

OO il, —> GO 

inf P < inf^/ == C\ < C\ = sup.// sup P, 

0 <S extP, a extP <3 a, C 2 < a nn < C\ 

are satisfied regardless of whether the deficiency-index of T 
is (0,0) or (1,1). When the index is (0,0), we have the 
addition at relations 

S(T) = P g A, C 2 = infP — inf//, C x = supP = sup--/, 


where S(T) denotes the spectrum of the transformation T. 
When the index is (1,1), it is necessary that C= ext P= a 
= +oo f If the relations 

-S-J-00 

cIq(X), 


P{1) + U{1) 9 {1) 
Q(l) + V(l) 9 Q) 


5P(0 


« Z + /J + 


/: 

r 


1 

l — l 

+ 00 M+_1_ 

~l 


d<s(l) 


hold for all not-real l in accordance with Theorems 10.36 
and 10.38, and if 2 is the set of all points of increase 
of o'(A), then the derived set of P coincides with the derived 
set of 2; only the isolated points of the set P are restricted 
in any ivay by the Jacobi matrix A. In the special case 
ivhere C 2 — —co and C x = + oo 7 we have 

C 2 = inf P = mi A, C x = sup P = sup A. 


In the special case ivhere C 2 >—oo 7 C x — 4-°°? we have C x = supP 
— sup A — +oo. There exist c functions q (!) for which infP 
assumes an arbitrary value g on the. range — oo < g <C. C 2 and 
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for ivhich the derived set P r is an arbitrarily prescribed closed set 
on the range g < X<i-\-co\ but thwe is just one function q{X) 
for which inf P = C 2 . In this special case } furthermore, every 
self-adjoint extension of T has exactly one characteristic value 
on the range — co <4 C 2 , and every value on this range is 
a characteristic value for exactly one self-adjoint extension 
of T. In the special case ivhere C 2 = — go, 0i<+ co ? analogous 
statements may be made. 

When n> 2, the numbers hi, X nn described in (2) exist 
and have the property 

• • • <C hi *4 ‘ * * ^ ^31 ^ hi 

= X% 2 <C ^33 <C • • • <C hn h h-\-l,n-\-l * • *« 

Hence the limits lim hi, lim hn exist and belong to the 

n —^oo yi —^-co 

set A. Since all the roots of G n (D, n > 2, lie between these 
two numbers, we have 

i nf A = lim X n i< lim hn = sup A. 

n —>co n—>o o 

By virtue of Theorem 10.24(4), the function (— l) n ~ l 7nQn(h 
assumes real values; and, if its least root and its next greater 
root be denoted by hi and ha respectively, it satisfies the 
inequalities 

(—1 Y-'rn On W)>0, — oo < /< hi; 

( 1 ) n ~l Yn OnW < 0, hi <,X< h2, 

for ni> 3. From Theorem 10.24 (6), we recall that hi< h- 1,1 
< h 2 - It is now clear that the set A 2 contains every point 
of the range —co < X < lim X n i, but no point of the range 

n-»co 

lim X n i< X X 21 , which is the sum of the intervals X nl < X 

n—> oo 

<^> 1 - 1,1 for n^>3. Since the polynomial— J 2 G 2 (X) is not- 
positive for X > X 21 = X 22 , we see that A 2 is the set 
— co <! < lim X nl and that suipA 2 = ini A. In a similar 

n—>oc 

manner, it is found that A l is the set lim hn < X < 4-°° 

n —>oo 

and that inf^ = sup^f. 
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The transformation 7 is constructed by forming the trans¬ 
formation 7 T iU) with the complete orthonomal set {g n } as 
its domain in accordance with Theorems 3.2 and 3.4 and by 
then setting T 1\{A) : IVN.I). It is easily verified that 
the linear transformation 7\(J), with the linear manifold 
determined by tin*, set }</„} as its domain, and the closed 
linear transformation T 7 T , {.!) have the same bounds, since, 
in accordance with Theorem 2.10, every element f in the 
domain of T can be approximated in by a sequence {f n } in 
the domain of 7\(A) with the properties 7t(A)f u —>Tf. 

If g is an arbitrary (dement, in the domain of 2\ hi), it can 
be expressed as a linear combination of the elements 
g n — (j tl ( T) <j x and hence can be written in the form 
g = , where F{1) is a polynomial. Using Theorem 9.19 

and recalling that integrals with respect to the function q (A) 
may be treated as integrals over the range inf P< X < sup P, 
wc find that 

(i\ Ul)//, //) -= (77*17’)//,, F{T) fh ) = (^X\ F(X)\*dQ(X) 

t/ — 00 

f 4 i 00 

> inf P | F(l) |* Aq{X) = inf P(g, g), 

t>) 00 

0 \(,%,//) < sap P (''“I F(Z)\ s d Q (Z) = sup P(g,g). 

Thus the symmetric transformations T and T { {A) have common 
upper and lower bounds, C\ and CA respectively, which satisfy 
the inequalities 

inf P S < Ci < sup P. 

In order to show that inf A = 63 , we apply Theorems 10.27 
and 9.21 to construct a self-adjoint transformation H 3 T 
with lower bound equal to C\ . If E{X) is the resolution of 
the identity corresponding to H and q(X) is the function 
(E{l)g i7 g t ), we find that <7 a = infP. This result is most 
readily verified by means of the characterization of H given 
in Theorems 10.27, 7.14, and 10.40, according to which S 
is isomorphic with the transformation in which carries 
JFU) into 1F{1) whenever both functions are in S*fe). We 
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now observe that whenever J> 2 and g < C' 2 = inf P, the 
Hermitian form 

X -foo 7i—l n—l 

(Jl — ft) Xcc l a - 2 xp If d Q (X) 

■oo « = 0 /S = 0 

n~ 1 

= (Cct-j-ft-j-i ftCa-\~^}Xa Xp, 

«,/S= 0 

where { c n } is the sequence of constants associated with the 
Jacobi matrix A, is positive definite. In consequence, the 
determinant of this form, which can be written 

det {cj+k+i — ft Cj+k} 

j,k — 0,-- ‘,n—l 

= DU -2 Dlih (— l)"- 1 Jn G,i {ft) 

by virtue of Theorem 10.24 (4), must be positive for the in¬ 
dicated values of ft. Since the constants are all positive,, 
we conclude that the interval —oo < X <: C s is contained 
in the set A 2 and hence that C 2 sup^ 2 = inf^. On 
the other hand, we know from Theorem 10.28 that, if H (,p) 
is the self-adjoint transformation defined by the reduced 
Jacobi matrix A p of order p, then H (I>) -+ T x (A) in the domain 
of Tx(A)\ and from Theorem 10.23 that, when g is an element 
of the closed linear manifold Wlp (gx), the inequality 

V ifj, g) < (H' p) g, g) < l m (g. g) 

is satisfied. If g is an arbitrary element in the domain of 
T X {A), it is a linear combination of the elements of the set {g n ) 
and therefore belongs to %flp (g x ) for all sufficiently large, 
values of p. Since 

inf A < Xpi < Xpp < sup A , lim g, g) — ( f x {A)g , g) f , 

p—^oc 

we conclude that 

inf A (g, g) <j (T, (A)g, g ) < sup A (g, g) 

throughout the domain of T t (A) and hence that C 2 > inf A 
The equation C 2 = inf A follows at once. In similar fashion 
we show that C x = sup^. From these results it is evident 
that C = ext A. 
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From the relations 

X +co 

^ A G n (A) Gm (A) d Q (A), 

X +oo 

\G }l (X)?dQ{X) = 1 

established in Theorem 10.27 (2), we conclude that 

X -f oo 

-oo 1^11 ^ I I W I ^ £ (A) 

X +oo 

|<?»(2)|| G m a)\deW 

< ext P (J^° <? B U)|*dpU) 

00 \ 1/2 
X J_ M | Gm (A) | 2 d g (A)j = ext P, 

and hence that a < ext P. It is easy to show that for a 
suitably chosen Jacobi matrix A the difference extP—a 
does not exceed a preassigned positive s. In fact, if $(A) 
is any real monotone-increasing function in 33* for which 
g{ —oo) = 0, £>(+ co ) = 1? inf P = 1 — s, sup P = 1, 
the transformation in S 2 (e) which takes JF(A) into XF{ A) 
is bounded and self-adjoint provided that p(A) assumes in¬ 
finitely many distinct values; this transformation is isomorphic 
with the transformation T associated with the Jacobi matrix 

{ j 

X -h°o - 

XG n (X)G m (X)dg(X), 

where {G n (X)} is a complete orthonormal set in S 2 ($) deter¬ 
mined subject to the requirement that G n (A) be a polynomial 
of degree n — 1; and the real number a nn obviously satis¬ 
fies the inequality 1 —e < a m % S !• A closer examination 
of the inequality given above shows that | a mn | < ext P in 
all cases; but the question of the existence of a case in 
which a = ext P remains open. The inequality ext P < 3 a 
is trivial unless the right-hand member is finite. We shall 

n 

therefore confine our attention to this case. If g = 2 


88* 
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is an arbitrary element in the domain of T± (H) and if 
\xk\ = h, we have 

n 

= 2 (Tg a , g§)x a xft 

<x,p — l 
n 

~ Jmm / I & ft® | 1*8 

a, p — 1 

< a U (?! + &) ■+ S ($«-l + ?« + M + jf n (Sn-l + £») I 
L a = 2 J 

^af2^ + sS?|+2^1 

L a = 2 J 

^3aJ;g| = 3a(^,. 9 ). 

a —1 

Hence the inequality C < 3 a is valid. The closed linear 
symmetric transformation T is now seen to be bounded and 
hence self-adjoint, by virtue of Theorems 2.23 and 2.24. 
The argument used above shows that in these circumstances 
we have C\ = inf P, Cl = sup P, C = ext P. Thus the 
inequality ext P < 3 a is established. It is easy to show 
that ext P = O' = 3 a for a suitably chosen Jacobi matrix 

n 

A, In fact, if we put a n — 1, b n = 1, g — 2 .?«> we find 

that (P/,#) = (3 — 2/w) <#,#), 3 — 2/w < (7 < 3 = 3a 
and infer that ext P = (7 = 3a. In order to prove that, 
in the general case, the real number a n n exceeds C 2 , we 
choose a self-adjoint transformation H 2 T with the lower 
bound 6 7 2 . The associated function q{2) then has the property 
that inf P = C4. We therefore have 

-j- 00 P+OO 

ctfm ■ =J_ o0 /l|^a)| 2 ^^W>infPJ \G n W\ 2 dQ(X) = MP= C*, 

where the strict inequality must hold because q(A) assumes 
infinitely many distinct values. In a similar manner, we 
prove that a nn < C t . 

When T has the deficiency-index (0, 0), it is a self-adjoint 
transformation and the associated function q{X) is unique, as 


n 

OjRa Xcc 

a,8 = 1 
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we pointed out in Theorem 10.27. The equations 8(T) = P, 
C 2 = inf P, C x — sup P are established by considering the 
image of T in the space £ 2 (q), as in similar situations dis¬ 
cussed earlier. By reference to Theorem 10.28, we see that 
lim Qp(X) — q{X) at the points of continuity of the latter 

oo 

function, where q p (A) is the function associated with the 
reduced Jacobi matrix A p in the manner indicated in Theo¬ 
rem 10.23. Since the points of discontinuity of q p (A) are 
located at the roots of the polynomial G p +i(^), we see that, 
if A is any closed interval at positive distance from the set A, 
then Q P (jl) is constant on A for all sufficiently large p. Hence 
q(X) is constant on any such interval and the relation P C ^ 
is satisfied. 

We turn now to the consideration of the case where T 
has the deficiency-index (1, 1). The general inequalities which 
we have established above, show that the three quantities C, 
a, ext P are all finite, or all infinite except C. If C were 
finite, the closed linear symmetric transformation T would be 
bounded and hence self-adjoint, contrary to hypothesis. We 
must therefore have 6'=a = extP = +oo. The analysis 
of this case depends upon the formulas 


Pffl + PXtMP = 

Q(l)+V(l)cp(l) 

f p(l) = a 1 4" fi 4“ 


f+°° l 

J- 00 X—l 

f + “ 1Z+1 
J-» X — l 


■dq(X), 

da(l) 


established in Theorems 10.36 and 10.38. If A is any closed 
interval at positive distance from the closed set 2 consisting 
of the points of increase of cr(2), the integral formula shows 
that the function gp (l) is single-valued and analytic in the 
connected set obtained by adjoining to the half-planes S (l)> 0, 
3(0 <0 the interval A on the real axis. Hence the function 

X -f-QO 

- - dq(X) can be defined on A so that it is 

-oo A 6 

single-valued and analytic in this connected set except possibly 
for a finite number of poles on the interval A\ if there are 
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any poles on A they occur at the roots of the function 
Q(0+^®y(0 and must therefore be distinct from the roots 
of V(l ), by virtue of the fact that Q(l) and V(l) have no 
common roots. The behavior of 1(1; q) in the neighborhood 
of the interval A on the real axis shows that q (X) increases 
at only a finite number of points on 1 We can therefore 
conclude that the derived set P' is contained in 2, If X = ^ 
is an isolated point of 2, cp(l) is single-valued and analytic 
in the neighborhood of l = where it has a simple pole. 
It is easily verified from the formula for 1(1; q) that the 
latter function is analytic at l — ^ when V(^) + 0 and has 
a simple pole at l — i* when V(fi) — 0. Thus the point X = ft 
is either a point of constancy or an isolated point of increase 
for q(X). We may therefore replace the relation P'c: 2 by 
the sharper relation P'c: 2', It is to be noted that the case 
of the singular function y(l) = oo must be reserved for separate 
treatment. In this case we take <r(X) = 0 and recall from 
Theorem 10.41 that q(X) increases only as X increases through 
a root of V(I ); we infer that both P' and 2' are vacuous. 
If we write 

_ -P(r) + Q(!)Kl\e) 

9W ’ 

we can discuss the influence of q(X) upon <r(P) in a similar 
manner. We have to exclude the special case where the 
denominator U(l) — V(l)I(l; q) vanishes identically and f(I) 
is the singular function <p(I) = co. It is helpful, further¬ 
more, to put the relation connecting y (l) and <r(A) in the form 


1(1; *) 


J »-f oo 
-oo 


i—i 


d <s (2) 


<p(T) — a l — ft 


Z 2 + l 


X +co 


obtained by the use of the identity = ^ ■ 

If A is a closed interval at positive distance from the closed 
set P, both cp(l) and 1(1; cr) are found to be analytic on 4, 
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except possibly for a finite number of simple poles which 
they share; if there are any poles, they occur at the roots 
of the function £7(7) — 7(7) 1(1] q) and must therefore be 
distinct from the roots of 7(7), by virtue of the fact that 
U(l) and 7(/) have no common roots. Thus a(Z) has only 
a finite number of points of increase on A. We conclude 
that 2' C P. If X = is an isolated point of P, I(l ; q) 
has a simple pole at 1 — in. It is easily verified from the 
formulas for <p (I) and I(l\ o'), that these functions are analytic 
at l = i when 7(p) ^ 0 and have simple poles at l = p 
when V(ji) — 0. Thus the point 2—^ is either a point of 
constancy or an isolated point of increase for o'(i). We 
conclude that 2' (Z P'. By combining the results already 
established, we see that P' — 2' f even in the case of the 
singular function y (J) = co, where both sets are vacuous. 
Since the function cr(^) can be taken as any real monotone- 
increasing function in the class 33*, the closed set 2' can 
be assigned at pleasure; and the closed set P' is therefore 
completely unrestricted. 

We shall next discuss the particular case where T has 
the index (1, 1) and the bounds C 2 = 0, C t = + 00 - Later 
we shall reduce the special cases described in the statement 
of the theorem to this one. We wish to ascertain some of 
the more significant properties of the class of associated 
functions £ (A) for which inf P has an assigned value. The 
inequality inf P < C 2 = 0 excludes all positive values from 
consideration. By applying the facts established in the 
preceding paragraph, we see that the equation infP — p, 

— co<p<;0, holds if and only if the following conditions 
are satisfied: 

(1) -2'is an unrestricted closed set on the interval ^ < i< + cc; 

(2) the isolated points of 2 on the interval —oo<2<^ 
are distinct from the roots of 7(7); 

(3) the function Q(l) + VQ) yQ) has no roots on the interval 

— co< X <t*\ 

(4) the point l — i* has one of the following three in¬ 
compatible properties: 
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(a) it is a point of 2'; 

(b) it is both an isolated point of 2 and a root of F(Z); 

(c) it is both a point in the complement of 2 and a root 
of the function Q (Z) + V (Z ) f (Z) * 

The case of the singular function f (Z) = co may be included 
if we let 2 be vacuous and interpret the term “root of 
Q(l) + 7(Z) y (Z)” to mean “root of F(Z)’\ The detailed 
examination of these conditions and their significance may 
be left to the reader. When o'(2) has been chosen so that (1) 
is satisfied, the function 

<p(J) = Kl +# + da{X) 


is analytic except, for simple poles on the entire open interval 

— oo < {i on the real axis. The function ——y- behaves 

in a similar manner. Hence the investigation of the remaining 
conditions depends upon the relative positions of the curves 

y = cp(l), y — —Ptw? where Z is a real variable on the 

interval (—co, y). Since the derivative 


cp'Q) = a + 



P+1 
a—Z ) 2 


d(T(Z), 


CC > 0 , 


is never negative for 3(Z) = 0, the curve y = y(l) increases 
monotonely on any interval which contains no pole of <p(Z) 
and which is itself contained in the interval (—co, +). The 
Q(l) 

curve y — 


V(l) 


will be investigated in greater detail. 


First we observe that Q(0) = 0 by virtue of the series ex¬ 
pansion obtained from Theorems 10.26 and 10.33. According 
to Theorem 10.41, T has a unique self-adjoint extension with 
the characteristic value 0, the associated function q{+) being 

X + 00 i JP(l) 

-—- . On 

-oo A Z Q (Zj 

the other hand, we know that Thas a self-adjoint extension 
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with lower bound equal to zero. With the help of Theorem 10.41 
it is easy to identify the two self-adjoint extensions just 
described, and hence to show that the function Q(l) has no 
roots on the negative real axis. The results given in that 
theorem concerning the roots of the function 8(1, 0 ) = cos 6 Q(l) 

+ sin 0 7 ( 7 ), —-—<0 < +-y can now be applied to prove 

that 8(1, 0 ) has exactly one root on the negative real axis 
when 0 + 0 , and that every point on the negative real axis 
is a root of #(7, 0 ) for some value of 0. It is evident that 
the existence of two such roots for S(l, 0) would require the 
existence of a separating root of 8(1, 0) = Q(l ), in contra¬ 
diction with what has just been proved. On the other hand, 
if 8(1, 0 ) has no negative real root, its smallest root on the 
real axis is different from that of 8(1, 0)= Q(J) and is there¬ 
fore positive. The roots of 8(1, 0 ) form the spectrum of 
a self-adjoint extension of T , so that T must be positive 
definite rather than not-negative definite, as we assumed 
above. Hence 8(1, 6) has just one negative real root when 

0 + 0 . In particular, 7©==#^,-“-J has such a root, which 

we denote henceforth by v. The fact that every negative 
real number is a root of some function 8(1, 0 ) has been 
proved in Theorem 10.41. These properties of the functions 

8(1, 0 ) show that the quotient —~~~ is analytic on the 


negative real axis save for a simple pole at l = v and assumes 

TG Tt 

the value y = tan 6 , -5- < 6 < - 5 - , for just one not-positive 

value of l. In order to ascertain the behavior of — 

in the neighborhood of the point l = v we employ the 
identity JJ{J) V(J) = 1 established in the proof of 

Theorem 10.41, writing it in the form—+ • F 2 (+ — — — 1. 


Since we have 


m 

V{1) 



dq{X) 
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in accordance with Theorem 10.38, 


m 

V(l) 


becomes positively 


infinite when l approaches v through real values less than v. 
P(D 


At the same time, 


l 


< 2(0 

v. Hence the product V 


remains bounded, being analytic at 
U P\ 

Q) 


(f 


assumes positive 


values whenever l assumes real values less than v in the 

Q(l) 


neighborhood of the point l = v\ and the function 


V(l) 


therefore becomes negatively infinite as l approaches v through 
real values less than v. The information now at our dis- 

Q{1) 


posal shows that the curve y ■ 


V(l) 


decreases monotonely 


from 0 to —co as l increases through real values from -—co 
to v and decreases monotonely from + 00 to 0 as l increases 
through real values from v to 0. 

We are now prepared to construct functions q(X) for which 
inf P is a preassigned negative number and P' a preassigned 
closed set on the interval inf P < 2 < + 00 • We denote 
the given number and the given closed set by ^ and II re¬ 
spectively. We begin by choosing a real monotone-increasing 
function cr 0 ( 2 ) in the class 35* for which is a subset of 
the interval ^ < 2 < + 00 with the property 2' 0 = II. We 
then form the function 




-£ 


2 — f.i 


da 0 ( 2 ), 


which is obviously a real monotone-increasing function in 
35*. It is easily verified that the set 2 is contained in the 
interval ^ < 2 < + co and has the property that 2 r = U. 
By virtue of the relations 


X +oo 

-00 


XI- j- 1 


X — l 


da(X) 


X +OO /.+00 

Xda(X) + 

-00 —OO 


x*+l 


dcr(X) 
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-X 

-x; 


X(X — ft) 


^otf) +J 

X(X — ft) 


n+OO 


X — 


ft 


fft X 2 -|- 1 

we see that the function 


d <x 0 (X) -f- 


f 


X 

X—ft 

T^T 


U —OO a l 
’-(-00 


d c 0 (2) 


da 0 (X), 


f +0 ° 2 Z +1 


9‘ W) —• ft -f- I 

t/ —«J 

has the properties 

,fM 2 ( 2 —/t) 


da(X) 


lim y (l) = ft - 


-X 


X“ -j- 1 


d o 0 (A) — 9 S(l) = 0, 


J *-l-oo 2(1 _ \ rM-oo 

• 2 - d o',, (/£)+( d <7 0 W = SP 2 , 

— A -j~ I t/ u-j-0 

3(0 = 0 , 


and is analytic on the interval —co </</*, 3(0 — 0 . 

Obviously, we may arrange that y 2 ~9i = 0 <Zcr 0 (A) have 

any desired positive value without imposing any essential re¬ 
striction on cr 0 (^); and we may arrange that y ± have any desired 
real value merely by selecting ft in an appropriate manner. Since 
the conditions imposed upon <j 0 (X) allow us to choose this function 
in c ways and hence to construct c corresponding functions <r(X), 
we now have at our disposal c functions y(l) such that the 
curve y = y(l) increases monotonely from a preassigned 
value <jp t to a preassigned value when l increases 

through real values from —oo to In the special case 
where ft = v and the point X = v does not belong to 2 f = H, 
we must be able to take y 2 — + co - We can do so by 
replacing the function <s{X) by a new function obtained from 
the old by the addition of a function which is equal to 0 
or to 1 according as X<v or X^>v; the new function y(T) 

vl4- 1 

so obtained differs from the old by the additive term - 7 

and therefore behaves in the desired manner. When ^<><0, 
we take g>i—0, <p 2 = — so tliat the curv ' es V — 9(1) 
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and y - 


Q(l) 


V(l) 


do not intersect on the interval —co <Z<>. 


It is then evident that our construction satisfies the first 
three conditions laid down in the preceding paragraph. The 
three possibilities stated in the fourth condition must be 
examined in detail. The condition 4 (a) is self-explanatory 
and requires no discussion. The condition 4 (b) cannot be 
realized in the present instance, since V(y) + 0. When X = y 
is not a point of 2 ' — IT, we must therefore prove that 
condition 4(c) is satisfied. First, it is clear that the point 
X = y is not a point of 2 : it does not belong to 2' 9 by 
hypothesis; and it cannot be an isolated point of 2 since 
the integral formula connecting a (A) and <r 0 (2) implies that 
a(y- j~0) = o‘( j a — 0 ) = 0 . Secondly, the curves y = 9(1) 

Q(D 


and y — 


V(D 


are now defined on an open interval con¬ 


taining the interval (—co, y) and, by construction, intersect 
when l — y. Hence all four conditions are satisfied and 
there exist c functions q(X), obtained from the functions 9 ( 1 ) 
which we have constructed above, with the properties 
infP = y, P f = n, when r<y<C 0 . The case where 
— co< y < v is treated in a similar manner, by taking 

QM 


9 


9 i< 92 - The case y 


is most easily 


V(y)’ 

discussed by putting 91 = 0 , 92 = +co in the manner in¬ 
dicated above. Conditions (1M3) are then satisfied, as before. 
Since X = v is now a point of 2 f we must show that, 
when 4(a) is not satisfied, 4(b) is valid. It is evident upon 
inspection that such is the case. The case y = — co does 
not require such cautious treatment: it is easily verified that 
it is sufficient to take 2 f = 11 , inf 2 = —cc. 

We have still to investigate the situation which arises 
when we require that inf P = 0. In order that condition (3) 

Qd) 


may be satisfied, the curves y = 9(1) and y — • 


V(l) 


must 


not intersect on the open intervals (— 00 , v), (v, 0). Hence 
we must have 9 (l) J> 0 on the first interval, 9 (l) ^0 on 
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the second. These inequalities can he satisfied in just two ways: 
either y (J) increases monotonely from g> t to + oo on the first 
interval and from —co to oil the second, with ^ 2> 0 and 
<f 2 < 0; or 9 © = 0 for all negative real l. The first alter¬ 
native is in contradiction with condition (2) and must there¬ 
fore be discarded: it requires that y{l) have a pole for 1 = v 
and hence that v be an isolated point of X The second 
alternative requires that $p(7) vanish identically, since it is 
analytic on the negative real axis. Hence there is just one 
function q{Z) such that inf P= 0, namely, the function defined 

by the relation 

The self-adjoint extensions of T and the corresponding 
functions q(A) are readily discussed by applying to the general 
statements of Theorem 10.41 the special properties of the 
functions S(l> 6) which we have established above for the 
case where T has the lower bound zero. 

Finally, we shall reduce the cases C 2 >— co, Ci<+oo to 
the particular case C 2 = 0 which we have just studied. When 
Cg >—co, we consider the Jacobi matrix A 0 — {a m ?i — C 2 d mn } 
in connection with the given Jacobi matrix A. The trans¬ 
formations T 0 and T associated with A 0 and A respectively 
by the complete orthonormal set {g n } are connected by the 
relation T 0 = T — C 2 I and therefore have the lower bounds 
0 and C 2 respectively. The self-adjoint extensions of T 0 
and T are in one-to-one correspondence by virtue of the 
relation H 0 = H—C 2 I. The constants cjf and c n associated 
with A 0 and A respectively are related by the equations 


^ = ((T o r ffl ,gJ = < IT-C 2 ir 01 ,g ,) 

= jt (— ir -, r- —rr (% c n - v , 

Cn = ( T n g x , ffi) = ((To + c a I) n gi, gd 

V n - n v .<°> 

— Zj , , \ i C/2 C n—t'j 

v \ {n — v)\ 


by virtue of Theorem 10.27 (3) and Theorem 9.19. These 
equations show that if Qq U) and q(X) are real monotone- 
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increasing functions in 23* such that q 0 (A) = C$) the 

X -foo 

l n &Q Q {X) = cf, n^>Q, are equivalent to the 

X +oo 

X n d${X) = c nf ^2^0. Theorem 10.30 now 

—OO 


shows that the functions qAX) associated with A 0 and the 
functions associated with A are in one-to-one corre¬ 
spondence by virtue of the relation q 0 (X) — q(X-\-C 2 ). The 
reduction of the case C 2 > — cc is thus completed. "When 
Ci< + Q°j we first consider the Jacobi matrix A 0 = — A. As 
analogues of the relations just discussed in the case C 2 > — 
we now have T 0 =— T , Cf 0 —— C t , iJ 0 =— H, cvf = (— l) n c H , 
q 0 (X) — 1 — q( — X — 0). Thus we can reduce the case +°° 
to the case C 2 > —co and hence to the case C 2 = 0. 

In Theorem 10,30 we showed that the theory of Jacobi 
matrices is intimately related to the following problem, known 
as the moment problem: when a sequence {c«}> n > 0 , of 
real constants is given, it is required to determine all real 
monotone-increasing functions q(X) in the class 23* such that 



If we interpret such a function q{X) in 


physical terms as the mass of that portion of matter lying 
on the interval (—cc, X) in the case of a linear material 

distribution, the constant c n is known as the nth moment 

of the distribution or of the function q(X). In the theory 

of probability it is useful to interpret q(X) as a cumulative 

probability (or frequency) function, q(X) being equal to the 
probability that a given statistical variable assume a value 
on the interval (—-co, X). The problem stated above may 
therefore be formulated in more concrete terms, as follows: 
it is required to determine all the material or probability 
distributions with preassigned moments. This formulation 
has caused the problem to be called the moment problem. 
We may observe that the equation c 0 = 0 leads to the trivial 
solution $(X) = 0 and that all the higher moments must 
vanish. We shall therefore discard this case. If c 0 =j= 0, 
we must have c 0 >0. When this inequality is satisfied, we 
may normalize the problem so that c 0 = 1 : we have only 
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to replace q(2) and c n by q{L)I c Q and c n /c 0 respectively. In 
all subsequent discussions we shall assume that the constant c 0 
has the value 1. Any solution of the normalized problem 
evidently has the property lim q{L) = 1. We shall apply 

l->+oo 

the theory of Jacobi matrices to solve the moment problem 
in this normalized form. 

We first study more carefully the connection between a 
Jacobi matrix A and the associated sequence of constants. 
We have 

Theorem 10.43. Let { c n } be a sequence of real con¬ 
stants , n > 0 , ivith c 0 = 1 ; and let D a be the determinant 
det A necessary and sufficient condition that 

j,k — 0, • • •,w—l 

there exist a reduced Jacobi matrix A p of order p> with the 
associated constant c n (p) equal to the given constant c n for 
0<,n< 2p — 1, p 1, is that D n be positive for 1 < n < p. 
A necessary and sufficient condition that the sequence [c n ) be 
the sequence of constants associated ivith a Jacobi matrix A 
is that D n > 0 for n J> 1. Two Jacobi matrices A (1) = {a™ R ) 
and A (2) = {a ( ^ n } have the same sequence of associated con¬ 
stants if and only if | a™ n \ = | a$ n \ for m > 1 , n > 3. 

When A p is a reduced Jacobi matrix of order p such that 
c n {p ) = Cn for 0 < n < 2p —1, we regard A p as obtained 
from a Jacobi matrix A. The first 2 p constants of the se¬ 
quence associated with A then coincide, in order, with the 
constants c n (p) = c n , n — 0, • • 2 p — 1. Hence the de¬ 

terminants D n , 1 < n ^ p, coincide, in order, with the 
analogous determinants formed from the sequence of con¬ 
stants associated with A. As we saw in the proof of 
Theorem 10.24 (4), the latter determinants are expressible as 
products of absolute values of non-vanishing elements of the 
matrix A. Thus it is necessary that D n be positive for 
1 < n < p. Similarly, when {c w } is the sequence of con¬ 
stants associated with a Jacobi matrix A, the determinants 
D n must be positive for all n. 

When the sequence {c n } is given, we can define a linear 
operation L in the class of all complex-valued polynomials 
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k k 

P{A), as follows: if P{X) — x a ^ a , we set L(P(X)) = x a c«. 

a = 0 a — 0 

It is easily verified that L (a x Pi + a % P 2 ) = % X (PJ + a* L (P 2 ). 
If we wish to consider only the first 2p constants; we must 
confine our attention to the class of all polynomials P(/ l) of 
degree less than or equal to 2p — 1. If the determinants 
P 1? ■ • JDk, k > 1, are positive, there exists a polynomial 
Gk(%) of degree k—1 with the properties L{l l P/ c ) = 0, 
0 < i < k — 2, P(|P;c| 2 ) = 1. In the case k — 1, we 
take Qk(A) = 1. When k > 2, we substitute a polynomial 

7c —1 

JP(l) = 2 with undetermined coefficients, in the relations 
«=o 

which are to be satisfied; we thus obtain the conditions 

Jc —1 

L(Z l P) = £ d+«x a = 0 , 0 <= i <: k — 2 ; 

a—Q 
7c —1 

i(|P| 2 ) = 2 Ca+pXaXfi = 1. 

= 0 

If we assign to an arbitrary value £ 4= 0, the remaining 
coefficients x Qj • • • , are uniquely determined from the 

equations 

7c—2 

Ci-\-a Xu ^ Cj-f-Tc —1 £, 0 ^ i ^ k 2 , 

a —0 

since P/c-i > 0 ; they are proportional to The Hermitian 

7c —1 

form ^ is positive definite by virtue of the in- 

a,p=o 

equalities Pi >0, D k > 0. Hence if we assign to 
x 0 , * • •, the values just determined, the form assumes 
the value C\'§\ 2 , where C is a positive real constant de¬ 
pendent upon the first 2k constants of the sequence {c,J. 
We may therefore complete the determination of the poly¬ 
nomial GkW by putting § == YkC ~ 1,2 7 where r/c is any com¬ 
plex number of absolute value 1. Thus the polynomial GkW 
exists and is uniquely determined save for the constant factor 
Yk* If D] C > 0 for k = 1 , * • •, p, we may therefore con¬ 
struct the polynomials G%(X), * *, G p (P), and, if D k > 0 
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for all k >; 1 , we obtain similarly an infinite sequence of 
polynomials {G k {X)) m In either_case, these polynomials clearly 
have the property that L(GiGj c ) — S ik . Similarly, the con¬ 
stants a mn = UWnGnd satisfy the relations a mn = a nm , 
a m n = 0 when J m — n | > 1 . We shall write a n = 

= dn,n- |- 1 * It is then possible to show that the recursion 
formulas 

b x G 2 — (X — a ± ) G 1 = X — a t , 

l) n —l Gn = (X (hi— l) On— 1 b n —i On—2 y 71 Pi 3, 

are valid for the finite or infinite sequence of polynomials 
at our disposal. In particular, we see that the constants b n 
appearing on the left must be different from zero for the 
indicated values of n* The proof depends upon the fact 
that any polynomial P(X) of degree less than or equal to 
n — 1 which satisfies the equations L (P G w 0 = 0 , 1 ^ m < n , 

must vanish identically. If we write P{X) = x a X a and 

a = o 

replace the indicated conditions by the equivalent set L (PX l ) — 0, 
0 i n —1, we find that the coefficients of P(X) must satisfy 

n—l 

the equations 2 = 0 , 0 — 1 ; since the de- 

oc = 0 

terminant D n is positive, these coefficients must all vanish. 
Putting b()~ 1, G 0 = 0, we now observe that the polynomial 
XGn -1 — bn—i Gn — a n -i Gn -1 — K -2 G n -2 is of degree less 
than or equal to n — 1 and satisfies the equations 

L ((X Gn—1 bn—1 Gn (hi—1 Gn—1 bn—2 Gn— 2 ) Gm) 

^ n—l bn— 1 $nm tin —1 $n—l, m bn —2 $n— 2 , ni == 0 

for 1 < on < n, n,> 2. Hence this polynomial must vanish 
identically and the indicated recursion formulas are valid. 
When Dj c > 0 for k = 1, • * - ,p, we define a reduced Jacobi 
matrix A p = {*»} by setting = a mrl , when 1 
and 1 n < p, and aW = 0, when m>p or n>p . The 
polynomials G x (X), -. •, G p (X) employed in the construction 
of this matrix must coincide with the associated polynomials 
by virtue of the recursion formulas just established. Hence 
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the constants Cn(p), 0 < n < 2p — 1, associated with A p can 
be calculated as follows: 
j-4“l _ 

C n {p) = 2 Qf a Ckp ttpa 

a=1/S —1 

= l{i (2 G«) fS C k? Gffjj W) = r», 

0 <n = l-fj-fk < 2 _p— 1, 0 <7 < p — 1 , 0 < 7c < p — 1 , 

m-jr 1 

l m = 2 Cma (?«0), 0 < m < p — 1. 

a = l 

Thus the first 2p constants of the given sequence {c n } are 
coincident, in order, with the constants c n ip), 0<n^2p — 1, 
associated with the reduced Jacobi matrix A p which we have 
constructed on the basis of the assumption that D/ c > 0 for 
1 < k < #. Similarly, when the determinants D& are positive 
for 7c>l, we consider the Jacobi matrix A — {amn}, where 
a m n is the constant defined above. We find that the sequence 
of polynomials {Gu(A)} used in the construction is the sequence 
associated with the matrix A and that the given sequence 
of constants is identical with the sequence associated with A . 

The analysis of the preceding paragraph leads at once to 
the necessary and sufficient conditions that two Jacobi matrices 
have the same sequence {c n } of associated constants. In fact, 
if we start from the sequence { c n }, known to be associated 
with one Jacobi matrix, the construction given above evidently 
yields all possible Jacobi matrices with the same associated 
sequence, distinct matrices being obtained by different choices 
of the sequence {y/ c } encountered in the definition of the 
sequence of polynomials { Gj c (I)} . The conditions stated in 
the theorem then follow without difficulty. 

Theorem 10.44. Let {cn}, be a seqtience of real 

constants with c 0 = 1. In order that there exist a real 
monotone-increasing function q(A) in the class 33* which assumes 
exactly, yj -j— 1 distinct values and which has the first 2 p con¬ 
stants of the given sequence as its first 2p moments , it is 
necessary and sufficient that one of the folloiving two equivalent 
conditions be satisfied: 
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( 1 ) the first 2 p constants of the given sequence coincide, in 
order, with the constants c n (p), 0 < n <, 2p~—l, associated 
with a reduced Jacobi matrix matrix A p of order p; 

(2) the determinants D n are positive for 1 w <_p. 

When these conditions are satisfied, the function q (i) is 
unique; and its moments of order n 2 ^ 2 p are functions of 
the constants c Q , • • • , C 2 p—i . In order that there exist a real 
monotone-increasing function o(X) in the class 53* which assumes 
infinitely many distinct values and which has the given sequence 
as its sequence of moments, it is necessary and sufficient that 
one of the following two equivalent conditions be satisfied: 

(1) the given sequence is the sequence of constants associated 
with a Jacobi matrix A; 

( 2 ) the determinants D n are positive for n > 1 . 

When these conditions are satisfied, the totality of functions qU) 
with the indicated properties has the cardinal number 1 or 
the cardinal number c according as the Jacobi matrix A of 
condition ( 1 ) determines an associated closed linear symmetric 
transformation T with the deficiency-index ( 0 , 0 ) or ( 1 , 1 ). If 
the sequence {c n } is the sequence of moments for some real 
monotone-increasing function q{X) in the class 35*, then 

( 1 ) q(I) assumes exactly p + 1 distinct values if and only 
if Ai >0 for 1 < n < p and D n — 0 for n >p; 

( 2 ) q{ 1) assumes infinitely many distinct values if and only 
if D n > 0 for all n > 1 . 

If is a real monotone-increasing function in 33* with 

X -j-oo 

dqtt), the Hermitian form 

-oo 

n —1 /’+'» n- 1 . 

Ca+BXaxs = I £ x a & a is never negative. 

= 0 J—oo a = 0 

In order that q(X) assume infinitely many distinct values it 
is necessary and sufficient that this form be positive definite 
for n > 1, and thus necessary that the determinant D n be 
positive for n^> 1, In order that q(X) assume exactly p+l 
distinct values it is necessary and sufficient that this form 
be positive definite for 1 < n < p and not-negative definite 
for n>p , and thus necessary that D n be positive for 1 <[n 


39 * 
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<p and vanish for n>p. These results follow at once 

n— 1 . 

from the fact that a polynomial P(4) = 2 x <*has the 

« = 0 

/s+oo 

property I ^ \P(A)\* dQ(X) = 0 if and only if all the points 

of increase of q(A) are roots of P(4). All the necessary 
conditions on the determinants D n stated in the theorem 
now appear as consequences of these results; and the suf¬ 
ficiency of the conditions in the final assertion of the theorem 
can be deduced from them by an elementary argument, which 
we leave to the reader. 

We now consider the two conditions for the existence of 
a function <?(A) with exactly p~\~l values and assigned moments 
of order n = 0, •••,2^ — 1. The equivalence of the two 
conditions was proved in the preceding theorem. Since we 
have just shown the second condition to be necessary, the 
first condition is also necessary. Since the first condition 
is sufficient, by virtue of Theorem 10.23, the second condition 
is also sufficient. The uniqueness of the function q(A) can 
be established most easily by calculating its points of dis¬ 
continuity A 1} • • •, A p and the quantities tc 1c — q (/4) — q 04 — 0 ), 
1 < A: < i n terms of the constants c 0 , • * *, We 

p 

determine the polynomial P(A) = 2j x <* so that 

ti — 0 

Xa == f A* P( A) clQ (A) :=T= 0 

cc — o v — oo 

for 0 <:i<p — 1 , by setting x p = 1 and choosing the re¬ 
maining coefficients as solutions of the equations 

ff-i 

2 j Ci+aXa = — Ci+p, 0 < i < J) — 1 , 


with the determinant D p > 0. It is evident that P(A) is 
uniquely determined, save for a constant factor, by the con¬ 
stants co, • • •, c 2p - 1 . With this polynomial we now have 


f + “ VPWdQiZ) = i;4 P(Z a )n a = 0, 
°° « = 1 


0 < i p — 1. 
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Since the Vandermonde determinant det { 4 } does not 

£+l,Zc= ],• • - ,p 

vanish, we conclude that n k P(4) = 0 and hence that h, -,X P 
are roots of the polynomial P(Z). Thus the points of dis¬ 
continuity of q{Z) are uniquely determined by c 0 , • • •, c% p -\ . 
The relations 

X +oo _ P 

cLq (d) = X a Tt(x = a , 0 fC i — 1 , 

~°° «=i ■ —.~~ ~ 

show in a similar manner that the quantities n x , •. 7 t p are 
likewise uniquely determined. Thus the function q(X) is un¬ 
ique under the stated conditions. 

The conditions for the existence of a function q(X) with 
infinitely many values and assigned moments are equivalent 
by the preceding theorem. The second condition, and hence 
also the first, is necessary by the results proved above. The 
first condition, and hence also the second, is sufficient by 
Theorems 10.27 and 10.30. The cardinal number of the 
totality of functions satisfying the indicated conditions has 
been determined in Theorem 10.30. 

Theorem 10.44 evidently reduces the study of the moment 
problem to the translation of the results obtained in the preced¬ 
ing theory of Jacobi matrices. Thus Theorems 10.38-10.42 
contain fairly complete information about the indeterminate 
case, in which the function q(A) is not uniquely determined 
by its moments. Theorem 10.42 gives special information 
concerning the set of points of increase of the function q(A) 
in the general case. It should be observed that the sets A 2 
and A x which play so important a role in that theorem can 
be characterized by means of the expressions 

det {cj+k+i — Acj+h}, {—If 1 - 1 det {cj+k+i—Acj+k}, 

J,7c = 0,** >, 71—1 J,fc = 0,.• • ,n—1 

formed from the moments {c n }- This observation depends 
upon the formula of Theorem 10.24(4). 

For further information on the questions discussed in this 
section, we shall refer to the literature,* where many different 

* Stieltjes, Annales de la Faculty des Sciences de Toulouse, (1) 8 (1894), 
pp. J1-J122, (1) 9 (1895), pp. A5-A47;— F. Riesz, Annales de PEcole 
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methods for treating the theory of continued fractions, the 
moment problem, and related topics will be found. In par¬ 
ticular, we call attention to the fact that examples of the 
indeterminate case of the moment problem are given in some 
of the references. 

Normals Superieure, (3) 28 (1911), pp. 33-62;—Hamburger, Mathematische 
Annalen, 81 (1920), pp. 235-319; 82 (1920), pp. 120-164; pp. 168-187;— 
B. Nevanlinna, Annales Academiae Scientiarum Fennicae, (A) 18 (1922), 
no. 5; (A) 32 (1929), no. 7;—M. Riesz, Arkiv f5r Matematik, Astronomi 
ocb Fysik, 16 (1922), nos. 12 and 19; 17 (1922-23), no. 16; Acta Litte- 
rarum ac Scientiarum, Sectio Mathematicarum, Szeged, 1 (1922-23), 
pp. 209-227;—Hellinger and Toeplitz, Journal fiir Mathematik, 144 (1914), 
pp. 212-238;—Oarleman, Les equations integrates smgulieres d noyau 
reel et symetrique, Uppsala, 1923, pp. 189-220;—Hausdorff, Mathematische 
Zeitschrift, 16 (1923), pp. 220-248;—Perron, Die Lehre von den Ketten- 
bruchen , second edition, Leipzig, 1929, Chapter IX;—Frechet and Shohat, 
Transactions of the American Mathematical Society, 33 (1932), pp. 533-543. 
Examples of the indeterminate case of the moment problem are given by 
Stieltjes, Perron, and Frechet and Shohat. 
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Absolutely continuous function, 424. 
Adjoint of a transformation, 41-44, 
447-448. 

Adjoint transformations, 41. 

Almost everywhere with respect to 
a function of bounded variation, 
204; — with respect to a self- 
adjoint transformation , 227; 

— with respect to a complex 
resolution of the identity, 315; 

— with respect to a normal trans¬ 
formation, 324. 

Approximant to an infinite continued 
fraction, 559-560. 

Approximation to a symmetric trans¬ 
formation, 165-172, 365-396; 

— to a self-adjoint transforma¬ 
tion, 165-172; — to a maxi¬ 
mal symmetric transformation, 
386-387. 

Baire classes, 234-240. 

Banach, iv, 214. 

Berry, 105. 

Bessel’s inequality, 8, 403, 408. 
Birkhoff, 119, 

Bochee, 114,. 117, 457, 470. 

Borel measurability, 203-204, 205, 
253-254, 294, 426. 

Bound of a linear transformation , 
56; upper (loiver) — of a linear 
symmetric transformation , 56. 


Bounded linear transformation, 
56-65; resolvent of a —, 147-150; 
resolvent set of a —, 147-150: 
spectrum of a — , 147-150; 
factorization of a —, 331-333. 

Bray, 162. 

Bush, 447. 

Oarath^odory, 99, 101, 104, 158, 
235, 237, 238, 274, 424, 566. 

Cakleman, 100, 155,162, 365, 401, 
422, 553, 614. 

Cayley, 303. 

Characteristic element, 129; normal¬ 
ized —, 129; orthogonality of 
—s of a symmetric transforma¬ 
tion, 142; orthogonality of —s 
of a unitary transformation , 
302-303; orthogonality of —s 
of a normal transformation , 
325-327. 

Characteristic manifold, 129. 

Characteristic value, 129; multi¬ 
plicity of a —, 129. 

Closed linear transformation, 38-39; 
reduction of a — by a closed 
linear manifold, 150; reducible 
—, 151; irreducible —, 151, 

Closed transformation, 38. 

Complex resolution of the identity, 
314-315; measurability with re¬ 
spect to a —, 315; null set with 
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respect to a —, 315; almost 
everywhere with respect to a —, 
315; functions equivalent with 
respect to a —, 315; — corre¬ 
sponding to a normal trans¬ 
formation, 316-321. 

Congruence of elements in Hilbert 
space modulo a linear manifold , 
340. 

Conjugation, 357-360. 

Continued fraction, 532, 559-562; 
approximant to an infinite —, 
559-560; generalized approxi¬ 
mant to an infinite —, 559-560. 

Continuous spectrum, 129. 

Continuous transformation, 38, 
53-56. See also Bounded linear 
transformation. 

Convergence in tlie mean, 26. 

Correspondence betiveen self-adjoint 
transformations and resolutions 
of the identity , 176-184; — 
betiveen self-adjoint and unitary 
transformations, 304-311; — 
between normal transformations 
and complex resolutions of the 
identity , 316-332 ; — betiveen 
symmetric and isometric trans¬ 
formations, 335-337. 

Courant, 440. 

Deficiency-index of an isometric 
transformation , 81; — of a 

symmetric transformation , 338; 
— of a real symmetric trans¬ 
formation, 361-365. 

Definite symmetric transformation, 
56; existence of a definite self- 
adjoint extension of a —, 387-390. 

Differential equation, 128; existence 
theorems for —s, 453-457, 
498-501. See also Differential 
operator. 

Differential operator, 112-124, 197, 
424-448, 448-530; linear —, 


113; formal linear —, 113, 
449; Lagrange’s formula, 114; 
formal or Lagrange adjoint 
of a —, 115, 424, 449, 450, 
451, 453; formal conjugate of 
a —, 450, 451; ordinary linear 
— of the first order, 424-448; 
ordinary linear — of the second 
order , 448-530; transformation 
theory of a—, 425-428, 450-452; 
resolutions of the identity corre- 
sponding to a — of the second 
order , 501-530. 

Differential system, 116; adjoint 
— s, 116; self-adjoint — s, 116. 
See also Differential operator. 

Dimension number of a line ax 
manifold, 19; — determined by a 
set, 341; — determined by a 
set modulo a linear manifold, 341. 

Dirac, iv. 

Dirichlet, 119. 

Domain of a transformation, 33. 

Elementary symmetric transforma¬ 
tion, 349-350, 355-356, 447-448. 

Equation, differential , 128; integral 
—, 127-128; linear —s in in¬ 
finitely many unknowns, 125-126; 
SCHRODINGER — , 453. 

Essentially self-adjoint transforma¬ 
tion, 51. 

Extension of a trails formation, 36; 
linear — of a transformation, 
45-49; closed linear — of a 
transformation, 45-49; isometric 
—s of an isometric transforma¬ 
tion 80-83; symmetric —s of a 
symmetric transformation, 50-53, 
333-340, 387-390. 

Factorization of a maximal nor¬ 
mal transformation, 329; — of 
a bounded linear transforma¬ 
tion, 331—333. 
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Fischer, 25. 

Form, completely continuous, 126. 

Fourier - Plancherel theorem, 
104-109. 

Francis, 162. 

Frechet, iv, 1, 2, 38, 63, 201, 614. 

Fredholm, 100. 

Fredholm resolvent kernel, 141. 

Frobenius, 97, 303. 

Fubini’s theorem, 99, 104, 411, 
503. 

Function of hounded variation, 157, 
313; measurability with respect 
to a —, 206-221, 268-272, 313; 
integration with respect to a —, 
158-165, 206-221, 268-272, 314; 
— in normal form , 158, 313. 

Functions equivalent with respect 
to a self-adjoint transformation, 
227; — a complex resolution of 
the identity , 315; — a normal 
transformation, 324; — a func¬ 
tion of bounded variation, 205, 
313. 

Generalized approximant to an 
infinite continued fraction , 
559-560. 

Gram, 13. 

Gray, 530. 

Green’s function, 120. 

Hahn, 242, 247. 

Hamburger, 614. 

Hanicel transformation, 110. 

Hausdorff, 1, 2, 19, 131, 614. 

Heaviside operational calculus, 198, 
445-446. 

Hellinger, iv, 61, 98, 100, 126, 
142, 155, 183, 242, 247, 614. 

Helly, 165. 

Helly’s theorem, 165, 392. 

Herglotz, 571. 

Hermite polynomials, 284. 

Hilb, 530. 


Hilbert, v, 2, 23, 71, 97, 100, 
126, 440. 

Hilbert space, postulates for, 3; 
null element in —, 3; distance in 
—, 5; convergence in —, 6; 
limit in —, 6; coordinates in —, 
15; concrete realizations of —, 
14, 23-32, 67, 208-209; the — 
§o, 14; the — S 2 , 23-29; the — 
£a >m , 29-30; the — §",67; the 

— £ 2 (e), 208-209. 

Hildebrandt, iii, 162. 

Hobson, 158, 162, 217. 

Integral equation, 127. See also 
Integral operator. 

Integral, Lebesgue-Stieltjes, 29. 

Integral operator, 98-112, 196, 

397-424; kernel of an — , 99; 

— ivith Hilbert-Schmidt ker¬ 
nel , 101-104, 196, 401-406, 

434-435, 485, 489, 505; - with 
Oarleman kernel , 101, 397-424, 
491, 494, 496, 497, 501, 504, 
505, 506. 

Integral, Poisson’s, 164, 571. 

Integral, Kadon-Stieltjes, 29, 
198-221, 267-272, 312-314. 

Integral, Stieltjes, 158-165, 
501-503. 

Integration with respect to a func¬ 
tion of hounded variation. See 
Stieltjes,Lebesgue-Stieltjes, 
Badon-Stieltjes integral. 

Inverse of a transformation, 38, 40, 
43-44, 51-53, 124-129, 142-143. 
See also Besolvent. 

Irreducible closed linear transfor¬ 
mation, 151. 

Isometric transformation, 76-83; 
maximal —, 80; deficiency-index 
of an —, 81; isometric extensions 
of an —, 80-83; — corresponding 
to a symmetric transformation, 
385-337. 
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Jacobi matrix,282-288,295,530-614; 
reduced —, 531; polynomials 
associated with a —, 287, 531, 
531-536, 536-541,545-553, 583; 
sequence of constants associated 
loith a —, 532, 536, 546, 555, 
559, 560, 607; symmetric trans¬ 
formation defined by a —, 
282-288, 546-554, 581-582, 

583, 584-586, 590-592; trans¬ 
formation Xi associated with a —, 
545-554, 559, 562, 577, 581-582, 
583; monotone-increasing func¬ 
tions associated with a —, 532, 
546, 555, 559, 577, 583, 585-586, 
590-592, 610-611; continued 

fractions associated with a —, 
532, 559-562; — corresponding 
to a given moment problem , 
606-613. 

Kellogg, 121. 

Kernel, 99; Hilbekt-Schmidt —, 
101; Cakleman —, 101; Fred¬ 
holm resolvent —, 141. 

Klein, 76. 

Lagrange’s formula, 114, 457-458, 
459-460. 

Laguerre polynomials, 440. 

Langer, 119. 

Laplace operator, 119. 

Lebesgue, 29, 162, 165, 414. 

Lebesgue-Stieltjes integral, 29. 

Levi, B., 257. 

Linear equations in infinitely many 
unknowns, 125-126. 

Linear manifold, 7, 18-23, 340-341; 

— determined by a set , 7; closed 

— determined by a set, 7; ortho¬ 

gonal — s, 7; intersection of — s, 
19; dimension number of a —, 
19; orthogonal complement of 
a closed —, 20;, operations 


upon —s, 20-22; gyrojection on 
a closed —, 23 ; permutable closed 
—, 73; reduction of a closed 
linear transformation by a closed 
—, 150; linear independence of 

— s, 340 ; congnoence of elements 
modulo a —, 340. 

Linear transformation, 39-43. See 
also other headings, such as 
Bounded linear transformation, 
Symmetric transformation, and 
so forth. 

Liouville, 470. 

Liouville’s transformation theory 
for differential operators, 450-452. 

Manifold. , See Linear manifold. 

Matrix, infinite, 86-98 ; algebraic 
operations , 88; adjoint of an 
— , 88; bounded —, 93; (Her- 
mitian) symmetric —, 88; uni¬ 
tary —, 95; norm of an —, 96; 

— of finite norm , 196; — in 
diagonal form, 127, 295; Jacobi 
—, 282-288, 295, 530-614. 

Measurability with respect to a 
function of bounded variation, 
201-205; — a self-adjoint trans¬ 
formation, 227; — a complex 
resolution of the identity , 
312-314; — a normal trans¬ 
formation, 324. 

Milne, 530. 

Moment problem, 606-613. 

Monotone-increasing functions asso¬ 
ciated with a Jacobi matrix, 
532, 546, 555, 559, 577, 583, 
585-586, 590-592, 610-611. 

Montel, 162, 164. 

Moore, E. H., iv. 

Multiplicity of a characteristic value, 
129 ; — of a number with respect 
to the continuous spectrum of 
a self-adjoint transformation , 
267. 
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Neumann, 0., 142. 

Neumann, J. v., iv, v, 2, 28, 50, 
66, 81, 87, 98, 156, 234, 301, 
303, 309, 310, 311, 329, 331, 
334, 435. 

Nevanlinna, R., 562, 614. 

Nikodym, 0., 208, 216. 

Norm of a transformation , 66; 

— of an infinite matrix , 96. 

Normal transformation, 311-331; 

maximal —, 312; — corre- 

s%)onding to a complex resolution 
of the identity, 316-321; opera¬ 
tional calculus with —s, 315, 
318-324; spectrum of a —, 
325-327, 331; characteristic ele¬ 
ments of a —, 325-327; numer¬ 
ical range of a —, 327-328: 
factorization of a —, 329; 
special types of — s, 330. 

Null element in Hilbert space, 3. 

Null set with respect to a function 
of hounded variation, 204; — 
a self-adjoint transformation , 
227; — a complex resolution of 
the identity , 315; — a normal 
transformation, 324. 

Numerical range of a transform¬ 
ation , 130; unitary invariance 
of the —, 130; convexity of the 
—, 131; — of a symmetric 
transformation , 133; — of a 
normal transformation,^! -328; 

— of a real transformation, 
360-361. 

Operator, 34; differential —, 112-124; 
formal differential —, 113; in¬ 
tegral —, 98-112; Laplace —, 
119; differential — of elasticity, 
122; —s of various types, 124. 
See also Transformation. 

Operational calculus, 198, 221-241, 
315, 318-324; Heaviside —, 
198, 445-447, 


Orthogonal complement of a closed 
linear manifold, 20. 

Orthogonal elements, 7. 

Orthogonal linear manifolds, 7. 

Orthogonal projections, 73. 

Orthogonality of characteristic ele¬ 
ments of a symmetric transfor¬ 
mation, 142; — of a unitary 
transformation, 302-304; — of a 
normal transformation, 325-327. 

Orthogonalization, process of, 12. 

Orthonormal set, 7-14; complete —, 
7; equivalent —s, 7; Bessel’s in¬ 
equality, 8; Parseval identity, 
10; construction of an —, 12; 
existence of a complete —, 13. 

Osgood, 164. 

Parseval identity, 10. 

Pell-Wheeler, iii. 

Permutability of projections, 73; — 
of closed linear manifolds, 73; 

— of a hounded linear transfor¬ 
mation with a closed linear trans¬ 
formation, 299; — of a hounded 
linear transformation with a 
self-adjoint transformation, 300; 

— of a hounded linear trans¬ 
formation with a self-adjoint 
transformation with simple spec¬ 
trum, 300; — of self-adjoint 
transformations , 301, 310-311; 

— of unitary transformations, 
310-311; — of a transforma¬ 
tion and a conjugation, 360. 

Perron, 532, 614. 

Planchekel, 105, 530. 

Point spectrum, 129; — of a linear 
symmetric transformation, 142; 

— of a unitary transformation, 
302-304; — of a normal trans¬ 
formation, 325-327. - 

Poisson’s integral, 164, 571. 

Projection, 70-75; permutable — s, 
73; orthogonal — s, 73; part of 
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a —,73; — of finite norm, 75; 
sequences of — s, 74. 

Radon, 29, 201, 208, 216. 

Radon-Stieltjes integral, 29, 198, 
206-221, 267-272, 312-314. 

Range of a transformation, 38. 

Real transformation, 360, 357-365; 
spectrum of a —, 360-361; 
numerical range of a —, 360-361; 
adjoint of a —, 360-361. 

Realizations of Hilbert space, 14, 
23-32, 67, 208-209. 

Reciprocal theorems, 104-111; 
Fourier-Plancherel theorem, 
104-109; Hankel transforma¬ 
tion , 110. 

Deducibility, 150-154; — of a closed 
linear transformation, 151; — 
of a self-adjoint transformation, 
179-180, 288-294; — of the 
resolvent of a closed linear trans¬ 
formation, 153-154; — of the 
resolvent of a self-adjoint trans¬ 
formation, 179-180. 

Reduction of a self-adjoint trans¬ 
formation to principal axes, 
294-298. 

Regularizing transposition, 250. 

Residual spectrum, 129. 

Resolution of the identity, 174; 
— corresponding to a self-ad¬ 
joint transformation , 176-184; 
point of constancy of a —, 184; 
point of continuity of a —, 
184; point of discontinuity of 
a —, 184; — corresponding to 
a differential operator of the 
second order, 501-530. 

Resolvent of a transformation, 
137-141. 

Resolvent set of a transformation, 
129; — of a self-adjoint trans¬ 
formation, 140-147; — of a 
hounded linear transformation, 


147-150; — of a unitary trans¬ 
formation, 302-303. 

Riesz, F., v, 25, 156, 613. 

Riesz, M., 583, 614. 

Riesz-Fischer theorem, 25-27. 

Robertson, H. P., iv. 

Rosenthal, 162. 

Schmidt, E., 13, 100. 

Schrodinger equation, 453. 

Schwarz’s inequality, 5, 514, 

519. 

Self-adjoint transformation, 50; re¬ 
solvent of a -, 140-147,172-176, 
184-188; approximation to a —, 
167-171; — corresponding to a 
resolution of the identity, 176-184; 
analytical representation of a 
—, 180-183; reducibility of a 
—, 179-180, 288-294; reduction 
of a — to principal axes, 294-298; 

— with a simple spectrum, 
275-288, 293-294, 300; hounds of 
a —, 188-189; characteristic de¬ 
ments and manifolds of a —, 189; 

— of finite norm, 193-197; opera¬ 

tional calculus with a —, 198, 
221-241; measurability with re¬ 
spect to a —, 227; unitary 

equivalence of — s, 242-298; — 
corresponding to a unitary trans¬ 
formation, 304-311; sequences of 
— s , 365-396. 

Sequence of transformations, 37; 
convergence of a — of trans¬ 
formations, 37; limit of a — 
of transformations , 37; — of 
projections, 74; — of symmetric 
transformations, 365-396; — of 
symmetric transformations ap¬ 
proximating a symmetric trans¬ 
formation, 366; —of self-adjoint 
transformations approximating 
a symmetric transformation, 
367-396. 
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Shohat, 614. 

Simple spectrum, 275. 

Spectrum, 129; point —, 129; con¬ 
tinuous —, 129; residual —, 129; 
unitary invariance of —, 130; 
relation of — of a transforma¬ 
tion to those of associated trans¬ 
formations , 134-143; — of a 
linear symmetric transformation, 
142-147; — of a self-adjoint 
transformation , 142-147, 185; 

— of a hounded linear trans¬ 
formation, 147-150; — of a unit¬ 
ary transformation , 302-309; 

— of a normal transformation, 
325-327, 331; — of a real trans¬ 
formation, 360-361; simple —, 
275. 

Stieltjes, 155, 156, 162, 613. 
Stieltjes integral, 158-165, 501, 
503. 

Stone, y, 131, 284, 530. 

Sturm, 470. 

Symbols: §, 3; (,), 3; || 3; $ 0 , 
14; 15, 214, 221; O, 19; 

0, 20; +, 21; + , 21; 0, 21; 
2t, 23; 29; 0 , 36, 88; 

J, 36, 88; 3, 36-37; T*, 42; 
T, 45; f, 45; <, 73; T X (A), 
90; T*(A), 90; A(T), 129; 

J3(T), 129; C(T ), 129; D(T), 
129; S(T), 129; W(T), 130; 
0, 156; T^fe), 156; Ffe; A), 
156; SB, 157; SB*, 158; &, 180; 
%, 181; Am, 184; Be, 184; Be, 
184; >, 214, 221; &(?), 208; 
°, 209; T(F), 221, 315; 3R(/), 
226; F(H), 241; <^ c , 304; % 
307; JCo, 307; gft, 318; <g c ,318; 
S, 335; W, 335; 2)+, 341; $>-, 
341; <E+, 344; <£°, 344; (T, 344; 
iB+Ca?!, - - sen), 503. 


Symmetric transformation, 49; maxi¬ 
mal 50, 339-340, 349-357; 
hounds of a —, 56; definite —, 
56; positive definite —, 56; not- 
negative definite —, 56; numer¬ 
ical range of a —, 133; spec¬ 
trum of a —, 142-147; point spec¬ 
trum of a —, 142; self-adjoint 
transformation, 50; essentially 
self-adjoint transformation, 51; 

— corresponding to an isometric 

transformation, 335-337; defi¬ 
ciency-index of a closed linear 
—, 338, 357, 341-349, 361; 
maximal symmetric extensions 
of a—, 50-53,337-340; self-ad¬ 
joint extensions of a —, 339; 
determination of all maximal — s, 
351- 354; irreducible maximal 
—, 355-356; elementary —, 
349-350, 355-356, 447-448; 

approximation to a — by a 
sequence of —s, 365-396; ap¬ 
proximation to a maximal — 
by a sequence of —s, 386-387; 
existenceofa definite self-adjoint 
extension of a definite —, 387-390; 

— defined by a Jacobi matrix, 
282-288, 530-614; real —, 
361-365; maximal symmetric 
extensions of a real —, 361-365. 

Tamarkin, iv, yL 

Titchmarsh, 105. 

Toeplitz, iv, 61, 98, 100, 126, 131, 
142, 155, 614. 

Transformation, 33; domain of a 
—, 33; range of a —, 33; 
equality of — s, 34; identity of 
— s, 34; algebraic operations 
with —s, 35; sequences of — s , 
37; adjoint —s, 41; the adjoint 
of a —, 43; extension of a —, 
36; inverse of a —, 38; trans¬ 
form of a —, 83; closed —, 38; 
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continuous , 38; linear —, 39; 
bounded linear —,56; isometric 
—, 76; 'projection , 70; symmetric 
—, 49; self-adjoint 50; 
essentially self-adjoint —, 51; 
unitary 76; norm o/ a —, 
66 ; — of finite norm, 66 ; spec¬ 
trum of a 129; continuous 
spectrum of a —, 129; point 
spectrum of a —, 129; residual 
spectrum of a—, 129; resolvent 
set of a —, 129; resolvent of a 
—, 134; characteristic dement 
of a —, 129; normalized char¬ 
acteristic element of a —, 129; 
characteristic manifold of a—, 
129 \ characteristic value of a 
—, 129; numerical range of a 
— 130; examples of linear —s, 
86-124; tinear—s in 82 ^, 111 ; reaZ 
—, 360; conjugation, 357-360; 
normal —, 311-331; reducible 
151; irreducible —, 151. See 
aiso Operator. 

Transposition, regularizing, 250. 

Tychonoff, 2. 

Unitary equivalence of self-adjoint 
transformations, 242-298. 

Unitary invariance, 83-85; — o/ 
spectra, 130; — o/ numerical 
range , 130. 


Unitary spaces, n-dimensional, 16-18. 

Unitary transformation, 76-83, 
302-311, 331; spectrum of a —, 
302-303; resolvent set of a —, 
302-303; characteristic elements 
of a—, 302-303; characteristic 
values of a —, 302-303; — 
corresponding to a self-adjoint 
transformation , 304-311. 

VALliE Poussin, BE LA, 29, 165, 
201, 208, 235, 257, 414. 

Variation of a function over an 
interval, 156; inner (outer) — 
over a point set, 201-205; — 
over a point set, 201-205. 

Vedenisoff, 2. 

Vitali’s theorem, 164, 

Volterka, iii. 

Watson, 110, 111. 

Weyl, iv, 17, 18, 26, 122, 469, 
484, 530. 

Wiener, N., 446, 447. 

Wilenski, 216. 

Wintner, 98, 131, 155, 162, 328. 

Young, G. 0., 25. 

Young, W. H., 25. 



COLLOQUIUM PUBLICATIONS 


Volume I. H. S. WHITE, Linear Systems of Curves on Algebraic 
Surfaces; P. S. WOODS, Forms of Non-Euclidean Space; 
E. B. VAN VLEOK, Topics in the Theory of Divergent Series 
and of Continued Fractions. 1905. 12 +187 pp. $2.75. 

Volume II. Out of Print. 

Volume III. Out of Print. 

Volume IV. L. E. DICKSON, On Invariants and the Theory of Numbers; 

W. F. OSGOOD, Topics in the Theory of Functions of 
Several Complex Variables. 1914. 4 + 230 pp. $2.50. 
Volume V, Part I. Out of print. 

Volume V, Part II. OSWALD VEBLEN, Analysis Situs. Second edition. 

1931. 10 +194 pp. $2.00. 

Volume VI. G. O. EVANS, The Logarithmic Potential. Discontinuous 
Dirichlet and Neumann Problems. 1927. 8 + 150 pp. $2.00. 
Volume VII. E. T. BELL, Algebraic Arithmetic. 1927. 4 +180 pp. $2.50. 
Volume VIII. L. I\ EISENHART, Non-Riemamiian Geometry. 1927. 
8 +184 pp. $2.50. 

Volume IX. G.D.BIRKHOFF, Dynamical Systems. 1927. 8+295 pp. $3.00. 
Volume X. A. B. COBLE, Algebraic Geometry and Theta Functions. 
1929. 8 +282 pp. $3.00. 

Volume XI. DUNHAM JACKSON, The Theory of Approximation. 1930. 
8 +178 pp. $2.50. 

Volume XII. S. LEFSCHETZ, Topology. 1930. 10 +410 pp. $4.50. 

Volume XIII. R. L. MOORE, Foundations of Point Set Theory. 1932. 
7 +486 pp. $5.00. 

Volume XIV. J. F. RITT, Differential Equations from the Algebraic Stand¬ 
point. 1932. 10 +172 pp. $2.50. 

Volume XV. M. H. STONE, Linear Transformations in Hilbert Space. 

1932. 8 + 622 pp. $6.50. 

Orders may be addressed to 

American Mathematical Society 
501 West 116th Street 
New York Citt 

or to any of the following official agents of the Society: 

Bowes & Bowes, 1 and 2 Trinity Street, Cambridge, England; 
Hirschwaldsche Buchhandlung, Unter den Linden 68, Berlin NW 7, 
Germany; 

Libraieie Scientirique Albert Blanchard, 3 Place de la Sorbonne, 
Paris 5, France; 

Libreria Editrice Nicola Zanichelli, 12, Via A. deTogni, Milano (116), 
Italie. 





